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The magnetic susceptibility of CoO was investigated between 100 and 700°K. A sharp maxi- 
mum was found at 292°K. The dependence of susceptibility on field in the antiferromagnetic 
state and in the region of the antiferromagnetic Curie point was determined. 


ih. One of the characteristic properties of antifer- 
romagnets is the slow increase in magnetic suscep- 
tibility with increasing temperature, below the anti- 
ferromagnetic Curie point (@af), and its decrease 
above this temperature, according to the Curie- 
Weiss law. Landau! was the first to explain theo- 
retically this variation of magnetic susceptibility 
with temperature for antiferromagnets. 

In the present work we have studied the temper- 
ature dependence of the magnetic susceptibility of 
polycrystalline specimens of cobaltous oxide. In 
other studies?~4 of this substance it was shown that 
CoO has antiferromagnetic properties, but a sharp 
maximum in the susceptibility-temperature curve 
was only found in La Blanchetais’ work.‘ Singer’® 
studied the magnetic properties of a CoO single 
crystal and also found a susceptibility maximum. 
In all the work mentioned, the dependence of mag- 
netic susceptibility y on the strength of the mag- 
netic field was hardly examined. The existing 
data on the dependence of x on H for other anti- 
ferromagnets are inconsistent*»*®»’ and these facts 
have not yet been completely explained. It there- 
fore seemed of great interest to study the mag- 
netic susceptibility of cobaltous oxide over a wide 
range of magnetic field and for different tempera- 
tures. 

2. The measurements of susceptibility were 
made with an apparatus based on the Faraday- 


Sucksmith method.® In this method, the force 
acting on a specimen, placed in a strong inhomo- 
geneous magnetic field, is measured by the defor- 
mation of an elastic ring made of beryllium bronze. 
For a specimen mass of 10 — 25 mg the sensitivity 
of the apparatus was a susceptibility of ~10' per 
scale division. 

Cobaltous oxide was investigated over the tem- 
perature range 100—700°K. The low temperatures 
were obtained by using nitrogen vapor which flowed 
around the specimen under examination. A small 
nichrome heater was placed in a dewar containing 
liquid nitrogen, and its temperature determined 
the rate at which the nitrogen evaporated. The 
nitrogen vapor passed from the dewar vessel into 
a double-walled glass tube in which the specimen 
was hung freely on a quartz thread. A copper tube 
of smaller size was placed inside the glass tube so 
that there should be a uniform temperature over a 
certain length. Temperatures above room temper- 
ature were obtained by using a small oven wound 
of bifilar platinum wire on a porcelain tube of di- 
ameter 6 mm and length ~70 mm. The tempera- 
ture was measured with a copper-constantan ther- 
mocouple, previously calibrated. 

The results of La Blanchetais‘ show that the 
magnetic properties of cobaltous oxide depend 
markedly on the method of preparing the speci- 
mens. For this reason great attention was paid 
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to specimen preparation. Cobalt nitrate was used, 
heated in air to 1000°C for three hours. Speci- 
mens were pressed from the powder so obtained 
under a pressure of 2000 kg/cm?, and were heated 
in vacuum (107% mm Hg) for three hours at 820°C. 
We should remark that specimens prepared in this 
way were practically identical in magnetic proper- 
ties. 


FIG. 2. The temperature dependence of the inverse magnetic 
susceptibility, H = 17,500 oe. 


3. As stated above, the magnetic susceptibility 
was measured over the wide temperature range 
from 100 to 700°K. The temperature dependence 
of the specific susceptibility remains practically 
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FIG. 1. The temperature dependence of magnetic suscepti- 
bility. 


constant at low temperatures. With increasing 
temperature it increases steadily and has a sharp 
maximum at 292°K. With further increase of tem- 
perature y rapidly decreases. 

To determine the dependence of x on H, the 
susceptibility was measured for various values 
of the magnetic field up to ~ 18,000 oe. Below 
the antiferromagnetic Curie point, i.e., in the anti- 
ferromagnetic state, the susceptibility decreases 
with increasing field, while at temperatures above 
@af, near the transition point, x on the contrary 
increases. 

La Blanchetais* found the same dependence of 
x on H for cobaltous oxide, but in her work the 
range of fields was small, so that the behavior 
was less marked. It is interesting that the differ- 
ence between the susceptibilities for different 
fields decreases on approaching the Curie point 
and increases with decreasing temperature; ac- 
cording to our data this difference is greatest at 
T = 100°K. 


FIG. 3. Magnetization curves at temperatures above Oar. 
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FIG. 4. Magnetization curves at temperatures below Oar. 


We should point out that the temperature of the 
antiferromagnetic Curie point, @af = 292°K is in- 
dependent of the strength of the external field. The 
value of @g¢ obtained agrees well with the results 
of measurements of other physical quantities.® 

The susceptibility at absolute zero can be ob- 
tained by extrapolation of the curve of the tem- 
perature dependence of susceptibility shown in 
Fig. 1to T=0°K. This is ~55 x 10°° from our 
measurements. According to the theory of Van 
Vleck,'® the susceptibility at T = 0°K of an anti- 
ferromagnet with two sublattices is *4 of the sus- 
ceptibility at T= ©, z. For the case of several 
sublattices the value of x9 /Xa¢ should be some- 
what higher according to Anderson;"! in fact we 
found x9 /Xaf = 0.76. 

Figure 2 shows the temperature dependence of 
1/y above the antiferromagnetic Curie point. It 
can be seen that this dependence follows the Curie- 
Weiss law above 470°K. The values of the Curie- 
Weiss constant C, the atomic magnetic moment 
Py and the paramagnetic Curie point ©, deter- 
mined from our experimental data were C = 3.05, 
Pp = 4,97, ®p = —270°C. The values of magnetic 
moment and of the paramagnetic Curie point agree 
well with the data of La Blanchetais* who obtained 
Poi 428 Op as 280°C. 

There is a temperature region above the anti- 
ferromagnetic Curie point (T 2 @g¢) up to ~470°K 
where the magnetic susceptibility is a function both 
of the temperature and of the magnetic field 
strength, as was also found by La Blanchetais. The 
isothermal magnetization curves in the antiferro- 
magnetic state and in the region of the antiferro- 
magnetic Curie point are given in Figs. 3 and 4. 
Near @af the dependence of specific magnetization 
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on H is practically linear. On lowering the tem- 
perature in the antiferromagnetic state, the iso- 
therms start to curve gradually. The curves are 
then concave to the H axis. In the paramagnetic 
region (T & @af) there is an analogous small 
curvature, but in the opposite direction. 

4. The study of the temperature dependence of 
the magnetic susceptibility of cobaltous oxide 
showed that this substance takes on well defined 
antiferromagnetic properties, which appear at 
T = 292°K in the form of a sharp maximum in the 
x(T) dependence. In the paramagnetic region the 
susceptibility of CoO follows the Curie-Weiss law, 
which is observed in most antiferromagnets. A 
small dependence of magnetic susceptibility on 
field strength was found both above and below the 
temperature of the antiferromagnetic transition. 
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The differential cross sections for elastic scattering of 14.5-Mev neutrons on silver, mer- 
cury, and bismuth were measured. Neutrons from the T(d, n)q@ reaction were scattered 
from spherical targets and counted in coincidence with the accompanying a particles by 


means of a pulse height-time analyzer with a resolving time of 5 x 10°° sec. The experi- 
mental differential cross sections are compared with cross sections calculated on the basis 


of the optical model. 
1. INTRODUCTION 


Iw the last few years, a large number of meas- 
urements of differential cross sections for elastic 
scattering of protons and neutrons by nuclei have 
been published. These measurements have been 
performed over a wide energy range for the scat- 
tered nucleons and for a substantial number of 
nuclei. Aside from its purely practical purposes 
(neutrons in the fission energy range), this sub- 
ject has become interesting because of the success 
of the optical model of the nucleus,! particularly 
its later modifications,*»? which agree quite well 
with experiment. For comparison with the optical 
model, neutron experiments are preferable be- 
cause there is no Coulomb interaction with the nu- 
cleus. The 14.5-Mev neutrons from the T(d,n)He* 
reaction have often been used for this purpose,* ® 
because, on the one hand, the reaction is easy to 
realize experimentally and the neutrons are mono- 
energetic and are accompanied by a particles 
(which are utilized in a considerable number of 
the experiments ), and, on the other hand, theoret- 
ical considerations lead one to expect that at this 
neutron energy processes involving compound nu- 
cleus formation should make a very small contri- 
bution to the total scattering. However, the data 
on angular distributions from elastic scattering 

of 14.5-Mev neutrons are as yet available for a 
limited number of nuclei. 


2. APPARATUS 


The technique known as electronic collimation 
of the neutrons was applied for the measurements. 
This collimation technique is based on the corre- 
lation of the neutron with its accompanying a par- 
ticle and is accomplished by means of a pulse 
height-time analyzer. 
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FIG. 1. Experimental arrangement: 1— « particle counter, 
2—tritium target, 3— shield, 4—scatterer, 5— detector, 6 —mon- 
itor. 


The experimental arrangement is shown in Fig. 
1. The neutrons were produced from the T(d,n)a 
reaction in a neutron generator. !! A scintillation 
counter with a stilbene crystal (diameter 3.5 cm, 
length 2.4 cm) and an FEU-33 photomultiplier was 
used as the neutron detector. The output of the 
photomultiplier, on which an amplitude resolution 
of 7% was attained with good output pulse shape, 
was sent through a fast electronic gate into a pulse- 
height analyzer. 

The accompanying a@ particles were recorded 
by a thin stilbene crystal (0.04 cm) on the photo- 
cathode of an FEU-33. An aluminum foil (0.9 mg/ 
cm”) was between the crystal and the target. 

The neutrons detected in coincidence with par- 
ticles are in a solid angle determined by the angle 
subtended by the a@ particle counter. The ‘‘colli- 
mation curve,”’ Fig. 2, obtained by measuring the 
neutron intensity as a function of angle around the 
tritium target, gives 9° for the half-width of the 
collimated neutron beam. In addition, a copper 
shield was placed between the target and the neu- 
tron detector. 
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FIG. 2. Collimation curve (N is the number of counts). 


The scatterers were spheres, 4 cm in diameter 
(the mercury was in a thin-walled container ). 

A block diagram of the pulse height-time ana- 
lyzer is shown in Fig. 3. The pulses from the 
anode of the photomultiplier are limited by a 
6Zh5P pentode, clipped by a short-circuited co- 
axial cable, and then go to the coincidence diode. 
A delay line ensures that the neutron pulses coin- 
cide with the pulses from the accompanying @ 
particles. 

The pulses for the pulse height analyzer are 
taken from the tenth dynode of the photomultiplier 
and after going through an amplifier and a dis- 
criminator are fed into a triple coincidence cir- 
cuit with a resolution of 5 x 10°’ sec. The slow 
coincidence circuit is useful for eliminating counts 
due to inelastic neutrons, y rays, and photomulti- 
plier noise. 


o- detector 


FIG. 3. Block diagram of the pulse height-time analyzer. 
1—limiting pentode, 2—cathode follower, 3— fast coincidence 
circuit, 4— amplifier, 5—discriminator, 6 — triple coincidence 
circuit, 7—amplitude-preserving gate, 8— pulse height analyzer, 


9— counter. 


SCATTERED 14.5-Mev NEUTRONS 
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10 : 
FIG. 4. Elastic scat- 
tering differential cross 
sections for 14.5-Mev 
neutrons on silver, mer- 
cury, and bismuth. The 
curves are the results of 10 
optical-model calculations. 
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The resolving time of the analyzer can be con- 
trolled by a retarding voltage on the coincidence 
diode and also by changing the setting of the dis- 
criminator in the time channel. In the present 
experiment it was a 4 x 10-* sec. By increasing 
the discriminator setting, a resolving time of 
1 x 107%sec can be attained, but the efficiency of 
the circuit is then strongly decreased. 


3. MEASUREMENTS AND COMPUTATIONS 


Measurements were carried out on silver, mer- 
cury, and bismuth for scattering angles, J, from 
20° to 110°. 
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In order to compute the absolute differential 
cross section, it is necessary to determine ex- 
perimentally the ratio 


S (0) = (Vs— Np)/Na, (1) 


where Ng is the number of counts due to neutrons 
elastically scattered through the angle J, Np is 
the number of counts due to noise, and Ng is the 
number of counts in a measurement in the direct 


neutron beam. 
Ng, Np, and Ng are normalized by the monitor. 


The differential cross section is calculated from 
the formula 


Oe (9) =S (3) [Ri R2/(Ri+ ieee 
xX exp{norn d}[NB (E2)nJ 4, (2) 


Where R, is the distance from source to scatterer, 
R, is the distance from scatterer to detector, n is 
the number of nuclei per cubic centimeter in the 
scatterer, Ojn is the inelastic cross section, d is 
the thickness of the scatterer, N is the number of 
scattering nuclei, B(Ey,) takes into account the 
energy sensitivity of the detector, 7 takes into 
account the collimation configuration of the neutron 
beam, and [R,R,/(R, + R,)]* is the coefficient 
which reduces the ratio S() to unit solid angle. 

The threshold for discriminating against in- 
elastically scattered neutrons was taken to be 11 
Mev. 

The configuration of the collimated neutron 
beam was taken into account in computing the 
cross section; this allowed the absolute value of 
Og] (¥) to be obtained and eliminated the necessity 
of normalizing the experimental results to the theo- 
retical curve, as was done, for example, in the 
work of Berko et al.° 

The experimental data were corrected for de- 
pletion of the beam in the scatterer; the use of 
Oin instead of the total cross section o; in these 
corrections partially takes into account multiple 
scattering. Corrections for finite geometry were 
made by a method similar to that used in the work 
of Meier et al.” 


4, RESULTS 


The experimental results are shown in Fig. 4 
along with theoretical curves. The angles are 
given in the laboratory coordinate system. The 
statistical errors, varying from 4% at scattering 
angles less than 50° to 7 or 8% at larger angles, 
are shown in the figure. The results in bismuth 
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are in good agreement with those of several other 
experiments.°?!? For silver, the data for scatter- 
ing angles less than 90° are the first that have 
been obtained. Nauta’s measurements on mercury 
are less accurate than the present ones. 

The theoretical curves shown in Fig. 4 are 
taken from references 5 and 6. These curves 
were calculated with the potential proposed by 
Bjorklund and Fernbach:? 


d 
V = Verp(r) + iVeug (r) + Vx (lime)? 4 (al), 


where 
p(r) = [1 + exp{(r — Ro)/a}]7, 


g(r) = exp[ —(r—R,)?/B7J, Ro=roA. (3) 


The parameters which give the best fit for 14.5 Mev 
neutrons are VocR = 44 Mev, Vcy=11 Mev, Vsgr 
=§.3 Mev, a=.0.65f, b =0.96f, 1, — 1251. 

Since there were no theoretical curves for mer- 
cury at our disposal, the experimental points in 
this case are compared with the curve for lead. 
Such a comparison is reasonable, since mercury 
and lead do not differ much in atomic weight. 

The agreement of the calculated curves and the 
experimental points is sufficiently good. 
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The Faraday effect at infrared frequencies was measured in yttrium and holmium garnet 
ferrites at room temperature and liquid nitrogen temperature. The sign of the Faraday 
effect in holmium garnet is reversed on passing through the compensation point, due to the 
rotation of the ferrimagnetic spin system in a magnetic field. An absorption band at A 

= 1.96 due to *I, — ae electronic transitions between ground-state sublevels of holmium 
ions was detected by both optical and magneto-optical means. By comparing the experimen- 
tal data for yttrium and holmium garnets it was possible to detect the rotation of the plane 
of light polarization due to one of the magnetic sublattices of the ferrimagnetic substance. 


Gent ferrites, which are transparent in the 
infrared region, contain three magnetic sublattices 
(d, a, and c) consisting of 24 Fe?* ions in d te- 
trahedral sites, 16 Fe®* ions in a octahedral sites, 
and 24 rare-earth or yttrium ions in c sites.! The 
magnetic moment of the c sublattice is antiparallel 
to the total magnetic moment of the iron ions. Most 
garnet ferrites exhibit a so-called compensation 
point, the temperature at which the spontaneous 
magnetization of the garnet vanishes due to equal- 
ity of the magnetic moments of sublattices c and 
d+a. At higher temperatures the magnetization 
of the iron sublattices is dominant, while at lower 
temperatures the magnetization of the rare earth 
sublattice predominates. A compensation point 
does not exist when the 24 c sites are occupied by 
nonmagnetic ions or by rare-earth ions with a small 
magnetic moment. 

We investigated two garnet ferrites — Y3;Fe;Oy, 
without a compensation point, the Faraday effect 
in which has been measured over a broad infrared 
region in earlier work,” and Ho3Fe,;0;, with a com- 
pensation point. Holmium garnet is very suitable 
for study because its compensation point is 136°K, 
so that approximately the same considerable amount 
of saturation magnetization is exhibited at room 
temperature and at liquid nitrogen temperature. 

Figure 1 shows the distribution of the magnetic 
moments in the three sublattices of holmium garnet 
according to the Néel theory, and the orientations 
of these moments in an external magnetic field both 
above and below the compensation point. More de- 
tailed information concerning the crystallographic 
and magnetic structures of garnet ferrites can be 
found in Belov’s monograph.® Since the yttrium 


509 


F(a) ‘Fe (a) 


ear 


Ho’ (c) 
mee tcuUK, 


HE 


+ 


Hext 


FIG. 1. Orientation of the magnetic moments of the three 
sublattices of holmium garnet ferrite in an external magnetic 
field. The lengths of the vectors are proportional to the mag- 
netic moments of the sublattices. 


ion is nonmagnetic, the magnetic moments of the 

d and a sublattices in Fig. 1 determine the abso- 
lute values of saturation magnetization in yttrium 
garnet. In other words, when we investigate 
yttrium garnet we are studying two magnetic sub- 
lattices that are contained in all garnets. In the 
other garnets the additional sublattice consists of 
magnetically active rare-earth ions. 

Electrons in the well-screened f shell of rare- 
earth ions interact only weakly with the electrons 
of neighboring atoms. This circumstance facili- 
tates the study of interactions in garnet ferrite 
crystals, since the energy level scheme of an iso- 
lated rare-earth ion can be used in zero approxi- 
mation. Moreover, the weakness of the given re- 
action results in narrow absorption lines associ- 
ated with transitions between f levels. The detec- 
tion and study of narrow lines in solids, especially 
in ferromagnets, is important for quantum radio- 
physics. 

The garnet samples were polished single- 
crystal plates about 100 thick with about 0.1 cm? 
lateral face area. The monochromator was an 
IKS-11 spectrograph. Infrared light polarized by 
a selenium mirror passed through the single- 
crystal sample that had been magnetized perpen- 
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FIG. 2. Faraday effect in holmium garnet at two tempera- 
tures, above and below the compensation point. Ordinates rep- 
resent the specific rotation ag of the plane of polarization in 
degrees per cm. 


dicular to its surfaces by a small electromagnet 
generating a field H=1500 oe. The analyzer con- 
sisted of a few silver chloride plates* and was ori- 
ented at 45° to the polarizer. This angle yields 
maximum variation of transmitted light intensity 
as the plane of polarization is rotated. 

For measurements at liquid nitrogen tempera- 
ture the sample was placed in a cryostat with glass 
windows for light transmission. The light sources 
were a Nernst glower and a tungsten incandescent 
lamp; the detectors were a vacuum thermocouple 
and FEU-22 photomultiplier. Absorption was de- 
termined by comparing measurements with and 
without the garnet. No correction was made for 
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FIG. 3. Faraday effect in yttrium garnet at room tempera- 
ture and at liquid nitrogen temperature. 
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FIG. 4. Infrared transmission coefficients (%) of yttrium 
and holmium garnets. 


reflection because of lack of data regarding the 
refractive index of garnets. 

Figure 2 shows measurements of the Faraday 
effect in holmium garnet at two temperatures, 
above and below the compensation point. The 
curves are distinguished by the different direc- 
tions in which the plane of light polarization is 
rotated by the garnet at room temperature and at 
77°K. The reversal of the Faraday effect results 
from the reorientation of the atomic magnetic mo- 
ments of all garnet sublattices on passing through 
the compensation point. Below this point the mag- 
netic moment of the holmium sublattice, which be- 
comes larger than that of the iron sublattices, is 
oriented parallel to the external magnetic field, 
and rotates the ferrimagnetic spin system through 
180° (Fig. 1). 

The observed effect is direct evidence for the 
correctness of the magnetic structure scheme of 
garnet ferrites proposed by Néel.! In addition, the 
sign reversal of the Faraday effect indicates that 
the rotation of the plane of light polarization is not 
associated with the resultant spontaneous magneti- 
zation of a garnet ferrite as a whole, which always 
assumes the direction of the external magnetic 
field, but rather with the magnetic moments of the 
separate ferrite sublattices. For example, meas- 
urements of the rotation of the polarization plane 
of microwaves revealed no reversal of rotation 
on passing through the compensation point, since 
this effect, like the great majority of physical ef- 
fects in ferrimagnetics, depends on the resultant 
magnetic moment. 

Figure 3 shows the Faraday effect in yttrium 
garnet at two given temperatures. The rotation of 
the polarization plane is not reversed because the 
24 c sites are occupied by nonmagnetic ions. 
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Clogston® has attempted to formulate a theory of 
the Faraday effect in yttrium garnet. The char- 
acteristic frequencies of the dispersion curves 

of the Faraday effect are determined by forbidden 
transitions in Fe** ions. The oscillator strengths 


of these transitions and the magnitude of the Fara- 


day effect depend on the existence of higher-lying 
levels to which electric dipole transitions are al- 
lowed. Therefore a quantitative check of the the- 
ory requires knowledge of the energy spectrum of 
iron ions in the garnet crystal. 

The curves in Fig. 2 show a pronounced anom- 


aly in the Faraday effect at A =2y. The measure- 


ment of absorption by holmium garnet showed that 


this anomaly is associated with the absorption band 
at A=1.96u (Fig. 4). This absorption band is very 


probably attributable to an electronic transition 
(°I; — 5I,) between the first two sublevels of the 
lowest multiplet level, which had been observed 
previously in Ho** ions at X=1.94u.® Yttrium 


garnet exhibits an absorption band at 0.92 (Fig. 4), 


associated with an electronic transition in Fe°®*. 


Absorption by holmium garnet at wavelengths from 
0.9 to 1.2 is due to the indicated transition in Fe?* 
and to the °I, — °I, transition in Ho®* (A) = 1.14n).° 
Thus in the characteristic frequency region optical 
methods enable us to determine the fraction of light 


absorption and of the rotation of the polarization 
plane that is due to the ions of one of the garnet 
magnetic sublattices. This opens wide possibili- 
ties in the study of ferrimagnetics. 

The 0.5-mm slits used for our measurements 
correspond to a wavelength interval of ~0.05y at 
A = 2. It will be necessary in the future to im- 
prove the monochromaticity of light used in meas- 
uring the Faraday effect. Higher resolving power 
will enable us to improve the shape of the Faraday 


effect dispersion curve, and to study the fine struc- 


ture and polarization of the separate components. 
Figure 2 shows the measurements of the Fara- 

day effect in holmium garnet only up to 3.5y. 

Measurements at room temperature were carried 


to 5; the effect falls off slowly and gradually from 


3.5 to 5u. In both holmium garnet and yttrium 
garnet? monotonic variation of the Faraday effect 


will evidently be observed in the long-wave por- 
tions of the dispersion curves at visible and ultra- 
violet characteristic frequencies. 

If it is assumed that in the present case the 
Faraday effect consists of three terms due to 
three magnetic sublattices, by comparing the 
curves in Figs. 2 and 3 we can distinguish the 
rotation of the polarization plane caused by the 
rare-earth sublattice consisting of holmium ions. 
Since the Faraday effect in holmium garnet is 
smaller but of the same sign as for yttrium garnet, 
the rotation of the polarization plane due to the 
holmium sublattice is smaller and opposite to 
that caused by the magnetic iron sublattices. 

We have detected a similar reduction of the in- 
frared Faraday effect in erbium and gadolinium 
garnets. The Faraday effect in yttrium garnet 
falls off with decreasing temperature (Fig. 3); 
this is evidently due to narrowing of the absorp- 
tion lines of iron ions at lower temperatures. In 
holmium garnet the Faraday effect is enhanced 
with decreasing temperature. This is associated 
either with the occurrence of electronic transi- 
tions at 1.96 and 1.14, or with a sharper tem- 
perature dependence of the Faraday effect for 
the holmium sublattice than for the iron sublat- 
tices. 

We are indebted to V. A. Timofeeva, who grew 
the holmium garnet single crystals with the as- 
sistance of K. P. Belov. 
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The production and decay of =~ hyperons produced in the interaction between m mesons in 


propane at momenta of 6.8 + 0.6 and ~8 Bev/c were studied. A total of 11 = 


—— 
_ 


hyperons 


were observed. Their decay energy Q (1), lifetime tT) (2), and production cross section (3) 


are given. 


‘Tue first cascade hyperons were obtained in 
cosmic-ray experiments. A brief review of the 
data on 16 & hyperons produced by cosmic rays 
was given by Franzinetti and Morpurgo.’ Later 
on, = hyperons were produced in accelerators 
by 5.5-Bev/c m mesons (2 cases)” and by 1.15- 
Bev/c K~ mesons (16 cases).? 

We used for our experiment a 24-liter propane 
bubble chamber placed in a constant magnetic field 
of 13700 oe. The chamber was exposed to beams 
of m~ mesons of ~7 and ~8 Bev/c. The experi- 
mental arrangement has been described previ- 
ously.4 We scanned 27 000 photographs with 6.8 
+ 0.6 Bev/c m~ mesons and 75 000 photographs 
with ~ 8-Bev/c a> mesons. The photographs were 
scanned twice on stereo-viewers and reprojectors; 
part of them were scanned three times. In the 
scanning, we selected all events which could be 
ascribed by inspection to decays of cascade par- 
ticles via the scheme A— V9 +B, V?—C++D 
(see, for example, Figs. 1 and 2) and also all sec- 
ondary one-prong stars from whose vertex a V° 
particle is emitted. In this way we selected 90 
cases. 

The measurements were made on UIM-21 mi- 
croscopes by measuring the coordinates of corre- 
sponding points on two stereo-photographs. The 
results of the measurements were fed to a Ural 
electronic computer, which gave the coordinates 
of the points, and the values of the momenta and 
angles. In the determination of the error in the 
particle momenta, we took into account the inac- 
curacy of the coordinate measurements on the 
microscope, the change in the track curvature due 
to multiple scattering in propane, and the nonuni- 
formity of the magnetic field over the chamber 
volume. 


The following criteria were used to identify 
the = hyperons: 1) the character of the v° decay 
should be in agreement with the kinematics of the 
decay of A° particles into a proton and 7 meson; 
2) the vertex formed by tracks A and B should lie 
in the decay plane of the A°-particle decay, where 
the transverse momenta of the secondary m meson 
and proton should be balanced with respect to the 
direction of flight of the A° particle; 3) the point of 
decay of the A’ particle should lie in the plane de- 
termined by the tracks of particles A and B; 4) the 
transverse momenta of the A’ and B particles at 
the vertex formed by tracks A and B should be 
balanced; 5) the decay scheme of the = decay, 
i.e., =” — Ao + 77 + 65 Mev, should be satisfied. 
Moreover, when possible, we checked the ioniza- 
tion of the decay products. 

After analysis, we discarded 47 cases in which 
the v? decay was not associated with a vertex 
formed by A and B. Fourteen cases satisfied cri- 
terion 2, but the V° particles were identified as 
Kj. Of 29 cases satisfying criteria 1 and 2, only 
15 satisfied criterion 3 (coplanar cases), but 
four of them did not satisfy criteria 4 and 5. 
Among the remaining 11 cases satisfying all five 
criteria, one was obtained in the 6.8 Bev/c m-- 
meson beam and 10 in the 7~-meson beam at ~ 8 
Bev/c. There were three cases (of the eleven) 
in which the v? particles were in agreement, 
within the limits of experimental error, witha 
K{ or A° decay, where the ionization measure- 
ments did not make possible a choice between the 
A and K? decays, owing to the large momenta of 
the positive decay products. However, since all 
three cases were in good agreement with the kine- 


matics of a —& decay, we also attributed these 
cases to hyperons. 
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FIG. 1. Event No. 171-218. Decay of a E7 hyperon. 


Table I lists the angular and momentum char- 
acteristics of the = hyperons identified by us. 
All the data were obtained by averaging the results 
from two to four independent measurements on the 
microscope. Also shown in the table are energy 
of decay Q and the lifetime up to the decay of the 
= hyperons in their rest system. 

The mean value of Q for the 11 cases of —- 


hyperon decay is 
Q = 61,9 +2,.2 Mev (1) 


from which we obtain the mass of the particle: 
Maa= 1317.0 + 2.2 Mev. The lifetime of the =” 
hyperon was calculated by the maximum likelihood 


method and turned out to be 


t, = (3.5 T75)-10-” sec. (2) 


After the identification of the = hyperons, we 
analyzed the primary stars in which they were pro- 
duced. Except for two cases (Nos. 6-230 and 370- 
252), all = hyperons were produced inside the 
chamber. The tracks from the primary stars 
were measured twice and the momentum and energy 
balance was calculated for each star. The results 
are given in Table II. Six = hyperons were pro- 
duced in stars with an even number of prongs and 
resultant charge of zero. However, only five of 
them could be interpreted as mp interactions. 

(In event No. 171-218, the change in momentum in 
the collision was larger than the change in energy. ) 
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Table I. Data on identified =~ hyperons 


Angle of 
Px-,Bev/c| Event No, | ’=-,Mev/c*' | P, > Mev/c |Px-»Mev/c On-- Og-n- Ap | »Mev/c** Sa eae 
if feb ts 

~i 182—42 3517 + 420 | 3166+ 445 | 374+67 | 2°54’ + 30’ 18°30’ + 30’ 44 + 42 9’ 

~8 91—145 | 1894+150|1507+ 150 | 406448 | 4°7’ + 40’ 45°25’ + 40’ 4425 44’ 

~8 196—160 | 12474185] 9634180 | 317+44 | 6°45’ + 30’ PON! ke UY 12 + 28 18’ 

~8 19—4179 | 2841 + 490]2407+ 490 | 445+64 | 4°9’ +30’ 18°43’ + 30’ 31 + 46 20° 

~8 471—218 | 1398+ 235 | 4184 +230 | 263429 | 6°22’+ 1°20’ | 31°36’ + 30’ 8 + 38 47’ 

~8 6—230 | 2008 + 190] 15834185 | 488439 | 2°58’ 41° WROD? eho 47+ 29 NOL 

~8 370—252 8784155) 753 £4151 | 19739 |10°4’ + 40’ 46°20’ + 30’ 41 +39 DK 

~8 414—290 (Giles 88) yse OA | wieeeoi) MBs sal MB OOI TE ae DE 6430 Boas 

~8 355—298 | 1842 + 227) 1593+ 223 | 253444 | 4°58’+41°30’ | 27°25’ + 30° M+ 54 58’ 

~8 150—307 | 2440+ 307] 20984305 | 372445 | 5°41’ +4° 49°42’ + 40’ 58 + 48 A Gi 

~8 186—336 ReEPse Wy! WOwsels) |) Kilceuyl |) Beet seal) 24°4’ +30’ 23 +: 27 24’ 

Mean 1794 
value 


Qs- , 


Mev 


63.4414,4 
55,7+13.7 
69.1 418.5 
73.2+16.5 
64.4+11.0 
52.54 14.5 
67.54 20.3 
63.44 9.5 
53,.2+17.3 
56,.2+15,3 
86 + 26 


61, 9ise 252 


| 
| 


*Owing to the fact that some tracks were short, not all momenta could be obtained directly from the measurements. 
listed were calculated from the formula p,- =p, cos Onan +p, cos Oan 
**Ap) = [pa sin @5,q — p,sin O, |. 
**kn is the angle between the primary particle of the one-prong star and the plane determined by the A° particle and the 
secondary particle from the star; the error in the determination of the angle 7 is ~ 1°30’. 
****The large error is due to difficulties of measurement. 


Table II. Data on primary stars in which =~ hyperons 
are produced 
Other identified RTE RETREATS Possible 
Pz» BeV/e ey Type of star strange parti- VD ” | reaction 
Oo cles ; of type** 
—~T * 14822249 Detone 1826 + 210 (1) 
(&, 1-) 
[iho d oe 
mag 40G=-100 | totefone sath, 1880 + 180 (1) 
(1+, 1-) A 
ee ie K 
| Eecimjae SBton, feeds ae 1058 ale do 
~8 |171—248 a-prong, Ap>AE (4) 
+, 2— 0 
~8 | 414290 Sprong, K, decays Ap>AE (5) 
~8 | 355—298 ee, ~1100 (6) 
Poona t50— 2070) Fortrone: ~2100 (7) 
(1+, 1-) 
~8 186—336 Seren ~1520 (1) 
+, 1- 


*The value of AE was calculated under the assumption of an interaction. 


between a 77 meson and a free nucleon. 

eet ap Oe SS Soa) 10) 

tot+4p9+n-4+... (i 
( 


oh 


1 


= 


tops 


Kt+nt+n-+ n--+ 70 


mc +C>o&-+Kt+kKt4 

n+ p—>8-+Kt+ 

m- + C-—+ &- + other particles (4) 

no +¢\7 By KOs -- et 2p (Kop...) 
SSS Ge RO SE RCP ab ger te Dp noe 

nea PP ua aaa 
SET SE a IRC ste (UO SE coc 

Mal a Sea oak re 
Sah KP Ge (KOE...) 


(7) 


Assumed particles are shown in parentheses. 


to, 10-* sec 


Ase OTs 
Papas 0). Ail 
Beryl 2s era/ 
0-93 = 0.14 
BoAyee (0), etl 
ils 

6.4 

ZOO nel 
0,64 +0.09 
0.46+0.07 
0.77£0.14 


2.20 


The values 
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FIG. 2. Event No. 19-179. Decay of a E~ hyperon. 
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Assuming a strangeness of S = —2 for the = par- 
ticle, we should expect that two K mesons (K®, K*) 
with S=+1 are produced along with the cascade 
hyperon. Only in three cases could K mesons be 
identified from the kinematics of the decay. In 
event No. 91-145, four stopping protons were iden- 
tified; a * meson was well-identified from its mo- 
mentum and ionization and a K* meson, from the 
kinematics of the decay. The seventh particle, 
which was positive, could not be a 7* meson be- 
cause of its momentum and ionization; this means 
that it was either a K* meson or a proton. In event 
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Table III. 
ss || ean an 0 2 0 
OnA (Ses 8 
* * * * angle cf0om 
(p= 0 0 6 Me 
t DR (P\)a-, a A. p between erilond ace 
Py Bev/c Ne (in 7—N | Mev/c | (in w7—N| (in IN (in A° | decay o oe 9 
Gm.s.) c.m.s.), | system),| system), planes of | & 43% 
Mev/c deg deg deg ae and |A-- 0! 
7. deg S 4) 
~7 || Eytseta(D |) ByyserAs |) eet) Wiles) O20) 146+5 | down 
~8 91—145| 444+47 145 + 26 Nyaa | (pr ai) 4245 13144 up 
~8 196—160 |1001+99 | 290+ 30] 16243 | 123+5 67 +6 52 ote 3 down 
~8 49—179| 294444 | 293441) 94441} 88410) 7345 16145 | down 
~8 1714—248 | 9774107) 440+ 47) 15544 9455 5 NOES 7/ 87 +4 down 
~8 6—230 ANB aiseito} Yiayeards) 1400+6 | UP 
~8 370—252 Ofee= ON SO = 23.25 5) up 
~8 114—290 1538110) 27336] 170+3 | 102+5 LODE S 168-6 | up 
~8 300—298 |1070£102) 729492) 1374 6 (ago Boece TON S240) down 
~§ |450—307| 140748 | 7434) 1497 | 75415) 70415) 888) down 
~8 186—336 12484110] 273436] 146744 | 12644 | 10245 66244 | down 
Mean 804 318 = 35 
value 
Table IV. ‘‘Background’’ cases (the ve particles 
were identified as A particles) 
; Angle of |One of the Si Angle of One of the 
Event ae nonco- | Ap, , possible ment as ; nee. Apys ene 
- t - : planar- - 
No.  |charge ee Mev/c hie No charge ity a) Acaak 
1 
344—314 + ile 225 (1) 273—125| + LORAO? 827 (5) 
250—35 -- 16 200, (1) 140—45 ao 22°42" 244 (3) # 
267—233 ++ sy 48 (1) 99—68 -- Biel)! 86 (2) 
150—286 | — 22h 126 (2) 179—221} — MDT 125 (6) * 
902—12 -f- Deo 56 (1) 144—219} — 7°4! 106 (7) 
185—91 =f 4°56" 58 (3) 152—188 | — 16°40’ og (6).* 
92—246 +p MEST 16 (1) 64—69 — 17°30’ 70 (6) ** 
189—275 -++ 0°54’ A (1) 61—174} — 30° (8) 
33—221 + 8553" 497 (4) 288—193 | — 40° 50 (6)/** 


*nottnoA+tkKt 
PS Oe WN Se toe 


aoe We Asie OE ee 
**Possible K~ +n interaction. 


(8) 


***In this case another reaction with the production of a A particle is possible; 


we have indicated.the more probable one. 


No. 19-179, under the assumption of a mp interac- 
tion, the neutral particle could be only a 7 meson, 
and then the positive particle, which could not be 
identified from its momentum and ionization, 
should be a K* meson. Hence there was not a 
single case of associated production of a = hy- 
peron with two well-identified K*, K® mesons, 
but neither were there any cases which would con- 
tradict such a scheme of associated production. 
Table III lists the momentum p*, the transverse 
momentum pj, and the angle of flight 6* of the 
= hyperons in the c.m.s. of the m™ meson and 
nucleon under the assumption that the ] particle 
is produced in a collision of primary 7 mesons 
with free nucleons. 


As seen from Table III, the mean transverse 
momentum p, is equal to 318 + 35 Mev/c. It is 
interesting to note that this value of p , for the 
= hyperons is close to the value of the transverse 
momentum for protons and A? hyperons.° More- 
over, the = hyperons are emitted mainly back- 
wards, similarly to protons and A° and 5+ hyper- 
ons in 7p interactions involving 6.8-Bev/c 
mesons.°* 

Table II also lists the following angular char- 
acteristics: the angle of flight of the A° particle 
in the =” rest system 0%, the angle of flight of 


*It should be noted that both &~ hyperons observed in 
reference 2 are emitted backwards in the c.m.s. 
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the proton from the A’-particle decay in the A 
rest system 64, and the angle wa, between the 
= - and \-particle decay planes. No asymmetry 
in the 9 and w=, distributions was observed. 
In the forward-back (65) and up-down distri- 
butions of the proton decay products from the A‘- 
particle decay, some asymmetry was observed 
(seven cases forward, three cases backwards, 
one at an angle of 90°; eight cases down, three 
cases up). We note that the protons from the A? 
decays are directed forward in the A’ rest sys- 
tem.? An asymmetry in the angular distributions 
characterizes the polarization of the A° particles 
from the = -particle decay. Longitudinal polari- 
zation of the A° hyperons from the decay of — 
particles, if it exists, would be evidence of the 


parity nonconservation in the decay of =” hyperons. 


In order to determine the production cross sec- 
tion for = hyperons, we counted the number of 7 
mesons in the primary beam and determined the 
effective length of the chamber for the recording 
of = hyperons; this was equal to 30+ 5 cm. We 
then took into account corrections for the follow- 
ing: 1) the u~-meson contamination (5 + 2)%; 

2) the loss of part of the primary 7 mesons due 
to interactions in the chamber;* 3) the efficiency 
of finding = hyperons in scanning the photographs 
(80 —90%); 4) the geometric conditions for re- 
cording the particles (2.0 + 0.3); and 5) the decay 
of secondary A’ hyperons into neutral particles. 
We thus found the mean free path of 7 mesons 
for the production of = hyperons in propane to 
be 1 = (2.02*2°86) x 108 cm for 6.8-Bev 7 mesons 
and 1 = (0.687938) x 108 cm for 7 mesons at ~8 
Bev/c. If it is assumed that the production cross 
section for hyperons on nuclei is proportional to 
A?/3 then for the =~-hyperon production cross 
section (per nucleon) in propane, we have 


+2.5 


Oo 54 pO at 0.8 Bev/c 


Bev ci. (3) 


o Sooty seh. at 


In the work of Fowler et al.” the cross section 
for the production of = hyperons (per nucleon) 
by 5.5-Bev/c ma mesons was found to be o 
= 2.3*3-4ub. Figure 3 shows the variation of the 
= hyperon production cross section as a function 
of the incident meson energy.t Finally, Table 


*The interaction mean free path of 6—8 Bev/c 7 mesons 
in propane is equal to 219 + 5 cm. 

+We recall that the threshold for the production of hy- 
perons by 7~ mesons via the reaction 7” + N> #8 +K+K 
with allowance for the motion of the nucleons in the nucleus 
is equal to 2.19*:i$ Bev.’ 
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IV lists the ‘‘background’’ cases, among which are 
four coplanar and 14 noncoplanar cases. The co- 
planar cases can be explained well by the reactions 
indicated in Table IV. Since the reaction m +n 
— \°+K™ is forbidden by the law of conservation 
of strangeness and since there are less K mesons 
than m* mesons, the greater part of the coplanar 
cases are due to m* mesons. The noncoplanar 
cases can be caused by both m* and ma or K™ 
mesons. In our case, there were seven interac- 
tions caused by m* mesons and seven caused by 
negative particles. Interactions Nos. 150-286, 
99-68, and 144-219 could be due only to K” mesons, 
since the energy of the m meson in these cases 
was below the threshold for the production of a A 
particle. 

In conclusion, the authors express their grati- 
tude to V. I. Veksler and I. V. Chuvilo for discus- 
sion of the results, to L. P. Zinov’ev, N. I. Pavlov, 
K. V. Chekhlov, L. N. Belyaev, the engineers and 
technicians of the accelerator group, and the tech- 
nicians and laboratory personnel of the bubble 
chamber group for aid in carrying out the experi- 
ment, to the laboratory staff for performing the 
measurements, and to the electronic computer 
group for carrying out the calculations. 
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Atoms of the rare-earth metals Er, Tb, and Ce, together with the molecule ThCl,, have 
been studied using the method of surface ionization on polycrystalline tungsten. It is shown 
that the temperature dependence of the ion current agrees with the theory of surface ioniza- 
tion on complex surfaces. The ionization potentials of the atoms Er, Tb, Ce, and Th have 
been found by comparing the temperature dependence of their respective ion currents with 


the same quantity for positive In ions. 


‘Tue method previously described!* has been used 
to study the ionization of several rare earth metals 
on a tungsten surface. In Fig. 1 the logarithm of 
the relative positive ion current log (I/Im) for the 
atoms of Er, Tb, Ce and In is plotted against the 
inverse temperature, 1/T, of the tungsten wire. 
At sufficiently high temperatures the graph is a 
straight line, as predicted by the theory.!»? 

The ionization potential V of an atom can be 
found by comparing the temperature dependence 
of the positive ion current for the unknown atom 
with the same quantity for a known atom. This 
method has been used in work reported earlier to 
obtain V for atoms of U,! Nd, and Pr.? Our 
measurements were made relative to In, whose 
ionization potential is known spectroscopically 
to be Vjn = 5.79 ev. 

Let I, denote the current of positive In ions, 
and I, the current of positive ions of Er, Tb or 
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FIG. 2 
Ce, as the case may be. In Fig. 2, the logarithm 
of the ratio I,/I, is plotted against the inverse 
temperature 1/T.!3 The three curves are 
straight lines to a good approximation. The slopes 
can be used to obtain the differences between the 
ionization potentials of the three elements and that 
of indium. Eight independent measurements were 


made of V for Er, nine for Tb and five for Ce. 
The results are as follows: 


Ver = 6,08 + 0,03 eV, Vip = 5,98 +0,02 ev, 
Ves = 5,60220.05 sev. 


The ionization potential of Th was obtained in 
a similar manner, molecules of anhydrous ThCl, 
being ionized on a tungsten wire together with 
atoms of In. The temperature of the wire was 
2500 to 2900°K. The ionization potential of Th 
turned out to be 6.95 + 0.06 ev. 

The calculations took into account those excited 
states of In atoms and ions which lie close to the 
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ground states. Excited states in the atoms and 
ions of Er, Tb, Ce and Th were not taken into 


account since the energy levels for these elements 
are not known. 
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Data are presented on the cross sections for (n, 2n) reactions involving 14.7-Mev neutrons 
and resulting in the formation of the isomers Y*™ (oc, > 0.4 barn), Nb?8 (dg = 0.53 + 0.06 


barn), Pb? (g,, =1.7+ 0.3 barn), and Bi?%™ (g,, = 0.66 + 0.12 barn). The cross sec- 
tion for the reaction with lead was evaluated on the assumption that the isomer is produced 


only in the reaction Pb? (n, 2n) Pb2°"™_ This value is compared with that computed from 
strong-interaction theory, assuming a two-stage mechanism of neutron evaporation in the 
(n,2n) reaction. The Pb?" level scheme which agrees with the shell model was employed 
in the calculations. The relative probabilities of different types of transitions were esti- 
mated from the relation between the lifetime of an excited nuclear state and the transition 
energy. There is good agreement between the measurements and calculations. Radiation 
from the following isomers is reported: Nb*8 (Ty. = 10.0 + 0.3 day, Ey = 0.94 + 0.01 Mev), 
Bi?%™ (Ty. = 2.6 + 0.1 millisec, Ey = 0.50 + 0.02 Mev, Ey, = 0.88 + 0.02 Mev), and Na*#™ 


(Ty = 18.3 + 0.6 millisec). 
PROCEDURE 


Our experimental technique and preliminary 
estimates of the cross sections for reactions with 
fast neutrons resulting in the formation of isomers 
with millisecond half-lives are similar to those de- 
scribed in reference 1. We have also published’ an 
account of certain changes in technique together 
with the cross section obtained for the reaction 
producing Pb?%™, The technique described in 
reference 2 was used to measure the cross sec- 
tions for the reactions producing Pb?°™ and 
Bi2%M_ The present paper gives the results of 
these measurements and data for additional 
isomers. 


EXPERIMENTS 


Samples with natural isotopic content were ir- 
radiated with neutrons produced in the pulsed bom- 
bardment of a thick tritium-zirconium target by 
Dz ions from a 500-kv accelerating tube. The 
neutron spectrum was computed; the neutrons 
interacting with Pb, Nb, and Bi had a peak at 
Ky = 14.7 Mev and a 0.25-Mev half-width. 

LY Yays from the samples induced pulses in a 
FEU-S photomultiplier used in conjunction with a 
NaI(Tl) crystal; these pulses were then fed to 
amplitude and time analyzers during the intervals 
between neutron pulses. The cross section for a 
given reaction was determined by counting the 


pulses forming the photopeak of total isomeric 
emission in the pulse-height distribution. 

The efficiency of y-ray registration by means 
of the photopeak pulse counts was determined with 
radioactive Cs!8", Nb®®, Nb®?, and Zn®> samples, 
whose activities were measured by two methods 
that produced mutually agreeing results. One 
method, as in reference 1, employed a counter 
with a special sheath, described by Sakharov;° the 
other method used a NaI(Tl) crystal and spec- 
trometer. In the latter case the efficiency of y- 
ray registration was computed with the aid of data 
given in references 4 and 5. We estimated a 7 to 
8% inaccuracy in determining the activities. 

The yield of a given reaction as determined 
by the monitor was compared with the yield of 
Cu®? (n, 2n) Cu®, for which the mean cross section 
0.62 + 0.04 barn was obtained from the computed 
neutron spectrum. The cross section for the in- 
vestigated reaction was then calculated from the 
formula given in reference 1. 


RESULTS 


Our data give a half-life of 0.81 + 0.02 sec for 
Pb?" in agreement with the review article of 
Strominger et al. The cross section for the re- 
action with lead was determined using a 1.04-Mev 
photopeak, for which pulses falling in 0.768 + 0.006 
sec intervals were discriminated. The start of 
these intervals was delayed for the time t (0.09 
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=t=0.11 sec) after the leading edge of the ion 
pulse of the accelerating tube. 

In interactions between 14-Mev neutrons and 
heavy nuclei a (n,2n) reaction is the dominant 
inelastic process. For lead, bismuth, and certain 
other elements this has been confirmed by Ashby 
et al.,’ who reported a cross section for Pb (n, 2n) 
equal to the cross section for all inelastic proc- 
€SSeS: O(n,on)/O(n,x) = 1.07 + 0.08. We assumed 
that in our experiments Pb?"™™ was formed only 
ina (n,2n) reaction, and attributed our results 
to Pb? We obtained queer i 0.3 barns 
for the Pb? (n, 2n) Ph207m reaction, and com- 
pared this result with the calculated cross sec- 
tion gcale. 

The cross section for Bi? (n, 2n) Bi2?%™ was 
determined similarly. y rays with 0.88 + 0.02 
Mev and 0.50 + 0.02 Mev, and a half-life of 2.6 
+ 0.1 millisec, were observed in the decay of 
Bi2%M | The pulse count gave a 0.88-Mev photo- 
peak and cross section om = 0.66 + 0.12 barn. 

We also measured the cross section for the 
reaction producing a long-lived niobium isomer, 
and improved the half-life of Na4*™. The Nb8 
samples used to determine the efficiency of y-ray 
registration were prepared by neutron bombard- 
ment of thin metallic niobium plates. We obtained 
10.0 + 0.3 days for the half-life of this isomer and 
detected 0.94 + 0.1 Mev y rays accompanying B 
decay. The experiments in which the reaction 
yield was determined from the radioactivity of the 
sample have already been discussed. We used the 
decay schemes of Nb?2™ and Nb’8 given by Dzhel- 
epov and Peker.® The cross section for Nb? (n, 2n) 
Nb”8 was Og = 0.56 + 0.06 barn. 


Na24M was formed in the reaction Al?" (n, a) 
Na#M_ y rays from the isomer were registered 
by a spectrometer used with a Nal(Tl) crystal 
whose packing contained neither aluminum nor 
magnesium. There was no background which 
could have been due to the reaction Na” (n, y) 
Na#4™_ An improved value of 18.3 + 0.6 msec was 
obtained for the half-life of Na’*™ given in refer- 
ence 1. 

From earlier data! obtained with 14.9-Mev neu- 
trons we estimated the cross section for the re- 
action producing the isomer with 14-millisec half- 
life in the fast-neutron bombardment of yttrium. 
The result oy > 0.4 barn provided a sufficient 
basis for assuming that the given isomer resulted 
from a (n,2n) reaction and for attributing the 
0.24-Mev emission to Y®™.! 
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CALCULATION OF THE CROSS SECTION FOR 
Phen an) Ppa 


The cross section for the reaction producing 
Pb207M Was calculated on the basis of the strong- 
interaction theory and two-stage neutron evapora- 
tion. We calculated the partial cross sections for 
the formation of Pb?’ + n compound nuclei in 
states with spin j, as follows: 

f+  j+s 
Cetera SS! 7, (B.\/2(2 heat 
s= I, —/1 =|j —s| 

where T7(E) is the centrifugal barrier transmis- 
sion coefficient for neutrons with orbital angular 
momentum 7 and energy E, I) = 0 is the spin of 
Pb2, and 1/x=k is the wave number of a neutron 
with energy Ey. We then calculated the partial 
cross sections for the formation of Pb?8* in states 
with spin j, following the evaporation of the first 
neutron: 


(1) 


fieianle its, max 
i= Yo Yo yy | MEE ED ae] 
fe le Bas 
x [> aan 


lag 0 


4, =|/ —s,| 0 


T(E GAB ) dE", (2) 
¢ hae bell 3354 
where f(E’) dE’ = const x E’ exp(—E’/t,) dE’ is 
the energy distribution of neutrons evaporating in 
the first stage, at the temperature T, = 1 Mev. 

Equations (1) and (2) were derived from the 
equation of Hauser and Feshbach’ that gives the 
cross section for the excitation of an individual 
level in inelastic neutron scattering. We separated 
the parts pertaining to the formation and decay of 
the compound nucleus, and integrated over the en- 
ergies of evaporating neutrons instead of summing 
over the energies of separate levels. It was as- 
sumed that compound nuclei decay into close en- 
ergy levels. In Eq. (2) the spin dependence of level 
density was taken into account by the summations 
over lq(y) and Sqc4), and the dependence on exci- 
tation energy was taken into account by the function 
f(E’). 

We kept in mind the remark of Remy and Win- 
ter! that 7, must be 20 — 30% above the tempera- 
ture determined experimentally (0.7 —0.8 Mev 
according to references 11 and 12), neglecting 
two-stage evaporation. We also assumed that 7; 
can differ little from the result 1.05 Mev obtained 
by Rosen and Stewart for the Bi (n, 2n) reaction.!8 

It can be assumed that with the evaporation of a 
second neutron Pb2°8* compound nuclei decay to 
states of Pb2°"*, where the level density is suffi- 
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cient to permit the use of a near-Maxwellian en- 
ergy distribution in the calculations. Neutrons in 
the range 5 —12 Mev were not observed in the case 
of the reactions with lead reported in references 

11 and 12. These neutron energies would have been 
observed if decay to discrete levels were dominant. 
There are both small and large spin values among 
the low-energy levels of Pb?"". The probability of 
decay to these levels, which contains the factor 

Tj (E’), would be relatively large. 

Keeping the foregoing considerations in mind, 
we used (2) to calculate the spin distribution of 
Pb2°™* nuclei formed after the evaporation of a 
second neutron. j, and j were replaced by I* and 
jy, respectively, and the energy distribution was 
characterized by the temperature T, = 0.5 Mev, 
which is close to the values 0.4, and 0.53 Mev 
estimated by Rosen and Stewart!® for the Ta (n, 2n) 
and Bi(n,2n) reactions. 

Penetration of the centrifugal barrier was cal- 
culated from 


[T(x Ya + FRO? + PMT G4 yy) + Sig y, 
ai : ad Cr ata) (x) at | 3/5 (x)] 
AE 21x [J SV Saup) (x)J_ ie) (x) 
=F, 445,001}, (3) 


where x =kR = 0.222VE (Mev) x1.45A¥3, x? = x? 
+ X?, and J(1+1)(X) is the Bessel function of the 
first kind and of order +(1+%). X% is expressed 
in terms of the depth Vp and radius R of the rect- 
angular potential well representing the potential in 
the simplest type of strong interaction; thus x 
= 2mV)R2/h?. Equation (3) was obtained from the 
book by Blatt and Weisskopf, 4 with vj (x) and 
Vv] (x) replaced by Bessel functions. We used the 
value X? = 144, with which Oleksa! obtained best 
agreement between the calculated cross section 
for Pb?" (n,n’) Pb?°™™ and experimental data on 
inelastic neutron scattering at 1.6 < Ey =< 2.5 Mev. 
It was estimated that with X? = 64, o (I*)/Zy*o(I*) 
can exceed the result obtained with X? = 144 by no 
more than 5%. The results obtained for o(I*) are 
shown in the figure. Identical partial cross sec- 
tions are obtained for the formation of Pb?°™* in 
states with different parities. 

In view of the results obtained by Ashby et al.! 
we used 


calc — 
O(n,2n) 


Xo(i) 1 Ee LAC) 
to represent the cross sections for Pb? (n, 2n) 
Pb20™* and Pb? (n, 2n) Pb2™™, respectively. 
Ym(I*) and rg(I*) are the respective probabili- 
ties that a nucleus in a highly excited state with 
spin I* drops to a metastable state (1%*) or 
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o(I"), barn 


Partial cross sections for the 
formation of Pb?°’* nuclei in states 
with the same parity. 


T* 


directly to the ground state [rm(I*) + rg(I*) = 1]. 
These probability coefficients were evaluated from 
Montalbetti’s nomogram’* relating the mean life- 
time of an excited nuclear state with the type and 
energy of a single-particle transition accompanied 
by y-ray emission. It was assumed that this nom- 
ogram is applicable to the relative probabilities 

of different transition types independently of the 
nuclear model. It was also considered that from 
states with E* ~ 6.5 —7 Mev, including possible 
non-single-particle states, transitions proceed to 
single-particle Pb?" Jevels determined from the 
study of radioactive decay, given by Dzhelepov and 
Peker,® and proposed by Harvey" from an investi- 
gation of (d,p) and (d,t) reactions. The arrange- 
ment of these levels agrees with the shell model, 
as follows: Dp4/2 (ground state ); f5/2 0.570 Mev; 
P32, 0.894 Mev; ij3/2, 1.633 Mev (metastable state); 
fia, 2.34 Mev; 2o/2, 2.75 Mev; ijyp, 3.60 Mev; dsvo, 
4.42 Mev; £72, 4.66 Mev; d372, 5.28 Mev. We al- 
lowed the existence of a /*/,~ level at ~5 Mev, as- 
sumed to result from the strong splitting of a level 
with orbital moment 7 due to spin-orbit interaction. 

The values obtained for ry,(I*) by the described 
procedure are as follows. For all even states with 
spins I* > '/ and odd states with spins I* = %, 
Yy,(I*) =1. For all other states forming the dis- 
tribution shown in the figure, rm(I*) = 0. It was 
here assumed that the probabilities of different 
types (El, M1, E2,...) of transitions were com- 
parable if they did not differ by a factor greater 
than 20. For E* 2 6 Mev there was no competi- 
tion between transitions of the different types, and 
Im (1*) was independent of E*. 

It was to be expected that the coefficients lm (I*) 
would be close to unity or zero and independent of 
the excitation energy. Katz and others!®-?° inves- 
tigated the relative yields Og /Om for several 
isomers formed in (y,n) reactions and found 
Og /Om to be practically constant over broad in- 
tervals of y-ray energy. Dipole absorption pre- 
dominated; it could therefore be assumed that the 
spin distributions of excited nuclei were only 
slightly dependent on energy, and the constant 
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value of Og /Om could be accounted for by the fact 
that rmg)(I*) is independent of E*. The sum- 
mary of data in reference 21 gives the relative 
yields of isomers resulting from thermal neutron 
absorption by even-even nuclei; in the great ma- 
jority of cases mig) } 1s close to unity. 
T'mg)(I*) ~ 1 from the results of experiments in 
which isomers were formed in (n, y) reactions 


with thermal neutrons and with fission neutrons.22~24 
The given values of r,,(I*) yielded gale =1.58 


barns, which is in satisfactory agreement with 
om We also obtained (0m /on,2n)cale = 0.65; 
considering that this is only slightly dependent 

on X%, we calculated the cross section %(n,2n) 

= om. (On.2n) /0m)calc = 2.6 barns for Pb? 

(n, 2n) Pb?°"*, Within the limits of experimental 
and calculational accuracy this result agrees with 
O(n,2n) = 2-74 + 0.20 barns in reference 7, and with 


the cross sections for inelastic interactions between 


neutrons with 14.2 —14.5 Mev and lead nuclei, for 
which the results o(y,x) = 2.56 + 0.03 barns and 
2.54 + 0.05 barns are given in reference 25 and 
26, respectively. 

Natural lead was used in references 7, 25, and 
26. Our results therefore permit application of 
the strong-interaction model and the roughly ap- 


proximate statistical theory to the (n,2n) reaction 


in the case of the double magic isotope Pb?"8. The 
agreement of Conon) with O(n,on) and o(n,x), and 
of ofale with omeas, show that in analyzing the 
spin distributions of excited nuclei formed in re- 
actions it is sometimes permissible to use the 
aforedescribed procedure for calculating the coef- 
ficients rpm(I*). 

It has been shown in references 27 and 28 that 
the correlations of proton and neutron positions in 
nuclei can result in a very low probability of El 
transitions in the case of low excitation energies. 
This evidently applies to Pb2°", where the S92 
— ij3/2 transition, for example, has considerably 
higher probability than the go. — fy, transition. 
We therefore repeated our calculation excluding 
electric dipole transitions in evaluating ry(I*). 
We obtained ry, (I*) = 1 for all odd states with 
spins I* = 1 and even states with I* = ‘%. For 
Ix = ¥,* and ¥* competition is possible between 
M1 transitions (with relatively small transition 
energies) and M2 transitions (with transition 
energies ~6 Mev). For I* = %4* and %* we have 
Pm (I*) = 0.2. For I* ="%* the M1, E2, and M2 
transition probabilities are comparable and 
rm(**) = 0.9. For the other states represented 
in the spin distribution shown in the figure we 
have rp,(I*) = 0. The final results are gvale 
= 1.32 barns and O(n en) = 3.1 barns. These val- 
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ues agree with the values of om°**, oy on), and 
O(n,x) given above. However, since the agreement 
was worsened when El transitions were excluded 
we consider it highly probable that when E* 2 3.6 
Mev in Pb*", electric dipole transitions play an 
important part. 

The authors are greatly indebted to M. V. 
Nikitova for experimental assistance. 
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The transition probabilities for magnetic dipole transitions from the first excited states in 
Tb**® and Yb!" nuclei have been measured with a multi-channel time analyzer. The gyro- 
magnetic ratios calculated on the basis of the unified model are compared with results of 
experiments on Coulomb excitation. The experimental results show that the g-factors for 
collective motion are close to those estimated on the basis of the unified model according 


to the formula gp * Z/A. 


‘Tue knowledge of the lifetimes of magnetic di- 
pole transitions and in addition the magnetic mo- 
ments yu of the nuclei allows one to determine 
separately the g-factors of collective motion (gp) 
and internal particle motion (gx) on the basis of 
the unified model.! 

In the method of Coulomb excitation the reduced 
probability of E2 transitions B(E2) is determined 
directly from experiment, and the reduced proba- 
bility of M1 transitions B(M1) is calculated from 
the ratio of the intensities of the two components 
62 =r (E2)/A(M1), where A is the transition prob- 
ability. However, in those cases in which the M1 
component makes up the preponderant fraction of 
the radiation, the determination of g-factors by 
the method of Coulomb excitation becomes very 
unreliable, since it is based on the accuracy of the 
knowledge of the small amount of E2 admixture. 

It is clear that in such cases, which are fre- 
quent, it is expedient to make a direct measure- 
ment of the lifetime of the level by the method of 
delayed coincidences. 

In Figs. 1 and 2 are shown the results of meas- 
uring the half-lives of the 58-kev level in Tb!*® 
and the 78.7-kev level in Yb!"%, obtained with a 
multichannel time analyzer which has been de- 
scribed earlier.’ 

In the case of Yb!"8, coincidences of the 272- 
kev gamma ray with conversion electrons from 
the 78.7 kev transition were counted. A compound 
of Co® was used as a comparison source (for 
B-y coincidences). In the case of Tb'® coinci- 
dences of the characteristic x-rays with conver- 
sion electrons from the 58-kev level were counted, 
and the comparison source used was Hg?” (for 
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FIG. 1. Determination of the lifetime of the 58 kev level 
in Tb’®®. N is the number of coincidences; Z is the channel 
number in the time analyzer. The channel width is 1.92 x 10~*° 
sec. 


B-y coincidences). This comparison source ex- 
hibits the accurately known lifetime of the 279-kev 
level of T12%, and the weighted average value from 
many measurements?’ of the half-life is Ty» 

= (2.90 + 0.12) x 107! sec. In this case, the use 
of Co®® as a comparison standard was inconven- 
ient because of the excessive difference in the 
energies of the two radiations. 

Having as a goal the complete removal of in- 
strumental shifts in coincidence time (which be- 
come very significant in the measurement of such 
short times), we applied the method of “‘control 
of single pulses,’’ which has been described in 
detail previously.” 

The experimental values for the half-lives are: 


Ty, = (1,3 + 0.4)-10°° sec for the 58-kev level of Tht, 
Ty, = (3,8 +0,5)-10" sec for the 78.7-kev level Oley. e. 
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FIG. 2. Determination of the lifetime of the 78.7-kev level 
in Yb’”?. The channel width is 2.16 x 10~*° sec. 


The values for the g-factors are: 


for Tb159, 
Yb!73, 


ge =0,44+0.10, gx = 1,37 +0,08 
ger = 0.354004, gx =—0,52+0,02 for 


The magnetic moments of Tb and Yb!” have 
been taken equal to 1.5 nuclear magnetons‘* and 
— 0.67 nuclear magnetons® respectively. The sign 
of the ratio (gx —gR)/Q) is known from work on 
angular correlation;®»" this permitted the choice 
of one of two possible sets of values for gx and 
BR: 

In the case of Tb!®, our values for the g-factors 
differ markedly from the results of investigations 
by Coulomb excitation®»* (however, the results of 
the two works referred to also differ significantly 
from each other). We think that all the disagree- 
ment arises predominantly from the inaccurate 
knowledge of the E2 admixture, an account of 
which is important in the calculation of the g- 
factors from the results of experiments by Cou- 
lomb excitation. 

In the case of Yb!" the g-factors obtained 
agree satisfactorily with the results of de Boer et 
al.’ by Coulomb excitation. With the amount of ad- 
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mixture (4.5%) of the E2 component (this was 
well determined in the work of Romanov et al.°), 
the magnitude of the internal quadrupole moment 
of the nucleus Yb!"* can be determined. Qo = 8.4 
x 10724 cm?, in agreement with the results of other 
work,®»!9 and also with the magnitudes of quadru- 
pole moments in this region of nuclei. 

Finally, the values for the g-factors for collec- 
tive motion which we determined are close to the 
value gp = 7,/A which corresponds to the unified 
model value for a homogeneous charge distribu- 
tion. The latter values are 0.41 for Tb**® and 
~ 0.4 for Yb!"3, However, the Coulomb excitation 
results for Tb!*® give for this quantity 0.1 (refer- 
ence 8) and 0.25 (reference 6), and 0.31 for (ref- 
erence 7) Yb!®, 
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The temperature dependences of the longitudinal and transverse galvanomagnetic effects in 
polycrystalline lithium chromite ferrite are determined. This ferrite exhibits a compensa- 
tion point of the magnetic sublattices. Anomalies observed in the behavior of these effects 
above and below the compensation point are explained on the assumption that each magnetic 
sublattice of a ferrite makes a separate ‘‘characteristic’’ contribution to its galvanomagnetic 


properties. 


Ip The investigation of physical phenomena in fer- 
rites having a compensation point @, (the temper- 
ature at which the magnetic moments of the sub- 
lattices are ‘‘in balance’’!) is important for the 
theory of ferrimagnetism. The individual charac- 
ters of the different sublattices are especially pro- 
nounced near @ , and it is easiest in this temper- 
ature range to determine the parts played by the 
different sublattices in producing ferrimagnetism 
and the accompanying effects (magnetoelastic, 
galvanomagnetic etc.) in ferrites. 

We recently* reported the unusual behavior of 
the longitudinal galvanomagnetic effect in the fer- 
rite Li,O* 2.5 Fe,03° 2.5 Cr,03, where this effect 
is reversed from negative to positive near Qc. 
Our attempted explanation was based on the as- 
sumption that each of the magnetic sublattices of 
the ferrite makes its own characteristic contribu- 
tion to galvanomagnetic effects.” 

The present paper reports detailed experimen- 
tal data on even-order (longitudinal and trans- 
verse) galvanomagnetic effects in lithium chro- 
mite ferrite, with an interpretation based on the 
aforementioned hypothesis. 

2. We prepared a ceramic ferrite with compo- 
sition Li,O° 2.7 Fe,O3° 2.3 Cr,03, which, like that 


mentioned in reference 2, had a compensation point. 


The sample was pre-annealed in air for four hours 
at 1000°C. The final sintering in air for three 
hours at 1200°C was followed by slow cooling. 
Electrical contacts were attached to the 5-mm 
cube with silver paste at 500°C. The galvanomag- 
netic effect r = AR/R was measured in a solenoid 


up to 2000 oe and in an electromagnet up to 12000 oe, 


by comparison with a standard resistance in an un- 
balanced bridge. Since the resistance of the ferrite 
was strongly dependent on current strength, all 
measurements of r were obtained at 1 ma. 


4 
Yr 


I at H=1660 oe 


05 


~Q5 


-10 
H=1550 oe 


FIG. 1. Temperature dependence of magnetization I, and 
longitudinal (r,) and transverse (r,) galvanomagnetic effects 
in the ferrite Li,O- 2.7Fe,O, - 2.3Cr,0,. 


The magnetization I was measured ballistically 
in the solenoid. The temperature dependences of 
r and I from room temperature to 300° C were 
measured in an electric furnace with a bifilar 
winding of nonmagnetic nichrome. Since the gal- 
vanomagnetic properties of ferrites are strongly 
temperature dependent, the temperature was kept 
constant by placing the furnace in a molybdenum 
glass tube connected to a fore pump. The furnace 
current was stabilized electronically. The tem- 
perature of the sample was measured with a 
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Fy és L2,0-5F 240, 


150 200 


FIG. 4. Temperature dependences of t and 1, in the fer- 
rite Li,O 5Fe,0,: 1— 2080 oe, 2—10 370 oe, 3 —6000 oe. 


FIG. 2. Temperature dependence of the longitudinal gal- The magnetization curve shows that although 
vanomagnetic effect in Li,O-2.7Fe,0,-2.3Cr,O, in different 


ce complete compensation of the magnetic sublattices 
Recast ad Die seis ee a eS OOO? Cee does not occur, the compensation point @¢ is eas- 
ily found at 98°C. The temperature dependences 
of rj; and r, show that below @<, the galvanomag- 
netic effects have the same sign in both longitudi- 
nal and transverse fields; this is similar to obser- 
vations on magnetite® and many ferrites. Above 
@. the signs of the effects differ; this corresponds 
to the ‘‘normal’’ behavior characteristic of most 
ferromagnetic materials. 

In addition to the identical (negative) signs of 
rj, and rj, their anomalous behavior below @¢ 
ve lies in the fact that the transverse effect is almost 

; three times as large as the longitudinal effect. 
Above ®¢, rj is larger in absolute value than rj; 
this is the normal behavior. In a certain tempera- 
ture range the so-called second rule of even-order 
effects, rj = —'% r}, is observed. 

As the Curie point is approached a galvanomag- 
netic effect r, due to spontaneous magnetization 
(the ‘‘para-process’’), the magnitude and (nega- 
tive) sign of which are independent of the applied 


copper-constantan thermocouple and a PPTV-1 
high-resistance potentiometer. 

3. The galvanomagnetic effects and magnetiza- 
tion were measured at first in relatively small 
fields (in the solenoid). Figure 1 shows the tem- 
perature dependences of the longitudinal (rj) and 
transverse (r,) galvanomagnetic effects (at H 
= 1550 oe) and magnetization I (at H = 1660 oe) 
for a sample of Li,O* 2.7 Fe,O3° 2.3 Cr2O3. 


iG 


is 


FIG. 3. Temperature dependence of the transverse galvano- 
magnetic effect in Li,O-2.7Fe,0, -2.3Cr,0, in different mag- 
netic fields: 1— 1080 oe, 2— 2260 oe, 3— 6800 oe, 4—11 070 oe. 


FIG, 5. Schematic temperature variation of the galvano- 
magnetic effects in lithium chromite ferrites; a— longitudinal 


’ 
b—transverse galvanomagnetic effect. 


GALVANOMAGNETIC PROPERTIES OF LITHIUM CHROMITE FERRITE 


field direction, is superposed on the rj and Py) 
effects due to technical magnetization. The nega- 
tive maximum of rp is located precisely at the 
Curie point, where rj — 0 and r; — 0. 

Figures 2 and 3 show the temperature depend- 
ences of rj and r; in stronger fields up to about 
12000 oe. The behavior shown in Fig. 1 is re- 
peated on the whole. Below @., ry, > rj, and both 
effects are negative. At 112°C (@g = 98°C) the 
longitudinal effect becomes positive in all fields. 
The transverse effect is negative in not very strong 
fields (as in Fig. 1), but becomes positive in 
stronger fields. We are at present making a de- 
tailed investigation of this behavior, which is not 
yet understood. It should also be noted that at the 
Curie point the negative maximum of the ‘‘para- 
process’’ galvanomagnetic effect is of smaller 
magnitude in Fig. 2 than in Fig. 3. 

4. The galvanomagnetic anomalies can be ac- 
counted for by individually different characteristic 
galvanomagnetic properties of the sublattices in a 
given ferrite. These differences are due to the 
nature and arrangement of the sublattice ions. The 
galvanomagnetic effects in the sublattices are 
superposed to produce the galvanomagnetic effect 
of the ferrite as a whole, with a temperature de- 
pendence that, as we have seen, exhibits very com- 
plicated and anomalous behavior in the case of 
chromite ferrite. 

According to Gorter,! lithium chromite ferrite 
contains two sublattices, one with Fe, Cr, and 
some Li ions in octahedral sites, and the other 
with Fe and Li ions in tetrahedral sites. Below 
@q the octahedral sublattice dominates the mag- 
netic behavior of the ferrite; its galvanomagnetic 
properties are, according to our hypothesis, anom- 
alous and ‘‘magnetite-like’”’ (rj, and r, having 
like signs). Above @, the tetrahedral sublattice 
dominates; it has ‘‘normal’’ galvanomagnetic prop- 
erties, rj being positive and r) being negative. 

It is interesting that our measurements (Fig. 4) 
show the galvanomagnetic properties of the simple 
ferrite Li,O°5Fe,O3 to be ‘‘normal,”’’ i.e., above 
@, lithium chromite ferrite has the same galvano- 
magnetic properties as Li,O-5Fe,03. The dashed 
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schematic curves in Fig. 5 depict the temperature 
behavior of the rj and r, effects in the octahedral 
and tetrahedral sublattices; the solid curves repre- 
sent the combined effect for the ferrite. The scheme 
of Fig. 5 furnishes a very good explanation of our 
experimental findings given in Figs. 1—3. It ap- 
pears that 1) when T < @, the transverse effect 
r, is much greater than r;, and both are negative; 
2) when T >@,, ry) is reversed from negative to 
positive, the zero point of rj) (the compensation 
point @¢ for the longitudinal galvanomagnetic ef- 
fect) does not necessarily coincide with @c, and 
the position of @¢ is determined by the behavior 
of the dashed curves around @¢ in Fig. 5; 3) at 
the Curie point the ‘“‘para-process’’ galvanomag- 
netic effect has a somewhat greater negative maxi- 
mum in Fig. 5b than in Fig. 5a. This difference 
is accounted for by the fact that rj; and r; do not 
disappear completely at the Curie point. In Fig. 
5a the rj effect due to technical magnetization 
processes (the positive effect) partially cancels 
the maximum of lps whereas in Fig. 5b, since 
r,; and r) are both negative, the maximum nega- 
tive effect is somewhat greater at the Curie point. 
Our experimental investigation of the galvano- 
magnetic properties of lithium chromite ferrite 
furnishes additional evidence that the ferrite con- 
tains magnetic sublattices with uifferent tempera- 
ture dependences of spontaneous magnetization. 
The disclosure and study of the galvanomag- 
netic properties of each magnetic sublattice will 
help to reveal the character of the electrical prop- 
erties of ferrite crystals. 


11,, Néel, Ann. phys. 3, 137 (1948); E. W. Gorter, 
Philips Res. Reports 9, 295 (1954). 

2 Belov, Goryaga, and Lin Chang-Ta, JETP 38, 
1914 (1960), Soviet Phys. JETP 11, 1376 (1960). 

3p. A. Khalileev, Sow. Phys. 7, 108 (1935); 
M. A. Grabovskii, Izv. Akad. Nauk SSSR, Ser. 
Geofiz. No. 4, (1951). 
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The density of the binary system H,-D, has been measured in the range from the melting 
point to 20.4°K, and the relative excess volumes AV/V determined. For all mixtures 
AV/V < 0 and is independent of temperature within the experimental accuracy. For an 
equimolar mixture AV/V ~ —0.01. The theoretical calculations of AV/V for the H)-D, 
system?! do not agree with the experimental data. 


INTRODUCTION 


‘Tae influence of quantum effects on the micro- 
scopic properties of matter can be revealed by a 
study of the physical properties of mixtures of 
isotopes. As is well known, isotopic mixtures be- 
have ideally in any phase according to classical 
considerations,! so that a contribution from quan- 
tum effects to the thermodynamic functions is 
characterized by a departure from ideality. These 
effects are most marked for isotopes of the light 
elements at low temperatures. The properties of 
the He*-He! system have been studied fairly tho- 
roughly,” but for H,-D, mixtures only the liquid- 
vapor® and liquid-solidt diagrams are known. The 
data obtained indicate a considerable departure in 
the behavior of these systems from the laws for 
ideal mixtures. This is shown especially clearly 
in the investigations of Kogan, Lazarev and Bula- 
tova‘ who found a separation of a mixture of H, 
and D, into two phases at temperatures below the 
melting point. 

The present work was undertaken for the further 
study of the deviation of the hydrogen isotopes sys- 
tem from ideality. The density of mixtures of H, 
and D, was measured in order to calculate the 
excess mixing volume 


AV = V—(¢cu Vu + cp Vp ); (1) 


where V, Vy and Vp are the molar volumes of 
the mixture, of hydrogen and of deuterium and 
cy and cp are the molar concentrations of hy- 
drogen and deuterium. 


EXPERIMENTAL SECTION 


The measurements were made by the method 
of hydrostatic weighing on a spring balance (Fig31); 
A quartz float 3 of weight ~ 200 mg and volume 


FIG. 1. Diagram of the apparatus 
(the description is given in the text). 


~ 0.05 cm® is hung from the spring 1 by a 0.03 mm 
diameter copper wire. The distance L between 
the quartz markers 4 attached to the lower and 
upper ends of the spring was measured with a 
KM-6 cathetometer. If L is the distance between 
the markers when the float is immersed in liquid, 
and Ly the corresponding distance in vacuum, then 
Ly-—L=kKp, where p is the liquid density and k 
is a coefficient of proportionality, depending on 
the sensitivity of the spring and the volume of the 
float. 

The spring was made of 0.08 mm diameter 
tungsten wire and had 130 turns of diameter ~ 8 
mm, which gave a sensitivity of about 50 cm/g. 
After the spring had been prepared it was kept 
under a load of 200 mg to prevent any zero drift. 
During the measurements this drift did not exceed 
0.01 mm per day. The pure isotopes H, and D, 
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AV/V, % Fe, OS AVIV, % (ey OK AVIV, % 985 OR AVIV, % 
Cp =91.1% Cp =76.95% Cry =61.6% Cp =97,.3% 
20.39 0.52 20.46 4.44 20.46 4.44 20.40 
20.09 | 0.52 19.82 1.08 19,96 1.00 19.89 00 
18.36 0.53 19.79 4.02 19.20 1,05 19.79 0.93 
19.08 0.90 1 AS 1.40 19.40 1.04 
18.58 0.96 18,44 1.06 19.08 0,99 
18.44 1.03 18,67 0.95 19.09 0,98 
18,39 0.98 47,52 4505 18.54 0.98 
17,79 0.96 16.97 1,09 18.38 0.98 
47,75 0,96 17.82 0.94 
Cy = 47.75% Cp = 38,8% Cp = 20.35% 17.64 0.98 
20.44 4.22 20.43 1.0 20.38 0,86 16.78 0.83 
19.814 1.16 19.69 4.42 19.83 0.94 16.76 0.89 
49,80 A527 19,67 1.05 19.76 0,84 16,74 0,82 
19,26 4.15 19.03 1.00 19.23 0,94 Cy 9. 1% 
19,24 4.14 48.99 1,00 19.00 0.82 90.421 0.70 
18.46 1.19 18,38 1.06 18.55 0,89 14.97 0.74 
18,42 1.10 18.34 1.09 18.29 0.78 14.86 0.74 
47.79 1,16 47.74 4.07 17.73 0.90 14.48 0.85 
47.70 1.18 AT, 52 4.14 17.58 0.85 ; : 
47.44 4.45 16.85 0.99 16.81 (On72 
17,06 1.13 16.77 0.97 16.64 0.78 
16,38 4:49 16.10 1.04 16.05 0.70 
16.36 1.14 15,84 1.08 15.46 0.85 
15.13 0.75 


were used to determine the magnitude of k. The 
stretch of the spring was measured with vessel 5 
filled with liquid hydrogen or deuterium at vari- 

ous temperatures, and from the known densities 

we found 


k = 25.09 + 0.02 + (0.040 + 0,004)(L) — ZL) cm*/g. 


This method of calibration removes additional er- 
rors related to the determination of the float vol- 
ume, and reduces the error arising from the action 
of surface tension on the support 2. We note that 
according to the data of Forziati et al.° the latter 
effect is less than the experimental errors. A de- 
pendence of k on Ly)y-—L is explained by the change 
in sensitivity of the spring with elongation, since 
the angle between the coils increases for large 
elongations. Several repeat calibrations between 
the measurements of the mixtures gave the same 
values of k, within the limits of error. 

The measurement of the elongation introduced 
a noticeable error in addition to the calibration 
errors. The errors associated with maintaining 
and measuring the temperature and with the prep- 
aration of the mixtures were negligibly small. The 
total error in measuring the density was 0.1— 0.2%. 

In preparing the mixtures, the hydrogen and 
deuterium were thoroughly cleaned by being passed 
through a glass coil cooled in liquid hydrogen. Fur- 
ther purification took place on condensing the mix- 
ture into the apparatus through the spiral 6. Mixing 
was achieved by many successive condensations 
and evaporations. The concentrations of the mix- 
tures were calculated from the partial pressures. 
The temperature was obtained by pumping liquid 


hydrogen, and was measured by the saturated vapor 
pressure of pure hydrogen, contained in vessel 7. 
The measurements were made in the range from 
the melting point of the mixture to 20.4°K, both for 
the temperature decreasing by steps and increasing. 
The hydrogen and deuterium had the room temper- 
ature equilibrium ortho-para concentrations. No 
noticeable change in density que to the ortho-para 
conversion was found, even after keeping for sev- 
eral hours. This was evidently due to the high 
purity of the hydrogen and the absence of any ca- 
talysts. To achieve these conditions, the investi- 
gated mixture was replaced by a fresh one when 
the smallest trace of cloudiness appeared in coil 6. 
The good agreement between results obtained 
with a given mixture on different days indicates 
the absence of appreciable HD formation in the 


mixtures. 
The densities of eight mixtures were measured 


with D, concentrations from 10 to 90%. From the 
densities obtained, the molar volumes of the mix- 
tures V=p/p (p is the molecular weight of a 
mixture) were calculated, and the excess mixing 


15 
AVY, %o 
FIG. 2. The dependence of the excess mixing volume on the 
concentration of the mixture at T = 20.4°K: A—data of the 
present work, O— Lambert’s data.® 
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volume derived from (1). In the calculation account 
was taken of the difference between the concentra- 
tion of the liquid and that of the original mixture, 
due to the presence of the vapor. The correction 
introduced into the concentrations did not exceed 
0.15%. The values of Vp for temperatures below 
the melting point of D, were calculated from an 
extrapolation formula. 

The values of AV/V for all the mixtures stud- 
ied are shown in Table I. The concentrations given 
in the table are mean values. The true concentra- 
tions do not differ by more than 0.05% from the 
means, due to various corrections to the gas phase. 
Figure 2 shows the dependence of AV/V on con- 
centration at a temperature T = 20.4°K. It can 
be seen from the table that the relative excess 
volume is independent of temperature within the 
limits of error, and the AV/V(c) isotherms for 
other temperatures have the same appearance as 
shown in Fig. 2. The figure also shows data taken 
from a preliminary report by Lambert,® who meas- 
ured AV at 20.3°K. The results agree qualita- 
tively, but the difference is apparently somewhat 
greater than the errors in measuring (the accu- 


racy of the measurements is not stated by Lambert). 


DISCUSSION OF THE RESULTS 


The experimental results obtained indicate a 
relatively large departure from ideality for mix- 
tures of the hydrogen isotopes. Over the whole 
range of temperature and concentration studied 
the mixing volume is negative, and is of the same 
order of magnitude as for binary systems of lique- 
fied gases’ such as O,-Ar, O,-N, etc. Simon and 
Bellemans® have recently published a theoretical 
calculation of AV/V for isotopic mixtures, based 
on the work of Prigogine et al.2 They obtain AV/V 
~ 1% for an equimolar mixture of H, and Dy, i.e., 
the calculated volume is positive, which is con- 
trary to the experimental data. We should note 
that the calculations for the He*-He* and D,-H, 
systems according to Progogine’s theory agree 
qualitatively with the experimental data.%»1 

Blagoi, who studied mixtures of liquefied gases, 
found good agreement between the experimental 
data and calculations made according to the for- 
mula proposed by Meares.!! Meares considered 
that the total volume change on mixing two liquids 
of approximately equal molar volumes consists 
of two terms 


AV =AV,+ AVy. (2) 


The first term, which is related to the energy of 
mixing, was calculated by Scatchard.’ According 
to Scatchard 


Ve uNie GRIGORE Vaand) NEVSe nh UENO 


(3) 


where B is the compressibility of the mixture, AEy 
is the excess mixing energy at constant volume, AH 
is the excess mixing enthalpy and a is the thermal 
expansion coefficient of the mixture. The second 
term, which arises because of the difference in 
compressibilities and internal pressures, p, was 
obtained by Biron!’ and was somewhat refined by 
Meares: 


AV; =BAE,,  AEo~ AH —TaAViB, 


AVin= Ye1C2 (81V1 — BeV2) (p1 — Pe), (4) 


where y is a constant coefficient for all liquids. 
By comparing the experimental and theoretical 
data, Meares found y = 0.4. 

In view of the smallness of AV, we can put 
AEy = AH to a first approximation in calculating 
the mixing volume. According to Lambert’s data,® 
AH = 12cycp cal/mole for hydrogen and deuter- 
ium. The values of a, 8 and V for the pure iso- 
topes were taken from the compilation of Woolley 
et al.,'4 and were found from the additivity rule 
for the mixtures. The internal pressure was de- 
termined from the thermodynamic relation p 
= Ta/g. For an equimolar mixture at T = 20.3°K 
we found AV] = 0.11 cm’/mole, AVyz = — 0.15 cm?/ 
mole, so that AV = —0.04 cm?/mole. This value 
agrees as to sign with experiment, but is about 
five times smaller in absolute magnitude. Itis 
interesting to note that the same result can be ob- 
tained if AV is calculated according to (3) by sub- 
stituting the value of AEy, derived from Hilde- 
brandt’s formula for regular mixtures: 


ABe = (eV i0eV eV) CQ g/Vey = (QHIVE nls 


where Qy and Qp are the heats of vaporization 
of hydrogen and deuterium. 

Better agreement with experiment can be ob- 
tained if the value of the coefficient in (4) is taken 
as close to unity instead of 0.4, although it is un- 
likely that such a choice can be justified. 

We can thus see that the existing theory of mix- 
tures cannot explain the appreciable compression 
found experimentally on the formation of mixtures 
of the isotopes H, and D,. 

In conclusion, we may remark that the phase 
separation of the hydrogen isotopes near the melt- 
ing point can be explained by considering the cor- 
relation in the solid state. It is possible that 
similar effects in the liquid must be taken into ac- 


count for a correct calculation of the volume change 
on mixing. 
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The dependence of the magnetic moment of anhydrous cobalt sulfate on temperature and field 
strength is studied in detail for different crystallographic directions. For the c axis the.tem= 
perature dependence has been determined for the critical field in which the transition occurs 
from the antiferromagnetic to the ferromagnetic state. In order to account for the anomalous 
magnetic properties observed in CoSO,-and previously in CuSQ,, the thermodynamic poten- 
tial is analyzed for the By symmetry group to which the investigated compounds belong. The 
rapid increase of the susceptibility anisotropy near Ty for T > Ty and the anomalously large 
value of x; below Ty are explained qualitatively. 


1. INTRODUCTION 


Lnvestications of the magnetic properties of 
polycrystalline anhydrous sulfates of Ni**, Co**, 
Fett, and Cu**!? have shown that all these com- 
pounds are antiferromagnetic. The temperature 
dependence of the susceptibility of CoSO, and 
CuSO, (Fig. 1 in reference 1 and Fig. 3 in refer- 
ence 2) exhibits an anomalous increase near the 
respective transition points in the paramagnetic 
region. 

Single crystals of the same compounds were 
used in magnetic studies for the purpose of inves- 
tigating the anomaly in detail. The results ob- 
tained for CuSQ,, which have been reported in 
reference 3, show that the sharp rise of the sus- 
ceptibility above the transition point Ty and its 
anomalously large value below Ty are observed 
only for xj, while y, exhibits ordinary behavior. 
Preliminary results for a CoSO, single crystal 
have also been published,‘ showing that the tran- 
sition to the antiferromagnetic state is anomalous 
only along the c axis. At T=4.2°K anomalous 
dependence of the magnetic moment on the applied 
field is observed along the c axis; this is associ- 
ated with a transition from the antiferromagnetic 
to the ferromagnetic state. The fact that the max- 
imum spontaneous magnetic moment in CoSQ, is 
~ 30% of the nominal moment calculated assuming 
complete freezing of orbital moments, and the 
small value of the critical field required for the 
transition to ferromagnetism, exclude the possi- 
bility that the observed transition in a field can 


be attributed to the complete destruction of anti- 
ferromagnetic ordering. 

The present paper reports a more detailed ex- 
perimental investigation of the anomaly in CoSQ, 
from 1.3 to 15°K. It is also shown that the anom- 
alies for CoSO, and CuSO, above Ty are asso- 
ciated with the fact that in anhydrous sulfates 
antiferromagnetic ordering combined with weak 
ferromagnetism can be established. 


2. CoSO, SAMPLES AND MEASUREMENTS 


The magnetic properties of CoSO, single crys- 
tals were investigated. The samples were pre- 
pared by evaporating a solution of cobalt sulfate 
in molten ammonium sulfate.*? The growth proc- 
ess of CoSQ, crystals is more reliable than that 
of CuSO, crystals; the process requires 8 to 10 
hours at 430°C. The CoSO, crystals are dark 
violet and are very well faceted, so that they can 
be oriented by face reflections. They are also 
less hygroscopic than CuSQ,. However, in time 
a transition to a different crystal modification 
occurs accompanied by color change from dark 
violet to pink and by crumbling to a powder. The 
magnetic properties of the powder differ from 
those of the crystals, but we have not studied the 
former in detail. 

Our largest CoSO, samples weighed 1.0 to 1.5 
mg, with linear dimensions up to 1 mm. These 
crystals were rectangular bipyramids. In most 


*The author is greatly indebted to N. N. Mikhaflov for his 
assistance in preparing CoSO, single crystals. 
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instances the two pyramids were shifted relative 
to each other along the a axis. The structure 
of anhydrous cobalt sulfate has not yet been in- 
vestigated thoroughly. Hammel’s® x-ray study of 
powdered samples revealed an orthorhombic lat- 
tice with four molecules in the unit cell. The lat- 
tice constants are a=8.46A, b=6.66A, and 

c =4.65A.* Recent x-ray studies of CuSO, and 
ZnSQ, single crystals® showed that these com- 
pounds both belong to the DA space group. We 
thus have a basis for the hypothesis that CoSO, 
belongs to the same symmetry group. 

The triaxial character of our CoSQ, crystals 
was confirmed goniometrically. The b axis passes 
through the vertex of the pyramid perpendicular to 
its base; the a and c axes are parallel to the 
edges of the base. At the vertex opposite faces 
form angles of 65° and 70°. These angles are in 
best agreement with the assumption that the faces 
are (210) and (011) planes. The c axis is then 
parallel to the faces forming the 65° angle, and the 
a axis is perpendicular to the c axis. 

Our magnetic measurements were obtained 
with the apparatus described in reference 7. The 
range of magnetic field strengths was broadened 
by the use of pole pieces such as those employed 
by Sucksmith.® The magnetic field at the second 
maximum of H9H/dz was thus increased to 18 koe. 
However, since H9H/9éz in this region is consider- 
ably smaller than at the upper maximum, the sen- 
sitivity of the apparatus was somewhat reduced. 

*In the present paper the notation for the CoSO, lattice 
constants differs from that in reference 1 and 5, so that the 
orientation of CoSO, can correspond to that of CuSO, given 
in reference 6. 


Small moments were thus measured less accu- 
rately. As a result, at high temperatures (above 
~60°K), where the magnetic moments are small, 
the accuracy of relative measurements was 5 to 
6%; at low temperatures it was 2%. 

We studied a few CoSQ, single crystals weigh- 
ing from 0.5 to 1.5 mg. A crystal with proper 
orientation (attained by x-ray or goniometric 
means) was attached to the quartz rod of the sus- 
pension with BF cement. The accuracy of orien- 
tation and suspension was 2 to 3°. Magnetic sus- 
ceptibility was measured along all three crystal 
axes at temperatures from 1.3 to 300°K. 

At all temperatures the susceptibility is field- 
independent up to ~4 koe. Figure 1 shows the 
temperature dependence of the reciprocal molar 
susceptibility of CoSO,. From 300° down to 14 — 
18°K the susceptibilities along the a and b axes 
coincide. In almost this entire temperature range 
Xa,b 7 Xe; the sign of the susceptibility anisotropy 
is reversed only at T ~ 27°K. The Curie-Weiss 
law is obeyed for both directions in the approxi- 
mate range 100 —300°K. Along the c axis we 
have the law xy = 2.89/(T+64) with the g-factor 
2.48; along the b axis we have x = 3.59/(T+50) 
with the g-factor 2.77. 

Figure 1 in reference 4, which gives the tem- 
perature dependence of the molar susceptibility 
of CoSO, from 1.3 to 70°K, shows that the maxi- 
mum susceptibility along all three axes is attained 
at Ty =12°K. The anisotropy increases sharply 
and there is a very sharp susceptibility peak along 
the c axis at this temperature. Below 12° the sus- 
ceptibility differs along the three axes. It is inter- 
esting that at T— 0°K the susceptibility does not 
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FIG. 2. Magnetic moment of CoSO, 
along the c axis vs magnetic field at 
different temperatures (indicated in °K 
at the end of each curve). 
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approach exactly zero along any one of the axes. 

The results obtained in large fields parallel to 
the c axis are of greatest interest. Although sus- 
ceptibility along the a and b axes is field-inde- 
pendent up to 18 koe, magnetic properties along the 
c axis exhibit a sharp anomaly in the antiferromag- 
netic region. Figure 2 shows the field dependence 
of the molar magnetic moment along this axis at 
different temperatures. Up to a value Hj,, the 
moment increases linearly with the field. This is 
followed by a sharp increase of the moment up to 
a value Mg, after which it increases slowly with 
H. The M(H) curves and Mg, and Ho, depend on 
temperature; as the temperature increases the 
transition region is broadened, while Hey and Mg 
are diminished. 

Slight nonlinearity in the field dependence of 
the magnetic moment is also observed above the 
antiferromagnetic transition point and disappears 
completely only at 14°K. The sharpest field-de- 
pendent increase of the moment occurs at the low- 
est temperatures; below 4°K the M(H) curves 
coincide within error limits. The moment in- 
creases by a factor of almost 20 (from 300 to 
5900 cgs emu) as the field changes from 12 to 
13.2 koe. We obtained a maximum moment of 
6000 cgs emu. 

The value of the maximum moment diminishes 
with time; in our samples the change amounted to 
~ 10% after two weeks. This reduction is apparently 
associated with a partial transition to a different 
crystal modification. 

The temperature variation of the magnetic mo- 
ment is shown in Fig. 3. The peak of the M(T) 
curve is seen to shift toward lower temperatures 
as the field strength increases. The peak is shifted 
by 6°K with a field increase of ~9 koe. The M(T) 


curves have no peak in fields & 14 koe and are sat- 
urated at low temperatures. 

Figure 4 shows how the force acting on a sam- 
ple depends on the magnetic field direction in dif- 
ferent fields at T= 4.2°K. Curve 1 pertains to the 
field below Hey, curve 2 to the transition region, 
and curve 3 to the maximum field. Curve 3 exhib- 
its flat-topped peaks. 


3. THEORY 


Anomalous increase of the magnetic moment 
as the field is strengthened, similar to that ob- 
served for CoSQ,, had been observed earlier by 
Shalyt® in polycrystalline FeCl,, and by Bizette 
et al. ina single crystal. However, FeCl, isa 
layer-type antiferromagnet with a strong ferro- 
magnetic intralayer interaction and weak antifer- 
romagnetic interaction between layers; this is re- 
vealed by the ferromagnetic sign of the constant 
@ in the Curie-Weiss law. The ferromagnetic 
moment is here associated with flipping of the 
moments in layers,!! which is entirely natural for 
the given structure even in weak fields. Similar 
magnetic behavior has been observed in the inter- 
metallic compound MnAu,™ and in the rare-earth 
elements Dy, Ho, and Er.}8-15 

CoSQ, is the first ionic crystal having an anti- 
ferromagnetic sign of ® where destruction of the 
initial antiferromagnetic structure was observed 
in a relatively weak field (uH « kT). We shall 
Show that this effect and the anomaly observed 
earlier in the temperature variation of CuSO, 
susceptibility’ are associated with the fact that 
antiferromagnetic ordering combined with weak 
ferromagnetism can be established in anhydrous 
sulfates. We shall apply the theory of second- 
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FIG. 3. Magnetic moment of CoSO, along the c 
axis vs temperature in different fields (indicated in 
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vs angle between 
the magnetic field 


=17.9koe; 2—H= 
12.7koe; 3—H=8 
koe. 


order phase transitions to this problem, as has 
been done by Dzyaloshinskii.* 

CuSO, crystals possess the symmetry of the 
Dh space group, with four metallic ions in each 
unit cell arranged as shown in Fig. 5. We intro- 
duce the vectors m, lj, 1,, 1;, defined by 


Ml = S; -++ Sp + S3 + Sy, 


S1—Sp—S3+S4, Ize =S1—S2+$3— Sa, 


i =— 


ly == Sz -+ S3 S3 — Sq. 


acting on a sample 


and c axis, in dif- 
ferent fields. 1—H 


(1) 


FIG. 5. Metallic 
ions in sulfate unit 
cell. For CuSO, a = 
8.39 A, b=6.69A, c= 
4.83 A; for CoSO, a= 
8.46 A, b=6.66 A, and 
c=4.65A. 


Here 8, 89, S83, 8, are the respective spins of the 
four ions. m is obviously the mean magnetic mo- 
ment of the unit cell, and 1,, 1,, 1; are antiferro- 
magnetic vectors corresponding to the different 
possible magnetic structures. 

When the representation of the Dif, group formed 
by the twenty vectors in (1) is transformed into ir- 
reducible representations we find that this sym- 
metry group permits nine types of antiferromag- 
netic ordering, three of which are purely antifer- 
romagnetic (A), while the other six possess weak 
ferromagnetism (AWF). The types of ordering 
are listed in the table. 

When the irreducible representations trans- 
forming the vectors in (1) are known, the most 
general expansion of the thermodynamic potential 


Types of antiferromagnetic ordering* permitted by the 
Dif, space group 


State in l, l, m | State | hy | ly i m 
AY Ly AWF, y lye my 
A, lo, AWFy lox my 
A; lyy AWF, z Nyy Me 
AWF,, Loy m, AWF3, Ip. m, 
AWF;, Iz, | My 


*The type of order is indicated by the subscripts 1, 2,3; the spin direction 


is indicated by x,y, z. 
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to second-order terms is easily obtained, as 
follows: 


1 2 1 2 1 yy al 1 a2 
® = 3 Aly 4 5 Agl; 4 5) A,l3 + a) Bm? 5} Alix 
{ nl 0 og} 4 "2 4 a) < 1 "9 
ae sor ar ly i Aglox t 9, a2 Loy ) 313% 2 az Igy 
4 2 4 2 ' ‘ 
++ = bymy + 5) bem, -> Bittixley + Bott xlsz + By Myliz 


R ” aay j 
=F BomMylox or Gy Meliy a Bo Mel3x =e Yiloyl sz 


+ Yelrelax + (slaylsx + Yalrxlos + Yslozlsy + telixlsy- (2) 
The last six terms in this expansion of ® show that 
none of the states listed above is realized in its 
pure form, but each one is always accompanied by 
some admixture. We shall hereafter assume this 
effect to be negligibly small, without affecting our 
results qualitatively. 

The foregoing types of ordering for the Dh 
group were first obtained by Bozorth,*” who used 
them to account for the ferromagnetism of ortho- 
ferrites. Turov and Naish! made a detailed study 
of the magnetic properties of orthoferrites in ex- 
ternal fields, based on an analysis of (2). How- 
ever, unlike these investigators, we shall assume 
that in the absence of a magnetic field one of the 
pure antiferromagnetic states (for definiteness, 
A,) is realized below the transition point. We 
shall be interested in determining whether the 
application of a magnetic field induces other 
states possessing weak ferromagnetism. 

A field perpendicular to and a field parallel to 
the direction of antiferromagnetic ordering pre- 
sent two qualitatively different cases. In the first 
case (H 1 Oz) the field induces the AWF,, and 
AWF»y states with weak ferromagnetism but with- 
out reordering of the spins. We can therefore put 
1, =1; = 0 and write the potential in the consider- 
ably simpler form 


on 1 1 1 2 
®=+AP++ Bm + +a, 4 


2 


1 2 1 2 1 2 
2 Agly ! 3 bin +—bom, 


+ Bytely + Botttyly + +Cl— mH. (3) 


Here the most important fourth-order exchange 
term has been taken into account. 

Using the scheme proposed by Borovik-Romanov 
and Ozhogin,!® we obtain the following solutions for 
m and 1: 


— isl, Bil, tel Bol, ce , 
Uae BA, ME Bho! MB ba B ob, Ol ie 
a= Bally 
"BR (B+b2)(A+a+CP) ’ 
ii BiH, 
YB? (B+ by) (A+ a,-+ CP) ’ 
(A CP) EO ya, eles (4) 
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The coefficient A = 0 at the transition point Ty; 
near Ty we shall, as usual, assume 


A= (5) 


It is also useful to introduce two characteristic 
temperatures: 


T, =Ty—* (@ — BB +82)), 
Ts = Ty— NG, SB VCS GS), (6) 


which determine the ordering energy in the states 
AWF,y and AWF)x, respectively. It follows from 
our assumptions regarding the magnitudes and 
signs of the constants in (3) that Ty > T,; and Ty 
> Ty. 

Above the transition point (T > Ty) l, = 0. 
Neglecting Cl‘ and using (6), the equations in (4) 
finally become 


ie Br 
m= | so EOP e =a 


B+h 
1 BS Hie 
m lara Bee Sr te LO Me res 
I BoH , i BiH, sith 
i pelB et) ae 1) Te ee 
Below the transition point (T< Ty) lz, = 0; 
consequently, in (4), A+ Cl*=0 and 7? = —A/C. 
We then obtain 
lil H, H, 
Mts 2 2 My = ’ B= Ss 6 
B-+h — Bis B+ b;—82/a B 
Bol H J f 
L= eaeaty ,= By x eT (ene). 


Bz — (B+ bs) ay ” B?— (B+ by) az ' 


(8) 


The equations in (7) show that in the given case 
a magnetic field also induces antiferromagnetic 
ordering above Ty. It can be seen from (7) that 
the magnetic moment varies linearly with the field, 
and that the paramagnetic susceptibility increases 
sharply as the transition point is approached. Be- 
low the transition point the susceptibility is con- 
stant and greater in absolute magnitude than in 
the absence of weak ferromagnetism. 

It is shown by (8) that below the transition point 
an external magnetic field rotates the vector 1 
(directed along the z axis when H = 0) toward the 
xy plane; ly and ly are then proportional to H 
and Hx, respectively. In a certain field Hoy, 1 
lies entirely in the xy plane and l, vanishes. In 
the special cases H = Hy, and H = Hy the critical 
fields are 


Hee = (Bi —(B +,)az)1/8,, 


He. = (82 — (B +-0,) a) iBe, (9) 
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When J, vanishes the condition A + Cl? = 0 
lin (4)] is not required, and 1 can vary with the 
field. We obtain the following dependence of ly 
on Hy near the transition point: 


ly = VA(T, — TC 4+-8H,/2 (B +6.) (T,—T). (10) 


Substituting (10) in the expression for my in (4), 
we obtain a relationship that is typical for antifer- 
romagnets possessing weak ferromagnetism: 


y= 6G yi, (11) 


At low temperatures in strong fields 1 becomes 
large and the expansion (3) cannot be used. How- 
ever, by expanding in powers of the unit vector y 
in the direction of 1, we can derive equations 
similar to (8), (9), and (11). 

By comparing the expressions for my in (11) 
and (8) we learn the following. /, in a weak field 
Hy is accompanied by a supplementary ferromag- 
netic moment along the y axis. In fields smaller 
than Hycy this has the sole effect of increasing 
the magnetic susceptibility along that axis com- 
pared with ordinary paramagnetic susceptibility. 
In fields greater than Hycy, My contains a field- 
independent term representing a spontaneous fer- 
romagnetic moment. Thus when the field is per- 
pendicular to the direction of antiferromagnetic 
ordering a state with weak ferromagnetism can 
arise. The mechanism responsible for this state 
is associated with the rotation of the antiferro- 
magnetic vector into the plane perpendicular to 
its original direction. 

In the second case, when the field is parallel 
to the direction of antiferromagnetic ordering, 
the table shows that simple rotation of the anti- 
ferromagnetic vector 1, cannot produce weak fer- 
romagnetism in this direction. A change of struc- 
ture and a transition to the state AWF yz (ly = 0) 
or AWF3z (13x #0) are required. The energy of 
one of these states must differ very little (~1°K) 
from that of the original state A,. We shall as- 
sume that this is true for the state AWFz. 

In accordance with the foregoing assumptions 
and using the notation lyy = 1; and Io, =_1,, the 
potential (2) can be expressed by 
@=1(4, +9N+> Agl3+ + Bm: — Bm h += Chi 

+ 4,13 + +Dhi ls—m.H.. (12) 


The principal fourth-order exchange terms have 
here been taken into account. By minimizing ® 
we obtain two solutions: 


A He, - Bla. 
=0, fgHe=Glitm(T—Ti),  m=—~_—s 
2=—{MT—Ty) + DIIC,", (13a) 
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B 21/ Dy: D 
ape =Cili(1—ze) ty (7 —Ty) — EAT —Ty), 
ela ih 
M>= 5 : (13b) 
where 
MD Ty) Ag, * RT Ty) tee en (IA) 


Equation (13a) shows that the result for the para- 
magnetic region is entirely analogous to that ob- 
tained for perpendicular fields. We therefore have 


fip— 11) B 07 Bl = Taya) Ay (15) 


The complexity of the foregoing equations nec- 
essitated a graphical method of solution for T < Ty- 
With empirically determined coefficients in Eqs. 
(13a) and (13b) and making certain assumptions 
concerning the region in which solutions exist, we 
obtained graphically 1,(H) at different tempera- 
tures and /,(T) in different fields (Figs. 6 and 7), 
as well as the region in which the state A, (1, # 0) 
exists for different fields and temperatures. Fig- 
ure 7 shows that below T = 11°K there exists for 
each temperature a critical field in which the value 
of 1, jumps discontinuously. 7, vanishes at the 
same point, i.e., the critical field transforms the 
material from an ordered mixture of A, (1, = 0) 
and AWFy, (1, #0) toa pure AWFyz (1; = 0) 
state possessing weak ferromagnetism. 

At temperatures from Ty (11.7°) to T, (11°) 
in fields from 0 to 4.5 koe the state A, is reached 
by a second-order transition; the 1,(H) and 1,(T) 
curves exhibit kinks but no jumps. Below T, in 
fields above 4.5 koe, A, is reached by a first- 
order transition; the 1,(H) and 1,(T) curves ex- 
hibit jumps in these regions. It should be noted 
that in this case x, will not approach zero when 


FIG. 6. Field | 
dependence of the 
antiferromagnetic 
vector I, at differ- 
ent temperatures 
(indicated in °K 
at the end of each 
curve). 
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FIG. 7. Temperature 
dependence of the anti- 
ferromagnetic vector I, 
in different fields (in- 
dicated in kilo-oersteds 
at the end of each curve). 
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T — 0°K even in weak fields. This follows read- 
ily from the potential (12) without fourth-order 
terms at low temperatures and 1} +13 + m? = const. 

For the case H || Oz we were forced to make a 
number of assumptions regarding the magnitudes 
of the expansion coefficients. The results there- 
fore represent only one of the possible special 
cases in the behavior of the given crystals. Re- 
ordering of the structure is also possible in the 
case H1 Oz. Since the expansion (12) is valid 
only around Ty, the theoretical curves in Figs. 6 
and 7 can be regarded as only very rough extrapo- 
lations far from the transition point. 

Our theoretical results lead to the following 
conclusion. A field can induce weak ferromag- 
netism even in a crystal that is purely antiferro- 
magnetic in the absence of the field. This can 
occur only if the symmetry group of the crystal 
permits weak ferromagnetism in zero field in 
addition to the pure antiferromagnetic state. In 
this case increasing susceptibility will always be 
observed along the direction permitting weak fer- 
romagnetism as Ty is approached from higher 
temperatures. 

The foregoing formulas hold true around but not 
too near Ty, according to the limitations intro- 
duced by Borovik-Romanov and Ozhogin.}® The 
anomalies predicted by the formulas will be ob- 
served only for sufficiently large values of the 
constant 8, which is responsible for weak ferro- 
magnetism. Closeness of Tj to Ty is another 
requirement. 


4. DISCUSSION OF RESULTS 


The results obtained for the antiferromagnetic 
compounds CoSO, and CuSO, will now be dis- 
cussed and compared with the theory. 

1. Near the transition point where T > Ty the 
susceptibility increases sharply along the c axis 
for CoSQ, (Fig. 1 in reference 4) and along the 
a and b axes for CuSQ, (Fig. 3 in reference 3). 
Xa = Xp for the latter. The preceding theoretical 
discussion shows that this behavior can be ac- 
counted for by field-induced antiferromagnetic 
ordering near Ty. The temperature dependence 
of the susceptibility for this case is given by (7) 
or (15). For the purpose of comparing the experi- 
mental results with these equations we have plotted 
the temperature variation of 1/Ay for CuSO, and 
CoSQ, (Fig. 8). For the former compound Ay rep- 
resents the difference yx, — X;, for the latter it 
represents X¥~— x*, where y* is an extrapolation 
of the Curie-Weiss law for yg. y* is somewhat 
arbitrary in the case of CoSQ,, since the Curie- 
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4 14 16 18 
FIG. 8. Temperature dependence of 1/Ay near Ty. a—for 


CoSO,; b—for CuSO,. 


Weiss law is ordinarily not observed by Co** ions 
at low temperatures. However, the resulting error 
will not be very large since, first, Ax > x*, and, 
secondly, y* should not change appreciably in the 
given small temperature interval. 

The linear portions of the curves in Fig. 8 in- 
dicate the qualitative agreement of the experimen- 
tal results with theoretical formulas over a 2° in- 
terval for CuSO, and a 4° interval for CoSQ,. This 
makes it possible to determine the temperature T, 
associated with the energy of the corresponding 
weakly ferromagnetic states that induce the anoma- 
lous rise of x. Taking Ty = 12° for CoSQ, and 
35.5° for CuSQ,, we obtain Ty — T, = 0.6° for 
CoSO, and Ty -— T; = 0.8°K for CuSOQ,. The ex- 
perimental curves of x and x, for CuSQ, exhibit 
peaks at different temperatures. It was reason- 
able to take the temperature for the maximum of 
X|| aS Ty, Since according to (10) the maximum 
of x; must depend strongly on the applied field, 
as has actually been observed experimentally.*»3 

The results obtained at temperatures above 
Ty thus show that, although both substances per- 
form a transition to pure antiferromagnetism at 
Ty, in each of them one of the states with weak 
ferromagnetism differs very little energetically 
(< 1°K) from pure antiferromagnetism. The be- 
havior for T < Ty must be considered in deter- 
mining the actual states. 

2. In the case of CuSO, (Fig. 3 in reference 3) 
the temperature dependence of X¢ below Ty in- 
dicates that the c axis is the axis of easy mag- 
netization, and that the transition to the state A, 
therefore occurs when H=0. The anomalous be- 
havior of x, in CuSQ, can therefore be accounted 
for by a mechanism for the generation of weak fer- 
romagnetism, associated with rotation of the anti- 
ferromagnetic vector in a field. In these fields 
below Her, x, should have an unusually large 


value [see Eq. (8)]; this was observed experimen- 
tally. 
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The experimental data for CuSO, enable us to 
estimate some expansion coefficients of the ther- 
modynamic potential, as well as the critical field, 
from the formula fe .He. aKa Ty-—T,). We obtain 
B = 270, B*/a = 188, and Ho, * 100 koe. 

The observed behavior of the susceptibility of 
CuSO, is similar to that of CoF,.2%?! Dzyaloshin- 
skii?* has shown that the symmetry group of CoF, 
allows a weakly ferromagnetic state. We can 
therefore assume that CoF, is also subject to a 
mechanism producing weak ferromagnetism, as- 
sociated with the rotation of the antiferromagnetic 
vector in a field. 

3. In the case of CoSQ, we do not arrive at such 
a definite conclusion regarding the direction of 
spontaneous magnetization. The two most essen- 
tial facts for T < Ty are: a) x does not approach 
zero along any axis when T — 0, and b) the mag- 
netic moment along the c axis increases sharply 
at a certain strength of the external field. From 
a comparison with item 2) we conclude that CoSO, 
is in state A, at H=0. One of the weakly ferro- 
magnetic states AWFy, or AWF3, should there- 
fore result when a magnetic field is applied along 
a magnetization direction of the sublattices. 

The available experimental data do not enable 
us to determine what state actually exists. The 
foregoing conclusions regarding the states of 
CoSQ, are confirmed by the good qualitative 
agreement between experiment (Figs. 2 and 3) 
and theory (Figs. 6 and 7). It should be noted that, 
since 1, and m, are related as in (13), the field 
and temperature dependences of my, are repre- 
sented by the curves in Figs. 6 and 7. It must be 
remembered that the theoretical curves are only 
very rough extrapolations at a large distance from 
the transition point. 

Figure 9 gives the temperature dependence of 
Her, which for definiteness was taken to be the 
field at the upper knee of the M(H) curves in 
Fig. 2. According to the foregoing discussion 
these curves depict the transition from the mix- 
ture of states A, and AWFy, to the state AWFy,. 
MmaxHer must obviously be of the order of the 
energy difference between A, and AWFi,. Ty 
— T, = 0.8°K obtained in this manner agrees well 
with the temperature dependence of x in the para- 
magnetic region. This result is ~ 7% of the total 
exchange energy; as pointed out in our introduction, 
this excludes the possibility of accounting for the 
observed transition in a field as resulting from 
complete destruction of antiferromagnetic order- 
ing. Figure 9 shows that the temperature de- 
pendence of Hey over a broad temperature range 
is represented by the empirical law 
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FIG. 9. Temperature depend- 
ence of H,,. O—the function 
H.,(T) (left-hand scale); x—the 
function Hi,(T) (right-hand scale). 


(Her/ Hox) = 1—aT. (16) 


Two conclusions result from the rotation dia- 
grams in Fig. 4. First, the ferromagnetic moment 
disappears at angles where the projection of the 
external field on the c axis equals Her. Secondly, 
the broad flat peaks of the curves apparently indi- 
cate that the ferromagnetic moment can form an 
appreciable angle with the c axis. 

The results for CoSO, show that although the 
crystal structure of CoSO, is unknown, the theo- 
retical results derived from a consideration of 
space group Di, are in good agreement with ex- 
perimental findings for this substance. 

In conclusion the author wishes to thank A. S. 
Borovik-Romanov for his continued interest and 
guidance. The author is also grateful to Acade- 
mician P. L. Kapitza for his continued interest, 
to I. E. Dzyaloshinskii for several valuable sug- 
gestions and helpful discussions, and to V. I. Kolo- 
kol’nikov for assistance with the measurements. 
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The effect of elastic deformation on the nuclear magnetic resonance absorption line of Na?? 
was studied in rock salt crystals. Components of the tensor relating the elastic deformation 
of the lattice to the gradient of the nuclear electric field were determined and found to be 


Si = 22 x 10" and S,, =F 0.5; x 10" egs esu. 


lee investigation of quadrupole effects in nuclear 
magnetic resonance (NMR) makes it possible to ob- 
tain an amount of information on defects in solids. 
The defects create additional gradients of the elec- 
tric field in the crystalline lattice, and the inter- 
action of the nuclei with these gradients leads to a 
change in the NMR absorption lines. Excitation of 
additional gradients is brought about on the one 
hand by lattice distortions, i.e., by local changes 
in the symmetry of the lattice close to the defect, 
and on the other by the electric fields, which the 
defects create in those cases where they possess 

a charge. 

In order for it to be possible to estimate the 
amount of lattice distortion near the defects by 
the results of NMR studies, a knowledge of the 
connection between the elastic deformations of 
the lattice and the nuclear electric field gradient 
is obviously necessary. This connection can be 
found from NMR experiments in elastically de- 
formed crystals, and has recently been determined 
by Shulman et al.! for In! in InSb. 

Let us consider what is the effect of elastic de- 
formation on the NMR absorption line. Elastic 
deformation changes the symmetry of the crystal; 
consequently, the electric field gradient in the 
lattice also changes. In a cubic crystal, such as 
NaCl, the field gradient is equal to zero by virtue 
of the high symmetry; in this case, the NMR line, 
consisting of the central line and satellites, is ob- 
served as a single ‘‘total’’ absorption line. 

Elastic deformation, lowering the symmetry of 
the cubic crystal, leads to the generation of a field 
gradient which produces a splitting of the absorp- 
tion line into its components. In principle, for suf- 
ficiently large elastic deformations in the cubic 
crystal, complete splitting of the components is 
possible. In reality, however, the gradients ob- 
tained in practically attainable elastic deforma- 


tions are very small and lead not to a splitting of 
the components of the line, but only to its broad- 
ening. 

Shulman et al.,! introduce the tensor C, which 
relates the nuclear electric field gradient with the 
elastic stresses in the lattice, and investigate its 
properties. It is of great interest to consider the 
tensor S which relates the tensor of the nuclear 
field gradient g with the elastic deformations in 
the lattice 6. This tensor can be introduced by 
analogy with the tensor C in the following way: 


is 
Ov = ys Prey pe 


“A 


(x, 2, fH, Y=x, Y, 2) (1) 

For cubic crystals, there are only two independ- 
ent components of the tensor 8S, which in the uni- 
versally adopted notation are written as S,, and 
S44. These components, as will be shown below, 
can be determined by measurement of the broad- 
ening of the NMR absorption line in an elastically 
deformed crystal. As objects of investigation in 
the present work, we used specimens of rock salt 
with dimensions of approximately 8x8 x20 mm, 
cut along the [001], [110] and [111] directions. 

The specimens were placed in the coil of an 
NMR oscillator circuit? and were elastically de- 
formed by linear compression along the specified 
direction; the axis of compression in this case 
was perpendicular to the direction of the magnetic 
field. The maximum loading on the specimens 
amounted to 66 kg/cm”. For each specimen, the 
derived absorption lines of Na”? were recorded 
for different loadings and angles of rotation of 
the specimen around the compression axis rela- 
tive to the magnetic field. 

The effect of elastic deformation on the absorp- 
tion line was weak, as expected. In elastically de- 
formed specimens, only a reversible decrease in 
the maximum of the derived absorption line was 
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observed, without a noteworthy change in its width, 
within the limits of experimental error. The larg- 
est decrease amounted to about 20 percent. 

For the determination of the components of the 
tensor S, it is necessary to connect this decrease 
with the frequency shift of the satellites. If we as- 
sume that the elastic deformation produces only a 
shift of the satellites without change in their shape, 
then, by making use of the property of additivity of 
the second moment of the line, we can write 


Av? = Ave + 0,6Avi?, 


where Av? and Av? are the second moments of the 
absorption line in the undeformed and deformed 
specimens, respectively; Av, is the frequency 
shift of the satellites, and the coefficient 0.6 takes 
into account the relative intensity of the satellites. 

Analysis of the readings showed that the shape 
of the absorption line, both in the initial and in the 
deformed specimens, is very close to Gaussian. 
For the Gaussian shape 6v2 = 4Av", where 6v is 
the breadth of the line measured between the points 
of maximum and minimum of the derivative. Tak- 
ing this into account, we have 


y a 2 
dv? = ovg + 2.4Avz. 


The intensity of the absorption line is proportional 
to Adv, where A is the maximum of the deriva- 
tive, and the coefficient of proportionality is deter- 
mined by the shape of the line. 

Inasmuch as the intensity of the absorption line 
should not change in elastic deformation, and its 
shape remains Gaussian, as has already been noted, 
Adv? = Ajév2, and A and Ay) are the maxima of the 
derivatives of the absorption line in the deformed 
and undeformed crystals, respectively. 

By use of the latter relation, we obtain the final 
formula for the frequency shift of the satellites: 


Ave = + 8V9 V (Ay/A — 1)/2.4. (2) 


The dependence of the frequency shift of the sat- 
ellites Avg, calculated by this formula, is shown in 
Fig. 1, from a loading for a specimen with the com- 
pression axis along the [001] direction. As expected, 
the frequency shift is proportional to the loading. 

Figures 2 and 3 show the dependence of Av, on 
the angle of rotation of the specimen q for a con- 
stant load. In the first case (Fig. 2) the compres- 
sion axis is directed along [111], while the angle a 
is the angle between the direction of the magnetic 
field and the [110] direction. In the second case, 
(Fig. 3), the compression axis is directed along 
[110], while the angle a is the angle between the 
direction of the magnetic field and the [001] direc- 


FIG. 1. Loading dependence 
of the frequency shift of the sat- gy, 9 
ellite for a specimen with the 
compression axis along the [001] 2 
direction. 
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FIG. 2. Dependence of the frequency shift of the satellites 
on the angle between the direction of the magnetic field and the 
[110] direction for a specimen with compression axis along 
[111]. Loading is 65 x 10° dynes/cm?. 
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FIG. 3. Dependence of the frequency shift of the satellites 
on the angle between the direction of the magnetic field and the 


[001] direction for a specimen with the compression axis along 
[110]. Loading is 61 x 10° dynes/cm?. 


tion. All the points in Figs. 1—3 represent the 
mean of 4 or 5 independent measurements. 

As is seen from the drawings, for a deforma- 
tion along [111] there is no angular dependence 
(the same holds for a specimen with the compres- 
sion axis along [001]), while for a deformation 
along [110], a clear cut angular dependence is 
observed. 

The formula for the frequency shift of the satel- 


lites can also be obtained by means of perturbation 
theory:? 


Av. = 3eQ (2m — 1) pan/4l (21 — 1)h, 


where I —spin of the nucleus, Q —its quadrupole 
moment, m —magnetic quantum number, YHH — 
component of the nuclear gradient along the direc- 
tion of the magnetic field. For Na*?, I= ¥, and 


the formula for the frequency shift of the satellites 
has the form 


Ave = + (€Q/2h) pun. (3) 


Use of Eqs. (2) and (3) makes it possible to ob- 
tain the components of the tensor of the gradient 
?HH in an elastically deformed crystal from the 
experimental results. Further, expressing WH 
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in terms of the tensor S and the elastic strain 
tensor 6, we can determine the components of S 
in accord with (1). 

It should be noted that inasmuch as for the cubic 
crystals only two independent components of the 
tensor S exist, it suffices for their determination 
to measure the effect of elastic deformation only 
for a specimen with the axis of compression along 
[110] for two different values of a. Nevertheless, 
with the aim of checking the results, we thought it 
desirable to carry out measurements for speci- 
mens with the compression axis along three dif- 
ferent directions. 

Let us consider how the component of the tensor 
gradient yyy can be expressed for each case sepa- 
rately. It must be kept in mind that the tensor 
is a symmetric tensor of second rank and can be 
put into diagonal form if its principal axes are 
known. 

1. Deformation along [001]. For such a defor- 
mation, the cubic crystal becomes tetragonal, and 
the principal axes of the tensor gradient are the 
cube axes from considerations of symmetry. 

If the x, y, z axes are directed along [100], 
[010], and [001], then the tensor gradient is diago- 
nal and its components are equal to 


Ue NT — +922 = = 511 (Sia — Su) P; 


where P is the stress and the elastic constants of 
the crystal are denoted by s. 

The direction of the magnetic field lies in the xy 
plane and the component of the tensor gradient along 
this direction is equal to 


QHH = Pxx SiN7A + Pyy COSA = rx = Pyy 


(qa —angle between the direction of the magnetic 
field and the [010] direction). 

Thus gy, and consequently the frequency shift 
of the satellites, in accord with (3), does not depend 
on a, which, as has been noted above, is the situa- 
tion actually observed in experiment. 

2. Deformation along [111]. The cubic crystal 
becomes trigonal. The tensor of the gradient along 
the principal axes xyz, which are [112], [110] and 
[111], is diagonal and its components are: 


#£ 
are Suisun A 


1 hae 
a NE: 


Wee a aa 

In this case HH = Pxx = Pyy also do not de- 
pend on a —the angle between the direction of the 
magnetic field and the [110] direction. As is seen 
from Fig. 2, this is confirmed by experiment. 

3. Deformation along [110]. The cubic crystal 
becomes orthorhombic with the three axes of sec- 
ond order [110], [001], and [110]. The same axes 
are the principal axes of the tensor gradient. De- 
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noting them by x, y, z, we have 
Qxx = [2 S13 (S14 — Siz) — ~ SaSaa| lage 
On = + Su (Sia — Sie) P, 


G22 [+ S11 (811 — $12) + ; Sja5ea| P; 


It is easy to see that in this case yyy changes 
as a function of a with a period of 180°: 


Pun = — = l9,, + (G,, + 29,,) cos 2a], 


where qa is the angle between the direction of the 
magnetic field and the [001] direction. Such a char- 
acter of the dependence of Ave on a is actually 
observed in experiment (Fig. 3). 

Thus, in all three cases, the experimental re- 
sults are identical with the predictions of the the- 
ory. This supplies a basis for assuming that de- 
crease in the maximum of the derivative of the 
absorption line which was observed by experiment 
is actually connected with the shift in the frequency 
of the satellites brought about by elastic deforma- 
tion. 

Upon substitution of the expressions obtained 
for ~HH in Eq. (3), the best correspondence with 
experimental results is obtained for S,,=+2 x i 
and S44, = *0.55 Xx 10” in cgs esu units. 

The curves in Figs. 1 —3 represent the theoret- 
ical dependences calculated by means of Eq. (3) for 
given values of the components of the tensor S. 

Unfortunately, in view of the smallness of the 
observed effects, the results for S,,; and S,, are 
not sufficiently accurate. According to our esti- 
mates, the random errors in these values amount 
to +15 percent. Moreover, it is evident that small 
systematic errors take place connected with the 
fact that the shape of the absorption line is not 
exactly Gaussian and probably changes slightly 
under elastic deformation. 

In conclusion, the author thanks M. I. Kornfel’d 
for discussion of the results, O. M. Nilov for help 
in the measurements and V. V. Sokolov for carry- 
ing out mechanical tasks. 
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An equation for a boson doublet is set up. The equation is shown to be invariant to two trans- 


formations of the Pauli-Gtirsey type. 


lee question as to whether bosons are described 
by wave equations of the Klein-Gordon form or by 
Kemmer-Duffin equations has not yet received a 
conclusive answer. It is therefore interesting to 
investigate the physical content and mathematical 
properties of both types of equation both for indi- 
vidual particles and for multiplets. The corre- 
sponding equation for Fermion doublets has been 
analyzed in sufficient detail by Gtirsey.! One of 
the most interesting properties of this equation 
is its invariance to the Pauli-Gtirsey transforma- 
tion group. In this work, we examine the question 
as to whether or not there exists a doublet boson 
equation which is invariant to transformations of 
the type of the Pauli-Gtirsey group. A doublet 
boson equation could have immediate practical ap- 
plication, since the K mesons have a manifest 
doublet structure. 

The simultaneous linearization of two Klein- 
Gordon equations gives the first-order equation 


(Byd/Ox, + Rol) p = 0, (1) 
with which we will describe the boson doublet. Here 
By = 1 x By, I = 263 <1; (2) 


where £, (and later n,,) are 5x5 or 10x10 
Kemmer-Duffin matrices’ and o, are the 2x2 spin 
matrices. The sign x designates the direct prod- 
uct of matrices. 

Equation (1) can be shown to be invariant under 
the transformations 


ab’ = exp (iA + tAgT;) -, (3) 
where A and A, are four real parameters and 


T; = 9,xl, T3; = 93 XN} 


Ns = N1N2NsNa- (4) 
The matrices T, (k=1, 2, 3) can be regarded as 
isotopic spin matrices. The transformation (3) 
gives a conservation law for the number of bosons 


and conservation laws for the isotopic spin com- 
ponents. 


T. = 02 XN; 


The electric charge operator has the form 


Q=e(T,+4). (5) 
The equation for the boson in an external electro- 
magnetic field, Ay, will be 


[B. (Se + ae GAs) + bol | = 0. (6) 
The charge-conjugate wave function is 
yo = Cy, = p= (1 xm), 
where the operator C can be one of the operators 
Cyr= 26, 51, (CRE 8 Sie (7) 


Equation (1) is invariant under the canonical 

transformations 
= ap+tobiCap’, yp’ = ap +5027’, 
laP+ioP = 1, (8) 

which are analogous to the Pauli transformation. 

One possible assumption is that equation (6) de- 
scribes the K meson doublet (K*, K®). If that is 
the case, it is not necessary to include K~ and K® 
mesons explicitly in the scheme of elementary par- 
ticles, since they can be obtained by charge conju- 
gation. The place thus vacated in the scheme can 
be used for new mesons (for example, for D™ and 
D° mesons ). Then the new mesons can be particles 
with strangeness —1, and not necessarily with 
strangeness +2, as in the Gell-Mann scheme. 

We note further that the equation for the meson 
doublet can be written in a form which takes into 
account the mass difference of the mesons:? 


I 


[B, d/dx, + Rkolexp (fT3)] » = 0. (9) 


Here f is a real constant. Equation (9) is invari- 
ant under the transformation 


(10) 


It is also invariant under two transformations of the 
type (8), but these transformations are not canonical, 
i.e., they do not preserve the commutation relations 


uv = exp (Zh + ths Ts) m 
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given, for example, in the book by Akhiezer and 4A. 1. Akhiezer and V. B. Berestetskii, 
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A classification of baryons and leptons which is useful for describing weak interactions is 
proposed. Marshak invariance is generalized to all baryons and leptons. 


lk has been shown! that every known baryon can 
be characterized by a triplet of numbers ty, te, ts, 
which are determined as follows. We imagine that 
the baryons are located at the vertices of a unit 
cube (see Fig. 1). Then the numbers tj, to, ts, 
are the coordinates of the corresponding vertices 
in a Cartesian coordinate system. 

Marshak’ pointed out the interesting fact that 
weak interaction processes are invariant to the 
interchanges p<+— vy, h<—~ e, N° <— i . One may 
conjecture that this invariance extends to all 
baryons. 

We represent the set of leptons in the form of a 
unit cube like the baryon cube (Fig. 2). In order 
to keep the expression for electric charge, q 
=e(t, + t,), the same for baryons and leptons, one 
must assume that the cube is described in a left- 
handed coordinate system. In the case shown, we 
have two neutrinos, vy and v2, which differ in the 
values of their leptonic charges 1 = 2t, (see also 
reference 3). 

Marshak invariance can now be formulated in 
the statement that the set of weak interaction proc- 
esses is invariant to interchange of the particles 
which are at the same cube vertex, if only those 
interchanges which conserve the number of baryons 
are allowed. Comparison of the lepton cube with 
the baryon cube gives the transformation 


<>Vi, 
<> 


ev. (1) 


Nit A® <> pe, oY es Mr’, = 
= 
ee 


hoe, i ee We pS es Vor 0 


The requirement of baryon number conservation 
arises from [#, N]=0, where N is the baryon 
number operator and # is the Hamiltonian de- 
scribing the weak interactions of baryons with 
leptons and baryons. In the case of baryon-lepton 
interactions, this requirement is automatically 
taken into account when the transformation (1) is 
applied to the equations written in the form B+ L 
— B’+ L’, where B, B’ are baryons and L, L’ are 
leptons. For example, according to the rule, the 


FIG. 2 


equation n—p+e + vy, should be written in the 
form n+ e’— p+ y;, or n+ yy > pte. The 
transformation (1) transforms the latter two equa- 
tions into e~ + =° and <6 poy 
which can be rewrittenas n—p+e7+ 7; and =~ 
—> 8 +6 + Di. 

For weak interactions involving antibaryons, it 
is necessary to apply the transformation (1) in its 
charge-conjugate form, i.e., p+ 7, etc. 

The selection rules for weak interactions are 
now expressed as conservation of the three quan- 
tum numbers tj, t., tz in weak interactions. With 
this rule, the process p* — e* + p, + vo, for 
example, is allowed; the process ime Ons 
forbidden. 

The four-Fermion interaction Hamiltonian then 
has the isospin invariant form 


H = S\8x\(bgT™? Op,) +p, T Ow,) P. (2) 
R 


py his 


Here ~p is the potential of the baryon field. (32- 
component spinor) and jy, is the potential of the 
lepton field. The matrices T (k) are the isotopic 
spin vectors!, the numbers tk are eigenvalues of 
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the third components of these vectors. The 32- 
rowed matrix O determines the type of interaction. 
We note that the additional requirement that the 
Hamiltonian, H, be invariant to Fierz transforma- 
tions gives O=1T”’(1—T°), where TY’ =1 xy. 
Wes ty) 
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The probability for a E2 transition from the first excited 2* state to the ground state as a 
function of the number of particles is derived on the basis of a microscopic description of the 


first excited 2* state in spherical nuclei. 


Ir is well known that in spherical nuclei the first 
excited state with spin 2 has collective properties. 
In particular, the radiative transition probability 
to the ground state is on the average an order of 
magnitude larger than a single particle transition 
probability. 

Recently there have appeared several papers 
in which the first 2* level was treated assuming 
pairing and quadrupole forces. Then, for example, 
for the case of N particles in a level with angular 
momentum j the Hamiltonian has the form? 


Ie D + 
ay (uv)? >) (Aa, 
p 


1-3 


He Bete 
p 


=z (— 1)* Az] [Ay— (= ACS. | 
Ts = >; (jjm — m'|2y) Seba (1) 


m, im’ 


where f, and F, are constants characterizing the 
strength of the pairing and the quadrupole force, 
Abu is the creation operator of a ‘‘phonon’’ of 
angular momentum 2 and projection of the angular 
momentum p, and (jjm — m’|2u) are Clebsch- 
Gordan coefficients. 

The particle operators ay, are connected with 
the quasi-particle operators ay by the relation 


Cea (ty a (2) 
where 
v = (N/2Q)", 


u = (1 — N/2Q)*, Oy ese 


The Hamiltonian (1) can be diagonalized by in- 
troducing new operators 


[Byes 100 bral bag CU Rosie (3) 
% = (fo + 2Ee)/2V 2foE,, = — (fo—2Ex)/2 V 2foE 2, (4) 


SE Vale a ( — 55) a. (5) 


fo 


E, is the energy of the 2* level; its wave function 


can be written as 
P+ = By, |D>, (6) 


where | 6)> — ground state wave function. 

Let us investigate the probability for the ground 
state transition for the simple case where N par- 
ticles are in one level with an angular momentum 
j > 1. Then the operator for the quadrupole mo- 
ment has the form 
Qa = — GIP li 2 (— 1)" (jjm — m'|2 


7 
eh) |) eae (7) 


where <j | r° | j> — radial matrix element. The 
reduced E2 transition probability has the form 


ine 
Byso(E2) = SKY >= Om [Pad (8) 


Using (2), (3), (6) and (7) one finds easily 
By 5(E2) = (2j/16m) <j |r? | j>? (uv)? (x — @)?. (9) 


Inserting in (9) the expressions for u, v, x and 
gy we obtain 


Tile Nips N 2N 
By (E2) = TP n (1 — 5) [1 - Si 20) Fo 
or 
Bs) (E2) =D y (i— i) ahs (11) 


Equation (10) gives the dependence of B,-,,) on the 
number of particles in the shell. 

Equation (11) shows more clearly the origin of 
the collective nature of the transition. The transi- 
tion probability is proportional, first, to the num- 
ber N of the particles in the shell and, second, to 
the ratio fy /2E, which increases monotonically as 
the shell is being filled. Indeed, £/2 corresponds 
to the energy required to create two quasi-particles. 
It has a constant magnitude. On the other hand one 


550 


E2 TRANSITION PROBABILITY FROM THE eS ee) 551 


sees from (5) that the energy E, decreases as the ?R. Arivieu and M. Veneroni, Compt. rend. 
Shell is being filled, up to the point where the shell 250, 922, 2155 (1960). 

is half full. It can be several times smaller than oS ee Belyaev, Proc. Int. Conf. Nucl. Struct. 
f)/2. The last factor is associated with the quad- Kingston, p. 587, Toronto Univ. Press, Toronto 


rupole force. For F, = 0 the quantity f)/2E, takes (1960), D. A. Bromley and E. W. Vogt, Ed. 
on its smallest value which equals unity. 
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An expression is obtained for the acoustical absorption coefficient in metals in a magnetic 
field which satisfies the condition HQ >> kT (Q is the electron Larmor frequency) for the 
case when the acoustical wavelength is greater than the Larmor radius of the conduction 
electrons, but significantly less than their mean free path. It is found that under such condi- 
tions the absorption coefficient oscillates as a function of 1/H. The nature of these oscilla- 
tions is the same as in the de Haas—van Alphen or Shubnikov—de Haas effects. However, the 
oscillations can under certain conditions be gigantic, i.e., they are not a small correction to 
a non-oscillatory part of the acoustical absorption coefficient, but are such that the maximum 


value of the absorption coefficient far exceeds the minimum. 


Ar low temperatures, when the mean free path 1 
of conduction electrons in a metal is sufficiently 
large, the absorption of sound can be considered 
as the direct absorption of phonons by the electrons 
of the metal. In the absence of a magnetic field the 
major role in the absorption is taken by electrons 
whose velocity vy, in the direction of the acoustical 
wave vector kK is equal to the phase velocity of 
sound Wp- 

This fact was pointed out by Akhiezer, Kaganov 
and Lyubarskii.! It is easy to satisfy oneself that, 
by considering the conservation laws during 
phonon absorption by the electron 


€(p) + ho, = e(p + hx), 


where p is the quasi-momentum of the electron, 

€ is its energy, w = Wpk is the frequency of sound, 
and by expanding € (p+ fix) to terms of first 
order in the small quantity k 


(1) 


e(p + hx) = €(p) + ho, x, 


we obtain the condition 


(2) 


Ux => Wy, 


(3) 


which has been mentioned above. Electrons with a 
different velocity component in the direction of the 
vector K can participate in the absorption only in 
so far as they interact with scatterers. As was 
shown in reference 1, if «2 s»1 their contribution 
to the absorption is of order 1/x1 compared with 
the contribution of electrons whose velocity satis- 
fies condition (3). 


An analogous situation also occurs in the 
presence of a magnetic field. We shall consider 
for simplicity the case of a quadratic isotropic 
dispersion law for electrons; the energy of an 
electron in the magnetic field then takes the form 


(4) 


where n is the Landau oscillator quantum number, 
Q = eH/mc is the Larmor frequency, m is the 
effective mass, and pz is the component of mo- 
mentum in the direction of the magnetic field H 
which is along the z axis. Taking into account the 
conservation of energy and of the z component of 
the quasi-momentum, we have 


En = AQ (n + 4/2) + p2/ 2m, 


RQ (n +42) + p2/2m + ho, = hQ (n! + 1/2) 


+ (p, + hin,)?/ 2m. (la) 
Putting 
En’ (Pz + hxz) = en’ (pz) + hue, (2a) 
we obtain the condition 
Q (n’ — n) + Wp % = dep. (5) 
If the magnetic field is so large that 
Q > “UF (6) 


(vF is the Fermi velocity), then condition (5) can 
only be satisfied for n =n’. Consequently, the 
quasi-momentum of the electrons which participate 


in the acoustical absorption in a magnetic field is 
equal to 
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p2 = mw, / cos %, (7) 


where @ is the angle between the vectors k and 
H. But Wp < VF, therefore, if this angle differs 
sufficiently from a right angle, most of the absorp- 
tion is due to electrons with small values of Pz, 
far smaller than the limiting Fermi momentum PF. 
On the other hand, it is obvious that only elec- 
trons with energies lying in the interval where the 
Fermi distribution is changing can participate in 
absorption. In order to see more clearly the 
values of pz which correspond to these energy 
values, we turn to the figure. In it are shown the 
parabolae which give the variation of the electron 


Ez) 


Py Be ie 
energy with pz for the first few values of n. The 
parabolae intersect the strip of width kT, the 
center of which is at the chemical potential ¢. The 
width of the strip is smaller than the distance be- 
tween the parabolae, which corresponds to the 
condition 


RQ SS kT. (8) 


By projecting onto the abscissa axis the portions 
of the parabolae cut off by the strip, we find that, 
when condition (8) is satisfied where the Fermi 
distribution is changing, intervals of allowed and 
forbidden values of pz exist. The former inter- 
vals are indicated in the Figure by thick lines; 
for the corresponding values of pz the derivative 
with respect to ¢/kT of the Fermi function is of 
the order of unity. The latter intervals are indi- 
cated by thin lines on the abscissa axis, and for 
the corresponding values of pz the derivative with 
respect to ¢/kT of the Fermi function is expo- 
nentially small. The position of these intervals 
depends on the magnetic field H, because the dis- 
tance between the parabolae in the figure changes 


with changing H. If the value of H is such that 
the momentum pj? is in the range of allowed 
values of pz, strong acoustical absorption by free 
electrons occurs. For a different value of H the 
momentum p% can lie ina range of forbidden 
values of pz, and then acoustical absorption occurs 
only because of the scattering of conduction elec- 
trons, i.e., it is much smaller than in the first 
case. The general situation is thus one in which 
giant oscillations in the acoustical absorption co- 
efficient occur provided that 


C S> 4Q SS KT. (9) 


We note that the other kinetic coefficients, such 
as the conductivity, also oscillate when (9) is satis- 
fied. The occurrence of these quantum oscillations 
is also connected with the presence of allowed and 
forbidden intervals of pz on the Fermi surface. 
However, these oscillations are a small correction 
— usually of order (AQ/¢ Nee — to a major effect, 
and can be calculated using classical theory. 

In our case giant quantum oscillations occur. 
Therefore, when calculating the energy absorbed, 
which we now proceed to do, it is necessary to use 
quantum theory. We neglect the contribution to the 
absorption from transverse electric fields arising 
during deformation of the conductor by the sound. 
(The question of whether it is permissible to ne- 
glect this has been considered previously.’**) Then 
the energy operator for the interaction of the elec- 
tron with the sound wave has the form 


V = 4 (Ue + U* elt), (10) 


where U = Ajxujge* fT. Here ujk is the tensor 
amplitude of the deformation in the sound wave, 
Aik is the tensor calculated in reference 1, the 
components of which in general can depend on the 
components of the quasi-momentum operator. 
Strictly, the quantity Aj,ujk, being the difference 
between the deformation and electrostatic poten- 
tials, should itself oscillate in the magnetic field. 
However, it is not difficult to see that the relative 
size of these oscillations is small; therefore they 
will be ignored when considering the giant oscilla- 
tions in the absorption. 

We consider the scattering of electrons to be 
elastic, which is permissible in most cases. Then 
the energy density absorbed by the electrons in 
unit time is 


die Ve GOR 


Ke ee Fa ) Raa’ |< a| U fa’ > |? 6 (h@aa’ + ho). (11) 


aa’ 


Here a and a’ denote the states of the electron in 
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the field of the scatterers in the presence of the 
external magnetic field, hwgaq = €a — €a’; Fg is 
the Fermi function, <a|v|a’ > is the matrix ele- 
ment of the operator U, Vy) is the volume of the 


crystal. 
If hw « kT, we can put 
Fy — Fa = (OF g/ OC) R@aral = (OF g/ OC) ho. (12) 


The absorption coefficient I. is obtained by di- 
viding equation (11) by the flux density of acousti- 
cal energy equal to 


pou? w/2, (13) 


where p is the density of the crystal, uy is the 
amplitude of the oscillations in the sound wave, w 
is the group velocity of sound. In order to obtain 
the zero-order approximation we will neglect the 
general effect of the scatterers on the absorption 
of sound. To do this it suffices to replace the 
indices a and a’ in (10) by @ and a’, respectively, 
which characterize the free electron states ina 
magnetic field. The quantity a is the totality of 
the quantum numbers n, pz, X, and sz, where 

fis, /2 is the spin component in the direction of 

the magnetic field, X is the coordinate of the center 
of the Landau oscillator. After this the following 
expression is obtained for the acoustical absorp- 
tion coefficient: 


1 


OF 5 
Dig <#|U 1a") Pb (Waa + 0). (14) 


2 
V (puto OQ ae 


For simplicity we now consider the idealized 
case where the components of the tensor Ajk are 
essentially constant, the electron spectrum is 
quadratic and isotropic, and the vectors x and H 
are parallel to one another. Then 

<a’ | U|a> = An Uik 85,5)! Ban’ Oxx’ Opi+ h*z,P2' (15) 


and we have for the coefficient IT 


AQ “ xP, hue 
ie a \ dp. 3( ten —o) 


et m 2m 
eine i — AQ (n+ Hane =P: | 2m i (16)* 
Here py is the Bohr magneton, 

Ty) = m| Ain Ui |? / 200? pupnw (17) 


is the acoustical absorption coefficient when H = 0, 
obtained by Akhiezer et al.! 
After integrating over pz, we obtain 


AQ _, [HR (2 + 4/2) + 5, oH —E 
P= Toger Dich *| or |. (18) 


In deriving (18) we have neglected in the argument 


*ch = cosh. 


of the hyperbolic cosine the small quantity 
(p’, )?/2m, which can only cause an insignificant 
overall shift of the oscillatory picture. 

For f&= « kT the sum over n in (18) can be 
replaced by an integral which is easily evaluated 
and gives 


estiyi OE TP. 
This expression for TI agrees with that obtained 
previously.° 
When hQ > kT the graph of the function I (1/H) 
shows a series of sharp oscillatory maxima, the 
distance between which is 


AH- = eh/mct, (19) 


and the height of which is proportional to H, sep- 
arated by wide, gently sloping minima, the heights 
of which are exponentially small. 

Equation (19) can only describe the behavior of 
the absorption coefficient close to the maxima. In 
order to obtain the value of the absorption coeffi- 
cient for the minima, and at the same time to esti- 
mate the limits of applicability of (19), it is neces- 
sary to obtain the correction to it due to scattering. 
To do this we replace the 6 function in (16) by the 
expression 


1 v 
a V+ (hep, /m + hx? | 2m— 0) * (20) 
Such a replacement corresponds to the assumption 
that a relaxation time t,) = / exists, and yields 
the order of magnitude of the necessary correction. 
In the classical theory (see reference 2) when kl 
> 1 a relaxation time exists for most scattering 
mechanisms. The proof that a relaxation time 
exists when kl > 1 in the quantum region presents 
well-known difficulties, and will be given for some 
cases in a separate paper. 

We consider the case of greatest interest as 
regards possible experiments: hk?/2m « pv and w 
< v. The expression (20) can then be taken as 


equal to 
v/a [v? + (fixpz/m)?). (21) 


We replace the 6 function in (16) by (21) and 
transform to the dimensionless integration vari- 
able y = pz(2mkT)"’”. Then (16) becomes 


RQ 4 B 4 ,.,/¥9—A, 
P= Doser \ 4 aR > eee 5 ). (22) 


n, Sz 


Here B = (2kT/m)'2x/v; A, = [6 —AQ (n + 1/2) 
— sziolt] / kT. 

The expression under the integral in (22) con- 
tains the product of two rapidly-changing functions. 
The maximum of the first is at y =0 and has a 
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width 1/B; far from the maximum it falls off as 
1/mBy*. The second function consists of a system 
of peaks, the width of each one being of order 
unity. The position of the peaks changes as the 
magnetic field changes, and the distance between 
them far exceeds their width when hQ/kT > 1, 
Far from the peaks the second function decreases 
exponentially: exp (—| Ay — y’|/2). 

We shall treat the case when the distance be- 
tween the two peaks of the second function closest 
to the maximum of the first function greatly ex- 
ceeds the width of this maximum. This condition 
is equivalent to the inequality 


BR QURT Ss 1, or xl(hQ/OeS> 1. (23) 


Now, if the value of the magnetic field is such that 
the position of one of the peaks of the second func- 
tion coincides with the maximum of the first, then 
a giant oscillation occurs. If the width of the maxi- 
mum of the first function is much smaller than the 
width of the peak of the second, i.e., 


B~xl(RT [C)2S> 4, (24) 
the first function can be replaced by a 6 function. 
Thus, under condition (24), formula (18) accurately 
describes the shape of the absorption line close to 
a maximum. In the case B <1 the shape of the 
absorption line is different. 

The absorption coefficient has a minimum when 
two closest peaks of the second function are sym- 
metrically situated with respect to the maximum 
of the first. In this case the first function changes 
slowly in the region of both peaks; therefore the 
peaks themselves can be approximated by 6 func- 
tions. The evaluation of the coefficient T ata 
minimum then presents no difficulty, and gives the 
following ratio of the maximum value of the ab- 
sorption coefficient to the minimum: 


Ee el (AO DAO ET Se 1h (25) 


i.e., the oscillations are, in fact, gigantic. The 
estimate (25) retains its significance also when 
B ~ 1, and gives 


Pax | P nin ~ (RQ / kT)*), (26) 


The case B « 1 is not of great interest, be- 
cause it is difficult to satisfy simultaneously in an 
experiment this inequality and (23). 

Giant oscillations of the acoustical absorption 
coefficient can also occur for an arbitrary shape 
of the Fermi surface and for arbitrary form of the 
deformation potential, provided that the motion of 
electrons with those values of pz which make 
<a|v,| a> tend to zero is finite. In fact, in this 
case the matrix elements of the deformation poten- 


tial (neglecting spin-orbit interaction) are 
(27) 


But if & >kKzvp, then n =n’, and we conclude that 
all the previous estimates of the coefficient I at 
a maximum and a minimum remain valid. How- 
ever, the whole oscillatory picture can be very 
complicated, because there can exist several 
values of pzm for which <a|vz|a > is close to 
zero. The number of these values can be deter- 
mined from the number of different periods on the 
curve of ['(1/H). 

As in other well-known cases (see, for 
example, the work of Lifshitz and Kosevich’), the 
period of the quantum oscillations in our case is 
related to the area S(€, pz) cut from the constant 
energy surface by the plane pz = pgp by the 
formula 


Ca | U | Cbs == Cie | Nip Ur | Na» 85.5. Op, 4 | on Oxx. 


AHp = Quen cS (espana). (28) 


However, the essential difference is that the pe- 
riods of the oscillations in our case are determined 
not by the extremal sections, but by the sections in- 
volving those pz = pzm which make <a|vz| a> 
tend to zero. 

Clearly the giant oscillations can be smeared 
out if the specimen has an even relatively weak 
polycrystallinity. If this is to be avoided, the 
angle » describing the spread in orientation of the 
crystallites which constitute the specimen must 
satisfy the condition 


9<hOy. (29) 


This inequality is satisfied more easily, the 
greater the magnetic field and the smaller the 
value of ¢. The giant oscillation effect is, there- 
fore, most easily observed in semimetals and 
semiconductors with Fermi degeneracy. 

Thus, the classical theory of acoustical ab- 
sorption in a magnetic field previously developed?’ 
is, generally speaking, only applicable when h 
<« kT. If the reverse inequality applies, quantum 
theory must be used. 
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The electrodynamics of a massless two-component particle with charge e, is considered. 
Despite a number of peculiarities the theory turns out to be not internally inconsistent pgs is 


as complete as ordinary electrodynamics. 


A rough experimental estimate gives e; < 10m 


The possibility that the known neutrinos carry such a charge e, is discussed. 


1, INTRODUCTION 


Simpuicrry of the basic equations is an impor- 
tant consideration in attempts to describe the 
properties of elementary particles. As examples 
we might cite Dirac’s equation, which is the sim- 
plest of all equations describing particles with 
half-integral spin, the two-component neutrino 
theories, or the universal ‘‘two-component’’ weak 
interaction.! It is likely that considerations of 
simplicity and symmetry will continue to be taken 


into account in the future development of the theory. 


In such a framework it becomes quite attractive to 
consider the possibility of existence of a charged, 
massless, two-component particle, described by 
the Lagrangian 


L(x) = — uto,(p,—e,A,)u. (1) 


Here oy = (9, 1), and u(x) is a two-component 
spinor. Such a possibility is not quite obvious, 
however, because many of the formulas of electro- 
dynamics contain the mass of the particle in the 
denominator or as the argument of a logarithm. 
This then raises the question of consistency of 
electrodynamics for a massless particle, which 
might be of interest for various reasons. 

1. It might be useful to trace the role played by 
the mass in electrodynamics: are the mass and 
charge related in the existing theory, is there an 
‘‘electromagnetic’’ mass ? 

2. For the development of the theory of parti- 
cles and interactions it will, no doubt, be useful to 
know the properties of permissible ‘‘solutions,”’ 
particularly the simplest solutions. 

3. Finally, if such a theory is internally consis- 
tent one might raise the question about the exist- 
ence of such particles. It is obvious that the inter- 
action (1) is impossible with the constant e4 = ee 
= 1/137. However it is not out of the question that 
a two-component massless particle (neutrino), 


characterized by the weakness of its interaction, 
has a weak interaction with photons. 


2. CLASSICAL. ELECTRODYNAMICS* 


The Lorentz equation contains no mass; the 
total energy provides a ‘‘measure of inertia’’ and 
consequently the equations of motion in an external 
field are valid for m = 0 too. 

The peculiarities in the interaction with radia- 
tion have to do with the equality of the speed of the 
particle and the speed of the radiation field. A 
massless particle does not fall behind the electro- 
magnetic wave, produced by a change in the parti- 
cle velocity, so that it is not possible to make a 
strict division of the field into the particle field 
and radiation field. A single spherical wave is 
produced, with a singularity at the point occupied 
by the charge. The proper field may be deter- 
mined only in the vicinity of the particle, where it 
is legitimate to neglect the curvature of the front 
of the spherical wave. The electric and magnetic 
fields are here given by the formulas 


E= e,6:(2— 2) pl 9°, = (Vv E], (2)7 


where the z axis of the cylindrical coordinate 
system (Z, p) has been chosen along the direction 
of the particle velocity v. The expression (2) 
represents the limiting case of the well known 
relativistic contraction of the proper fields as a 
consequence of motion. 

The formulas for radiation become, for m = 0, 
logarithmically divergent for small angles @ be- 
tween the directions of radiation and the particle 
velocity. For example in the radiation problem in 


*By classical electrodynamics we mean, as is usual, the 
interaction with radiation of low frequency w « &, where € is 
the particle energy. We use units such that h=c=1, anda 
metric such that ab = a,b; = a- b—ayby. 

tlvE] =v x E. 
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B decay (up to t=0 the charge is at rest and 
thereafter moves with velocity v) the spectral 
energy density of radiation I(w, 0) is given by 


ef, sin®Q@dodo 
2% (1—vcos 9)?’ 


(3) 


so that for v = 1 the expression I(w) = JI (w, 6) dé 
is logarithmically divergent. The divergence 
arises from an incorrect application of the formula, 
correct for the fields at a distance from the charge, 
at the position of the charge @ = 0. If the radiation 
for small @ is determined as the energy emitted 

in that direction after the particle was deflected, 
then the quantity I(w) will depend logarithmically 
on the time T spend by the particle in moving in 
the given direction: 


[nv]? 
(1 — nv)? 


e2 
I(o) = Z4\ |exp {i (a — kv) T} 


A pong (4) 
IU 

Consequently the particle is not absolutely 
stable, its energy and momentum going eventually 
over into radiation. A semi-classical estimate for 
the dependence of the particle energy on time, due 
to the losses in such a ‘‘forward radiation,’’ re- 
sults in the formula 


e(t)= 2(0) exp{— (2/2) Ine (O)f}, «(OES 1. 


This problem is considered in detail in Sec. 4. It 
is clear that for ef << 1 the transformation of the 
energy into radiation is extremely slow and the 
particle is metastable, immeasurably more stable 
than, say, the pion or neutron. It is also clear 
from physical considerations that any deviation of 
the trajectory from a straight line violates the con- 
ditions for coherent interference and the difference 
between the radiations of massive and massless 
particles disappears. Thus, the classical expres- 
sions for the radiation of an ultrarelativistic elec- 
tron moving in a magnetic field’* or in a material 
medium,’ do not contain the mass and are therefore 
directly applicable to our case. 


(5) 


3. THE DIRAC EQUATION. PRESERVATION OF 
MASSLESSNESS. FORBIDENNESS OF DIRECT 
DECAYS 


The Dirac equation becomes in our case 
(6) 


The positive and negative frequency solutions of 


6(p—e,A) u(x) =0. 


*The classical formulas for the spectrum of radiation den- 
sity are valid only for frequencies w < €. Consequently the 
expressions given by Landau and Lifshitz? for the total radia- 
tion intensity in a magnetic field are not applicable here. 
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Eq. (6) go over into each other continuously. 
Bound states in an external field, vanishing at 
infinity, do not exist; quasistationary states are, 
of course, possible. The energy levels in a con- 
stant magnetic field H = Hz are given by €n 
= [p2, + 2e,H(n + ue. where p, is the z com- 
ponent of the momentum and n is the number of 
the state. In this way the field H leads to a gap 
between states with opposite signs of the energy, 
with the quantity (2e,H)!/ acting as a mass. 

The quantization is carried out in the usual way. 
The interaction Lagrangian becomes then 


L (x) = erjr (x) Ar (x) = e,N (u* (x) 0, u (x)) A, (x). (7) 


In order to derive our case from the formulas 
of conventional electrodynamics in the limit m 
= 0, we observe that the operator u(x) can be ob- 
tained from the full Dirac field ~ (x) by simple 
projection: u(x) = %(1—y5)p (x). Since y; 
commutes with any pair of matrices yr it is 
sufficient to insert ib (1 — yY5) once in each elec- 
tron line of a Feynman diagram. 

It is clear from the formulas of electrodynamics 
that the electromagnetic mass 6m is proportional 
to the bare mass Tan so that if my) = 0 then also 
6m=0. Thus the masslessness is preserved and 
the singularity of the Green’s function G(p), as in 
the free field case, lies at the point p = 0 [see 
Eq. (15) ]. 

Unlike the electron case, the decay of the mass- 
less particle into a photon and a particle moving in 
the same direction is allowed by the conservation 
laws. Furthermore the statistical weight is not 
equal to zero since any division of the energy be- 
tween the decay products is possible. However, 
as is easy to see from Eq. (7), the matrix element 
for the transition vanishes. This has to do with 
the transverse nature of the photon and conserva- 
tion of the projection of the angular momentum 
along the direction of motion: for the photon this 
quantity is always +1 or — 1, for the particle it 
is always % and therefore the decay is forbidden. 
For the same reason a photon cannot produce a 
pair of these particles since in the final state the 
spin projection on the direction of motion is zero. 
And since the decay of one particle into three is 
already forbidden by statistical weight factor it 
follows that no direct decays occur. 

Nevertheless we do not have complete stability, 
as is already known from classical theory. Higher 
order perturbation theory approximations contain 
logarithmic divergences at small @, analogous to 
the classical Eqs. (3) and (4). The situation is 
very much the same as the well known ‘‘infrared 
catastrophe.’’ The divergence indicates the inap- 
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plicability of perturbation theory to ultra small 
angles, as well as ultra small frequencies. For 
small e4 this divergence, like the infrared diver- 
gence, is of no practical importance since all 
angular integrals must be cut off at 06min ~ A@ 
(just like integrals over frequency are cut off at 
Wmin ~4w), where A@ is the experimental error 
in the selection of photons emitted at small angles 
to the beam direction. However, just as in the 
case of the infrared catastrophe, the problem can 
be solved without making use of perturbation 
theory, and the divergence indicates in both cases 
the basic instability in the problem. 


4, METASTABILITY OF MASSLESS PARTICLE 
AND PHOTON 


As an example we discuss the long wavelength 
radiation in 6 decay. Our special case v =1 can 
be obtained from known solutions of the infrared 
problem. A simultaneous discussion of the singu- 
larities encountered in the emission of ‘‘soft”’ 
photons and in the ‘‘forward emission’’ will serve 
to emphasize the similarity of these phenomena. 

Suppose that at t=0 a particle with momentum 
p is produced. Then in perturbation theory we get 
for the amplitude of the electron + photon state 


Cp’ern (4) = Vorka, p (8p — Ep — Rk)? 
x [exp {i (ep +k — ep) t} — 11. (8) 


Here p’=p — k and Vp’k), p is the matrix ele- 
ment for the transition. The exponential term in 
Eq. (8) describes the proper electromagnetic field 
of the particle,’ whereas the other term describes 
the radiation. For large t, when (€p HO ep.) t 
= (k —k-.v)t> 1, these two parts of the field 
separate since in physical expressions, bilinear 
in Cp ky, the oscillating interference term drops 
out. Consequently the probability of radiation is 
given by the expression (for simplicity we restrict 
ourselves to the interaction with transverse 
photons ) 


View 


Vorka, p 
fp Cader 


ei ( dk v?—(nv)? (9) 
is@\k (kk)? 


For small k the quantity W diverges, and for 
v =1 it also diverges for small angles between k 
and v. The same divergence appears in the norm 
of the stationary state particle + photon, as calcu- 
lated in perturbation theory. At the same time the 
quantity 2 | cpa (t) |’, as calculated from Eq. (8), 
is finite but grows with time (for v < 1 as Int, 
for v = 1 as ‘In’ t). Consequently the calculation 
of the radiation probability from Eq. (9) is valid at 


the instant t only if (k — k-v)t > 1, since other- 
wise the appropriate photons have not yet separated 
into ‘‘real’’ and ‘‘virtual’’? ones. The total transi- 
tion probability from the state with no photons does 
not approach a constant for large values OF t," Dut 
increases as a consequence of the continuous crea- 
tion of photons with (k — k-v)t > 1. Therefore 
the perturbation theory Eqs. (8) and (9) are valid 
only for small t or (k —k- ay aes 

The complete solution of the problem may be 
taken from the work of Glauber.® If the state 
vector is writtenas @(t) =S(t, t))®@(t)) then in 
the region of soft photons under consideration the 
matrix S(t, t)) is given, accurate up to a phase, 
by* 


SG; 19) = alle (x, ty A(x Tir e (10) 


where j(x, T) is the particle current and is a 
prescribed function of x and T, and A(x, T) is 
the electromagnetic field operator in the inter- 
action representation. Equation (10) corresponds 
to a Poisson photon distribution: the probability of 
emission up to the instant t of n photons ina 
given interval k is given by the formula 


W(t) = lacy" exp[—n(t)], (11) 


where, in our problem, 


= CoP ake ah avis sit 
n(t)= 2\S Gee leo ky) t |e, 


(12) 
We see that the expression > | Cp’ kA (t) |?, with 
Cy.kA given by Eq. (8), indeed represents the 
average total number of emitted photons and may 
increase with t without bound. The amplitude of 
the photonless state So) (t) = exp[— n(t)] is 
damped out intime. The nonstationary formulation 
of the problem is here, of course, immaterial; in a 
stationary problem t would be replaced by R — 
the distance from the source or scatterer. Conse- 
quently, from the point of view of quantum mechan- 
ics, the massless particle is unstable to the same 
degree as the electron. 

Equations (10) — (12) are valid for k « €. Itis 
obvious that the physical picture of a logarithmic 
piling up of photons with time is also valid for k 
S €, although Wy (t) does not for such frequencies 
have the Poisson form (11) since the considerable 
recoil causes the emissions to be correlated. For 
k > € the singularities in the denominators in 


*It is easy to verify that Glauber’s result, Eq. (10), is 
valid for arbitrary t, and t, and not just for the values hy = 
—, t =o considered by Glauber.°® 
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Eqs. (8) and (9) disappear and perturbation theory 
is valid. It can be seen from Eqs. (10) and (11) 
that as the particle is deflected the ‘‘forward 
emission’’ photons are ‘‘shaken off’’ and the 
process starts all over again. It is also seen that 
both the infrared and the angular singularities dis- 
appear as a reSult of multiple scattering, magnetic 
fields, or any other effect leading to a nonrecti- 
linear trajectory, since the coherent interference 
length 1(k) = (k — k-v)7! is now limited by the 
characteristic length loge of the process: 1 (k) 
= leff.- 

Let us indicate the manner in which the just 
described instability is reflected in the structure 
of the Green’s function. The Fourier component 


G(p, 1) = 2x) | G (p, po) exp (— ipor) dpe 


—co 


is proportional to the amplitude for the probability 
of finding the initial state @op = ap | vac > in the 
physical state @p (7) = exp(— iHT) ®op, which 
evolves from @op in the time 7.8 A pole in 
G(p) at the point py = €p corresponds to a stable 
particle, so that for large 7 one has G(p, T) 

~ exp(— i€pT). In electrodynamics, however, 
owing to the fact that the continuous spectrum of 
the electron + photon states begins at the one- 
electron state, the pole of G becomes a branch 
point: 


G (P, Po) — const (py) — &p)**", po > &p. (18) 


This indicates a damping of the initial state with 
time according to G(p, T) ~ exp (— i€pT 
—BiIn€pt). The quantity 8 can be found with the 
help of Eqs. (11) and (12), since Sog(7T) is also 
proportional to the amplitude of the photonless 
state. A covariant treatment with longitudinal and 
scalar photons taken into account?!” merely 
changes the quantity 6 in Eq. (13). For a mass- 
less particle the continuous spectrum again touches 
the pole so that the pole in G becomes a branch 
point. For purely transverse photons the singu- 
larity in G(p, po) is, according to Eq. (12), some- 
what more complex than in the electron case. 
When however photons of all four polarizations 
are included even that difference disappears: it is 
clear from Eq. (15), Sec. 5, that the singularity in 
G has the form (13). 

For purposes of exposition we have used above 
noncovariant expressions [for example Eq. (10) ]. 
It is easy to pass to a covariant description. In 
the infrared catastrophe problem this is accom- 
plished by introducing a small ‘‘photon mass”’ A. Y 
After addition of the probabilities of production of 
the particle with and without photons the quantity 
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A drops out of the answer, which is simply a 
result of unitarity — the total probability that the 
particle will be in one state or the other is con- 
served. These methods may be generalized so as 
to be applicable in our case and the quantity A will 
disappear from the final answer after summing 
over the frequency interval w < wmin and the 
angular interval 9 < @min. 

Up to now we were concerned with the change 
in time of the state of the particle. It follows from 
the considerations on the spectra and also simply 
from perturbation theory that a photon will also be 
unstable and will dissociate itself in time into a 
pair of massless particles moving in the same di- 
rection. In the photon Green’s function too the 
pole changes into a branch point, again indicating 
the damping of the ‘‘bare’’ photon state and the 
appearance of the probability of pair formation. 
Under scattering by an external field one of the 
particles of the pair is deflected, and perturbation 
theory gives a probability for the emission of the 
other particle in the direction of motion of the 
photon that is logarithmically divergent with angle. 
In the absence of other physical reasons this diver- 
gence can be cut off by making use of the relations 


x 


bk 62 1/. 
(pte p—hi~po sist, Inieele) . (24) 


k—p 
i.e., by making use of the finiteness of the time 
available for coherent interference in pair 
formation. 

This then is the general picture of instability 
and mutual transformations if a massless particle 
exists. Let us emphasize once more that this lack 
of stationary states is only of importance in prin- 
ciple. For e4 <e’, and for reasonable values of 
xX, the distances R, at which the probability for 
‘“decay into emptiness’’, which is of order 
e4 In(R/X), becomes comparable with unity are 
many times in excess of any acceptable dimen- 
sions. At the same time the presence of any mate- 
rial medium will lead to multiple scattering and 
the divergence will disappear. 


5. GREEN’S FUNCTION, VERTEX PART, 
RENORMALIZATIONS 


The basic functions of electrodynamics may be 
obtained by taking the ultraviolet asymptote De 
>> m?® of conventional electrodynamics. ”’* Taking 
for simplicity the longitudinal part dz of the photon 
Green’s function to be constant we get for the 
Green’s function G(p) of the particle # 


— 4 e 2 
iG (p) = yt exp (4, in 4" er eh) 
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Here e,, is the bare charge and A is the cut-off 
momentum. The vertex part, for py ~ py ~k~p, 
has the form 


T, (pi, pe, 2) = ae TS exp faa d; il (16) 


41 


Finally, for the transverse part dt of the photon 
Green’s function we get 
A? =) 
din (8) = (14% in AL) 


The task of the renormalization program consists 
in eliminating A from Eq. (17), since the renor- 
malization constants in G and [ cancel each 
other. The function dt, (k’) is given in conven- 
tional electrodynamics Big 


(17) 


mia 
din (R? Vel = = (1 + —— = In ar ee . (18) 


Here the mass is introduced in a manner described 
by Bogolyubov, Logunov and Shirkov.' In the limit 
k? — 0 the value of eAdta (k?) e, equals the renor- 
malized charge es and it is natural to reexpress 
this quantity in terms of the renormalized charge: 


2 h2 4m? \—1 
ehdin (Ret = e (I—g-In —) 
e2 A? Al 
a A (1 at - in 45 (19) 


In the case of Eq. (17), however, the point k? = 0 
cannot be used for normalization since the function 
(17) vanishes there. It is therefore necessary to 
express the function et adta (k?) in terms of its 
value e at some other point k? = ke: 


is ait 
ee ? 


endian (2) =e (1 gi ‘In 


oe A oe oe 
= cia ( In ie (20) 
The renormalized function dt (k?) is given by 
2s tel a in ie 1 
ai (2)= (1+ gee Ine) (21) 


The renormalization invariant quantity 67e? 
—Ink= 6rei, — In At represents the only 
(dimensional) constant of the theory. We shall 
assume that e4 « 1 for values of ky of the order 
of magnitude of energies likely to appear in ex- 
periments, and that therefore perturbation theory 
is applicable and dt may be replaced by unity. 

The behavior OL dt (k?) for ‘‘superlarge’”’ k? 

~ k? exp (67e7 ) will not be considered here, since 
the difficulties that appear in this region should be 
removed by the same methods as are used in con- 
ventional electrodynamics. 
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Our results are easily generalized to the case 
of several charges. For example in the case of 
two bare charges ej and e;q, with ea corre- 
sponding to a particle of mass m, we have instead 
of Eq. (18) the following expression for dta 


2 


; e4 A? ex 
dea (k*) = [1 i 3x In Rk? + 4m? 6x In 


+ 


8 (22) 


One then eliminates ea, A, e,A and A; by expres- 
elas dt in terms of ee two paper ee values 
en =e fin (Ko) and e4 = eAdta (k3). For exam- 


ple, for ks ke we obtain for dt instead of Eq. 
(21) 
‘ @ ke + 4m? ee ke ) 
dy (k*) = ( 1 35 In ep am " by pe ce 


For brevity we use below Eq. (21). 


6. VACUUM POLARIZATION, SPECIFIC 
PROCESSES 


ae not ee distances 
6S is exp (6re? ) the field due to a point charge 
Ze is of the form 


== 


0 | eékr dk 


0 = lee eg 


Ze 
~—= 


r 


ee . 
3 (In kor + const) | 


(24) 


in correspondence with the usual expression’ for 
rm «<1. In the general case of an external field 
~ V, whose extent in space is ~a, the induced 
charge density p,; is of the order of magnitude p, 
a e’Va~ 

Equation (21) for dt represents in the case of 
vacuum polarization the first term in an expansion 
in the external field. The field produces a pair 
and thereafter the produced particles are consid- 
ered to be free and described by plane waves. 
Such an approximation is legitimate only for 
virtual particles with energies € > e,V. Since for 
electrons € > 2m this condition is in their case 
usually fulfilled; in our case it is violated for mo- 
menta p< e,V. For such particles the external 
field is strong and they are produced in vacuum 
with a probability ~1. The resultant density po 
may be estimated by filling a Fermi sphere with 
limiting momentum py ~ e;V, so that p> 
~ —e,(e,V)>. For e4 (Va)? << 1 the quantity p» 
may be ignored in comparison with Pt: 

In the case of the Coulomb field V ® Zea™! and 
the above condition reduces to Zee, <1, i.e.) the 
usual condition for applicability of perturbation 
theory. However for macroscopic systems py» 


ELECTRODYNAMICS OF A ZERO MASS SPINOR PART LC Lik 


may exceed p,. In that case the Screening charge 


q2is poa® and this screening will be small only if 
the condition 


qlaV ~ e, (Va)? <1 (25) 


is satisfied. 

The formulas for specific processes may be ob- 
tained from conventional electrodynamics by re- 
placing m by 0 and by an appropriate selection of 
polarization. We remark that the cross sections 
for bremsstrahlung and pair production in the field 
of an atom will now be proportional to the atomic 
cross section a? instead of the usual m~ obtained 
for electrons. The logarithmic angular divergence 
will be, in the absence of other causes, cut off by 
multiple scattering. In the high energy region € 
> ( Zereinaa) (where n is the density) multiple 
scattering becomes the determining factor and the 
conventional formulas for radiation and pair pro- 
duction in a condensed medium hold. ‘®’!" 


7. EXPERIMENTAL ESTIMATE OF e, 


The severest restrictions on the size of e; 
apparently come from macroscopic physics. The 
absence of a mass makes the pair production 
process thresholdless and therefore electromag- 
netic radiation will produce pairs in any external 
field. For small values of e, simple pair produc- 
tion in the Earth magnetic field is likely to be the 
most intense process. If the Larmor radius of the 
resultant particles is less than the radius of the 
Earth, the particles will be trapped by the Earth 
magnetic field. As a result they will accumulate 


up to a density when annihilation becomes probable. 


If there is time for equilibrium to be established 
the particle density in a unit of volume will be of 
the order of photon density. Thus the Earth and 
the adjacent magnetic field region represent a 
plasma of such particles. The presence of this 
plasma should be detectable by various macro- 
scopic effects. 

It is likely that the strongest inequality on e,; 
is obtained from considerations on the propagation 
of long radio waves. In a magnetized plasma elec- 
tromagnetic waves are attenuated. The absence of 
this effect leads to a gross estimate 


€; <10-8e, (26) 


accurate to within one or two orders of magnitude. 


Most likely the estimate (26) means that e, = 0; 
one might, however, ask what would be the conse- 
quences of the existence of a weak charge e for 
the known neutrinos. For the 8 -decay neutrino 
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such a possibility is unlikely. If it is assumed 

that e,; is conserved then it follows from the ex- 
periments on measurements of the charge of the 
neutron and neutral molecules’® that ome ln ek 
Nonconservation of e, on the other hand, although 
it could be the reason for the weakness of the in- 
teraction, just like strangeness nonconservation is 
the reason for the weakness of hyperon decay inter- 
actions, leads to difficulties in connection with 
gauge invariance. 

If, however, the two-neutrino hypothesis” is 
accepted then the introduction of a weak charge e; 
for the muon neutrino is not impossible. Assuming 
that e; is conserved we conclude that the charge of 
the muon differs from that of the electron by the 
amount e;. This also explains the absence of the 
decays e+ Y, » > 8e to any order in the in- 
teraction,”” and lepton conservation in the reac- 
tions 7—~yw, Ky, p > e reduces simply to 
charge conservation. 

The author is deeply grateful to A. I. Larkin for 
help and advice, and to A. B. Migdal, V. M. 
Galitskii, I. Ya. Pomeranchuk and B. M. Ponte- 
corvo for interest in this work and valuable 
remarks. 
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Expressions are obtained for the probabilities of M3 transitions and for second-forbidden 
beta transitions of pure Gamow-Teller type. The specific examination of the M3 transi- 
tions which are known in deformed nuclei indicates that the use of the corrected Nilsson 
representation is not necessary in these cases. A study of low-probability M3 transitions 
and second-forbidden beta transitions shows however that sometimes, when certain definite 
selection rules are satisfied, the use of the corrected Nilsson representation increases the 
transition probability by approximately a factor of two. 


1. INTRODUCTION 


Barter! we have calculated nuclear quadrupole 
moments on the assumption that they are caused 
by the Z protons moving independently in the de- 
formed nuclear field which carries out a slow ro- 
tation which does not affect the individual proton 
motions. Such a model, which is analogous to that 
used by Inglis for calculating moments of inertia, 
gives the following quadrupole moment operator:* 


YL, 
My(E2) =e DY) r,?Vo,m(%.¢p) =V5/16reQu . (1) 
pea 

Using the eigenfunctions of the Nilsson single- 
particle Hamiltonian, we showed that the use of the 
corrected representation, which takes account of 
the interaction of states with different quantum 
numbers N, is necessary for nuclei in the range 
150 < A < 188. Ina succeeding paper? we came to 
the conclusion that it is not necessary to use the 
corrected representation for computing the proba- 
bility of E2 gamma transitions, i.e, for transitions 
which are accompanied by a change in the internal 
structure of the nucleus. The reason for this is 
the different way in which the operators r’*Y, 9 
(o’, gp’) and EAA oy’) (with v #0) trans- 


form when we go over to dimensionless coordinates. 


The presence of a term containing only ps in the 


expression for the operator when v = 0 has the con- 


sequence that in the expression for the nuclear 
quadrupole moment, the correction term (which 
is proportional to a parameter «¢, related to the 
deformation parameter 6) has the same order of 
*We use x”, y”, z’ for the space-fixed coordinate system, 
and x’, y, z’ for the coordinate system fixed on the nucleus. 


magnitude as the main term, and consequently it 
becomes necessary to use the corrected represen- 
tation. 

Let us set Qy = <Qm=y) > and let us denote by 
Qy(e€) and Q,(6) the theoretical values calculated 
for the operator (1) using, respectively, the im- 
proved and the original Nilsson representations, 
and let us denote by Qon(€) and Qopn(d6) the same 
values obtained by using the operator in the hydro- 
dynamic approximation, 


Miu (E2) =e Dire Vo, m (Op Pp) + ze ZeRiaa,m — (2) 
p 


(where Ry is the nuclear radius). In addition, we 
denote by Qon the values calculated using Nilsson’s 
formula:? 


Quy ~tZRie( +te+...), 


which is derived from the Thomas-Fermi model 

on the assumption that <r’?>= 4 R} for all the 
protons. The results obtained by us can then be 
represented by the table below (where the values 
of Q, are given in units of 1074 cm?). The experi- 
mental values of intrinsic quadrupole moments are 
taken from the work of Alder, A. Bohr et al.4 The 
corresponding errors of the measurements vary 
between 10 and 20%. 

We note that the values of Q)(€) are in good 
agreement with the experimental data, except for 
Lu!® and Hf!", for which the discrepancy is some- 
what greater. As expected, in both representations 
the hydrodynamic values are larger than the experi- 
mental values. 

From a comparison of the values of Q)(¢) and 
Q,(6), we see that the use of the corrected repre- 
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sentation is necessary for computing nuclear quad- 
rupole moments using the operator (1) (Qo(€) 

~ 2Q)(6)). In the case where one applies operator 
(2), the difference which appears when one uses the 
two representations is much smaller, because the 
collective term does not change when we go over 
from one representation to the other. 

In the present paper we consider other nuclear 
phenomena in whose mathematical description the 
operator PY is gy’) appears, and where the 
use of the corrected representation may be neces- 
sary. Phenomena of this type are the M3 gamma 
ray transitions and second-forbidden beta transi- 
tions. 


2. M3 TRANSITIONS 


The reduced probability for an M3 transition 
is given by the expression 


B (M3; J; > J,) 


= 2) [4Qp; JpKpM;| Mm (M3) | Qe TeKeMDP. (3) 
M, M; 
In the space-fixed coordinate system x”, y”, z”, 
we write the transition operator in the form 
h 4 a” oH 
Mu (M3) = owe 2) (258 ae + al) [rp°Ys,m (Oz, @:)]. (4) 
p 


In the coordinate system fixed in the nucleus 
(x’, y’, z’), we consider the expression 


1(V r9Y3,) = V 7/5 [Lr? V9— Wy, 


+ + banal —v)(2—v) lL r?Voy44 
(3+) (2+ v)Ur?Vo.4] 


(where 1, =ly + ily) and an analogous expression 
for the operator s (Vr’*Y;,). Transforming to 
the new variables 


E=x’VMoJh, n=y'VMa,/h, 


= 2'V Mo,/h, (5) 


where 
Ox = Wy 


= 0, (8) (1+ 42), ©, = (2) (1 £2) | 
@o (8) = 09 (1 += 8), 


and using the same nuclear wave function as pre- 
viously,/»* we obtain, in place of (3), the formula* 


B (M3; J — J;) 
/ en bie h \2 
= (sfc) (Hore) qe BKK Y*Cia (2), 6) 
k= K}—K;i, Gos (2) = Gg + &Ghus. (7) 


Ghig in Eq. (7) coincides with the term Gyy3(4) 
found by Nilsson® (his formula 36c), with the one 
difference that the quantum numbers N, J and A 
should be replaced by Nt, 7t and At, determined 
in the corrected representation. tT 

We found the following expression for the cor- 
rection term Eats 


Gis = » <Nyly| p? | Nile> >» Ip Apeljs A; 
Fpes Ape Aes Epo By ines 
x {es [<u 2001 10> |/ ag sett (k) Sz;, 5 
x(— 1)*!~u (R) <L2AGR | L; Ap) 


+ B (R) dz, -y,5z 
ACh) Seth = 


js 120 (R) <L2Ack + 1| lpAgy 
w (R) <l:2Azk — 1| 1;A;>) 
+2 (1 4 Le) V5AR(A (b) 2,082), 5, (— 172 
+ B(k) 8n, a8z,, -v.53;, % 


— € (R) 8x, 285, 82, 7) 81, 484;. 4 | 


+ 4 giz, 5; | </200| WO>/ any = [A (&) Ayu (A) 

x (U2Nk | Ay + B (k) (Vj — A) (G FAY FD) 0) 
x CU2Nik+ 1 | UpAg + 1> + p (R) <U:2Aik | L;Ap)) 

—C (k) VG + Ap (ly — Ay FD) @ (2) 

x (UN — 1 | leAy — 1> + 9 (B) KLAR | LAQ>)] 

+ = V5/4x [(1 


+ 7 e)A (h)-2A pba, 0825, 1,54;, 4; 


*The details of the calculation will be published elsewhere.*® 


tFor simplicity, in the following we omit the subscript t in 
writing the quantum numbers. 
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+ B(&) (1+ te)VG—An G te 451) 
X On, 181, 1,54, afta + V3 (2 + 4 2) dy, o01,, 1:5A;, A;) 
— C(k) (1 +42) Vip FA) (G — A; ED) 


x 82,167,,154,, Oe es V3 (2 == = >) Op, 4}, 15a,, A,)| |} ° 
a 
(7a) 
= V9 i Re, 
C (k) = VB +4 (2 +A), 


Here 
re=F ++? 
B (k) = V8 —& 2 —P), 


A (k) 


[ 4 for &=4 ( 4-for f= =f 
: | ior ke St fork 
P( ~| V/s for R=0, a(t) = | Vis for k=0 , 
—Vi/s for k= —1 vue fone —4 
Obfor B= +3 —/, for k= — 3.1 
| SS aight Ie Sasa? . zi 1/, for k= — 2.0 
“=| pore — ei haga 1, for R=—1 ’ 
Ys for k= 0 0 for k= — 2,3 
Ostors——— 2 
a) ee tOree — eo 
ot =| 1/6 for k= 0.2 
Ws for k=1 


3. SECOND-FORBIDDEN BETA TRANSITIONS 


The set of nuclear matrix elements which appear 
in the form factors of second-forbidden B£ spectra 
are written, following Konopinski,® as follows:* 


S.V: (8) Hs. (7), AJ = 2; 
i As 6) ty m({or]), AJ= 2; 
TOV. \ (3) Se, a (a), tee 
T,A: \(B)%s,.m(s), AJ =3, 


where, in the space-fixed coordinate system, 


fa, M(t) = rYo, m (9", 9"), 
s,m (8) = V/5(V 9—M? PY 2, m Sz 
+ 4Y (8—M) 3B—M—1) rYo, ms 
—14V(3 —M 3 +M—1r"Y2, was], 
fe, M(t) = +r" V/3[V4— MPYi, mae 
—VO@FM 2+ M—1)¥i, max, 
Ne yore eM, NY pounced | 
He, a sy = sq OL Hs, o (Tr) 
= oe (jf? — L? — 8) 1V 2, m(8"9")- 


The matrix element containing the operator 
5 yy(o) has a form which is very similar to the 


*lorl =o xt. 
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matrix element Mpy( M3), which corresponds to 
M3 gamma radiation. The B transitions described 
by this matrix element, the so-called ““unique’’ 
transitions, have the remarkable property that 
their spectra are easily determined. The change 
in parity for such a transition is Am = (—1)4d+1, 

The corresponding values of f,T have the fol- 
lowing form (where we use Nilsson’s® notation; 
x is the fraction of pure Gamow-Teller interac- 
tion): 

fet = Bg{xDo.r.(2)]*, By = 2n°hin2/g2mict, (8) 


where the reduced probability of transition is 


Dg. r. (2) = S2(2) >} 


\ os, M(¢) 


= (Q); J; KM; Vlg Vs, (Oo. Dol tiol (ie den 


p 
sas 42> (312 ( mc \2 
oi V Tae ( h IK 


Proceeding in the same way as for M3 transi- 
tions, we get for Dg. 7.(2) the expression 


Do.7. (2) = S* 2) ar (Fare) SKK (2). (9) 


Here y3(¢€) = Gyy3 (€) (Z, = iL. gy = 0), where the 
expression for Gyj3(¢€) is defined by (7). The op- 
erators #2 m(r) and #%, w(@ xr) are proportional 
to the operator M )j(E2) of radiation theory. For 
this reason the square moduli of the matrix ele- 
ments appearing in the expressions for the quantity 
f,7T are very similar to the expression for the re- 
duced transition sche B(E2): 


Y |\ae.a) = 


M, M; . 


Wocly @) 2 <d2Kik | JKj>* 12 (8). (10) 


Yo () — Ga + eGizo. (11) 

In Eq. (11) ct is identical with the term found 
by Nilsson [formula (35c) in reference 3], where, 
however, the quantum numbers have the subscript 
t, and ao has the form 


Ges = Dy <Nyly| 9? | Nils > 


lis Uf Ap Aj, Bi Uz 


x[VOb 41/2 +1) <1: 200| 40> <2Ack | FrAp p(B) 


Qie, ApAt;, A/Oz,, z; 


+ - (1 += e) 8p, 004;, 1,SA;, ca 


where 

1/5 for k=0 

We for k=+4 . 
—1)3 for) Ree 


p(k) = 
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Ye, Ie (71) 375 
ae 
Sn Ip 268 
10, la. (44) 215 
Mego" 12 


£9" 0 


4, SOME SPECIFIC CASES 


One may anticipate that, just as in the calcula- 
tion of quadrupole moments, the use of the cor- 
rected representation will be important in those 
cases where a contribution proportional to 2 ap- 
pears in the expression for the operator in the 
correction term. 

For deformed nuclei, using the data of Mottel- 
son and Nilsson,’ we found three M3 transitions. 
These are shown in Figs. 1 and 2 (where we indi- 
cate for each level, in addition to its energy, the 
values of J, K and the parity). 

In the case of Hf!”? and Ww!" the final state of 
the transition is the same (41 in Nilsson’s nota- 
tion’). In Hf!” the initial level is 71, whereas for 
w!" we have either 71 or 63. In both cases, n = 4,* 
and the corresponding transitions are isomeric: 
the half-life of the initial level corresponding to 
the first transition is 19 sec, while that of the ini- 
tial level for the second transition is 7 min. For 
both transitions, k = 3, and consequently, accord- 
ing to the selection rule on k in Eq. (7a), the con- 
tribution of the term in p? from the expression for 
My(M3) is zero. In the case of Hf!” we found 
Gis (6) = 0.553 x 10 and Ghy,(€) = 0.471 x 107. 
Consequently, as expected, in this case the use of 
the corrected representation does not essentially 
change the expression for the transition probabil- 
ity. The same conclusions apply to W!”, 

For Ta!*! (Fig. 2), although the levels between 
which the M8 transition occurs are different (43 
and 25), nevertheless in this case also k = 3, and 
for 7» =4 we found Gig (0) = 0.174 x 10° and Gis 
(e) = 0.161 «10°, 

The theoretical half-life computed using the 
values Gi3(€) is approximately 10 sec for the 
(‘/, 7) state in HE!”; for the (%, %*) state 


*7 denotes the parameter introduced by Nilsson,* which is 
related to the nuclear deformation 8’. 
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FIG, 2 


in Ta‘®! it is 1.9 x 1074 sec, when we include the 
E2 transition (e a) — (ye TE which we cal- 
culated previously.” For the initial level of the 

M3 transition in W!” we found a value of T of 

the same order as the corresponding quantity for 
the (oe yeas) state of Hf!” i.e., a value which is 
an order of magnitude smaller than the experimen- 
tal result. The M3 transition in Hf!” is strongly 
suppressed; the experimental value of the suppres- 
sion factor is Fexp ~ 1078. The corresponding 
theoretical factor* was Ftp = 2 x 10%. 

In order to‘examine cases where, in the expres- 
sion for Gpy3(€), the selection rules on k allow 
nonzero contributions of the term in p* (i.e., 
cases where k takes on one of the values —1, 0, 
or 1) we have considered transitions having low 
probability, which are as yet not observed, which 
according to the selection rules might be M3, and 
for which k takes on one of the values enumerated. 


*Our factor F is equal to H~’, where H is the factor used 
by Mottelson and Nilsson.’ 
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FIG. 3 


In the case of Ta'*!, a transition of this type is the 
one indicated by the dashed line in Fig. 2. How- 
ever, it turned out in this case that when we sub- 
stituted the values of the coefficients al. A» the 
term of Gis of interest to us (which was differ- 
ent from zero since k= 1) was small compared 
with the others, and the use of the corrected rep- 
resentation gave nothing new. 

Analogous results are obtained in the case of 
second forbidden 6 transitions. In deformed nu- 
clei, not a single case of a second forbidden tran- 
sition has yet been discovered, so we turned to the 
examination of doubtful cases. Among the nuclei with 
A= 161," the transition (%, %*) Tb — (%, %/*) Dy, 
with k=1, might be a unique 8 transition. With 
7 = 6, we found no significant difference between 
y3(6) and vya(e). However, for nuclei with A 
= 165 (cf. Fig. 3) the transition (*%, *4-) Er 
— (11%, ¥,-) Ho should be studied using the cor- 
rected representation, since for 7 = 6 we have 
va(6) = 0.13 x 10? and y3(€) = 0.256 x 10°. The 
result of this is that the difference resulting from 
using the two representations appears even in the 
log f,7 values: 


log fot (e) = 15.8, log f.t (5) = 16,1.. 


Similarly, in the case of nuclei with A = 177, 
for the £7 transition (%, %-) Lu— (%, % ) Hf" 
the absolute squares of some of the matrix ele- 
ments (of type 10) are twice as great for the cor- 
rected as for the original Nilsson representation. 
The reason is that for such a transition k = 0. 


5. CONCLUSION 


Unlike the case of the calculation of the quadru- 
pole moments of nuclei in the region 150 < A < 188, 
where the use of the corrected Nilsson representa- 
tion was always necessary, for M3 gamma transi- 


tions and second forbidden £8 transitions the use 
of the corrected representation is limited to those 
cases where k = K¢—Kj = —1, 0, or 1, and where 
the coefficients aj \, of the wave functions corre- 
sponding to the initial and final states are suffi- 
ciently large. Such cases have not yet been discov- 
ered in deformed nuclei. The reason for the dif- 
ference in the two calculations is the following. 
Because of the normalization condition Zain =i, 
the coefficients of the wave functions do not appear 
in the expression for the main correction term for 
the quadrupole moment; however, in our case the 
normalization condition cannot be used in the main 
correction term, since the coefficients aj,, refer 
to different states. Moreover, in the quadrupole 
moment calculations the condition k = 0 is always 
satisfied, which guarantees the appearance of the 
correction term in which we are interested. 

In conclusion, I express my gratitude to Prof. 
S. Titeica for his interest in the work. 
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A theory is developed for the thermoelectric coefficients in a quantized magnetic field in 
the case of mutual entrainment of phonons and electrons. A set of kinetic equations for the 
phonon distribution functions, and the electron density (nondiagonal) matrix f is obtained 
with the aid of the diagram technique developed in reference 5. It is shown that solution of 
the integral equations for g and the diagonal part of f should precede the expansion in pow- 
ers of (wt)7!<«<1 (w is the Larmor frequency and 7 the electron relaxation time). An 
arbitrary electron and phonon spectrum is assumed. 


Tite important role of the deviation of the phonon 
distribution function from equilibrium in thermo- 
electric phenomena, i.e., the effect of entrainment 
of the electrons by phonons (or vice-versa), was 
reported some time ago.1 The starting point in 
these papers was the ‘Boltzmann transport equa- 
tion for the distribution functions of the phonons 
and electrons, with allowance for deviations of 
both systems from equilibrium. However, in the 
case when the energy is quantized and the distance 
between discrete levels is commensurate with or 
greater than T =~! (T is the temperature in en- 
ergy units), the problem is radically changed. 
Thus, for example, in a magnetic field the elec- 
tron velocity component transverse to the field 
has no diagonal matrix elements, so that to calcu- 
late the corresponding current components it is 
necessary to know the nondiagonal elements of the 
density matrix, and the problem cannot even be 
formulated in terms of the customary classical 
theory. 

The purpose of the present investigation was to 
obtain suitable quantum equations for the entrain- 
ment theory. Although we shall be interested in 
what follows in the thermoelectric tensor, we shall 
determine the Peltier tensor, which is related to 
the former by simple symmetry relations? (the 
Herring [-approach?). In investigations of ther- 
moelectric phenomena we deal with entrainment 
of phonons by electrons acted upon by an electric 
field. In this case the total heat flow consists of 
two parts, the ordinary part produced by the elec- 
trons, and a part due to the entrainment of the 
phonons by the electrons and produced by the 
phonons. 


1. SYSTEM OF KINETIC EQUATIONS FOR THE 
ELECTRONS AND PHONONS IN A QUANTIZ- 
ING MAGNETIC FIELD 


If a crystal with arbitrary electron spectrum 
€ (P) is placed in a magnetic field H = (0, 0, H), 
we can choose the energy operator in the form € hi 
= €(Px, (eH/c)(X)—X), ey where X) = (c/eH) Py. 
The corresponding wave functions are of the form 


ap = (LyL2)—* exp [(ih)* (Pyy + Pz2)] QnP, (x — Xo) (1.1) 


Ly,z are the crystal dimensions in the y, z direc- 
tion. 
The functions @g satisfy the equation 


e (Px, —(eHI/c) x, P2) Qnp, (x) = &n (Pz) Qnp, (X); 


where €n(Pz) are the eigenvalues of the energy €. 

If the electrons do not interact with one another, 
the complete Hamiltonian of the electron-phonon 
system is of the form 


eae Ee #. =a, aba non behig, 
ies q 


V =) 2) DWVea (q) Jaa (q) Ge Ga exp [— igr//h] 


q aa’ j 


aa a > (Cabal axe (q) aie Cada ape (q)} ae Aa! aie Vir = Via 
Here qa is the aggregate of the quantum numbers 
of the electron (nPyPz), Wg is the cyclic fre- 
quency of a phonon with momentum q; Veq(q) is 
the Fourier component of the potential of the inter- 
action between the electrons and the defects; r; is 
the coordinate of the j-th defect (the eventual av- 
eraging is over rj); Jqq’(q) is the matrix ele- 
ment of the operator exp [iq:r/fi]; c, character- 
izes the interaction between the electrons and the 
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phonons, and is proportional to q¥/? for small q; 


Veg and V¢g are the operators of the phonon-phonon 
and phonon-defect interactions. 


In the presence of a constant and homogeneous 
electric field E, the deviation of the density ma- 
trix p; of the system from the equilibrium matrix 


vai dtes* a \ rej (r, t — ihr) E 
0 


—Oo) 


0 6 
=Po | drer\ dhev (« — ind) E, 


—oo 0 


s— +0, 


where Vv and f (r) are the electron-velocity and 
the particle-flux-density operators. 

We introduce, following Konstantinov and Perel’,! 
the single-particle matrices 


0 B 
fore = Sp Pi as ag: = eE Di(v) aa’ \ dtes* (an 


aa’ —oo 0 


x Sp {PoP c {exp [(in)*\V (2) dz] (@3 ay) ip. (Ge Ga’), 


(a 


0 B 
Eda, — Spp1bq by =eE Sine \ dtes* \ dn 
aa’ pe 0: 


i (1.2) 
The integration contour C is shown in Fig. 1 
(from 7 via 7T—ihA to —ihA, again to t—ihA, and 
finally to t-—ihf). The symbol Tc denotes the or- 
dering of the Heisenberg operators along the con- 
tour C. 


T-inkr 


T-1AB 


FIG. 1. The contour of integration C. 


Konstantinov and Perel’ have obtained an equa- 
tion which the matrix f satisfies when the phonons 
are not entrained by electrons (g = 0). Using their 
method, we readily obtain a system of transport 
equations for the matrices f and g. The general 
form of this system is most conveniently formu- 
lated by using the diagram technique which they 
introduced, and which we must generalize some- 
what because the eigenfunctions of the operator 
S» are not plane waves. 

We shall represent the vertex corresponding 
to the electron-phonon interaction and containing 
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Aay'bg (or af ay/bg) by means of a point, on 
the contour C, at which three lines meet: the in- 
coming (a’) and the outgoing (a) electron lines 
(solid) and one incoming (bg ) or outgoing (bg) 
phonon line (dotted). The eee for calculating 
the diagrams are as follows: 

1) To each ‘‘regular’’ electron line (i.e., mov- 
ing from the earlier to the later point along the 
contour) there corresponds a factor (1—ng), 
while to each ‘‘irregular’’ line (moving in the op- 
posite direction) corresponds a factor ng. To 
each ‘‘regular’’ phonon line corresponds a factor 
1+Ng, and to each ‘‘irregular’’ one —a factor Nq 
(Ng and Ng are the Fermi and Planck functions, 
respectively ). 

2) To each vertex corresponds a factor 
CqJaq’(q), if the incoming lines are a’ and q 
and the outgoing line is a, and a factor egd AED 
if the outgoing line is q. In interactions with de- 
fects, incoming ‘‘defect’’ lines with no directions 
appear at the points. The corresponding factor is 


Vea (q) Jax’(q) exp [ — igqr,/h]. 


3) To each point corresponds a factor (ii)~! 
on the upper horizontal part of the contour C, a 
factor (—ih)~! on the lower part, and a factor —1 
on the vertical part. 

4) Each diagram is multiplied by (-1 yM, where 
M is the number of intersections of the electron 
lines with each other. The electron lines approach 
the points only in a manner such that their direc- 
tion coincides with the direction of motion along 
the contour near this point (see, for example, Figs. 
8b, e, h, below). 

5) To each interval between the points nearest 
in time on a horizontal part (upper or lower) cor- 
responds a factor obtained in the following manner. 
The interval is cut by a vertical line and the factor 
(s+ iwyn)7! is set up, where wyyn = h (Ey — En), 
and Ey (or Ey) is the sum of the energies of the 
lines that cross the cutting line from left to right 
(or from right to left). If some cutting line crosses 
only two electron (or two phonon) lines, then the 
corresponding factor has a value s-! when a =a’ 
(or q=q’) and diverges as s—0. This is the 
basis of the separation of the irreducible parts of 
the diagrams (see below). 

6) A Laplace transform is taken in the variable 
p= T-! (T is the temperature in energy units): 


faa’ (0) = \ dBe-**faa’ (8) 
0 
and analogously for gqq’- The quantity 8, which 
enters in fp, is not regarded as an integration 


variable. Then to each interval between two near- 
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est points on the vertical part corresponds a factor 
(o + hwyn) where Ey (or En) is the energy 
of the lines that cross the horizontal cutting line 
from top to bottom (or from bottom to top). 

In setting up all the possible sections, account 
is taken also of intervals whose boundary points 
are T, T—ihA, —ihA, and r—ihf. 

The system of transport equations for f and g 
can be presented graphically by means of this tech- 
nique as follows: 


fp =a 

q' q y' q’ r' q 
ie “ay + oe ee | SE 
q q Yq Xi r we ard 
Ia bqq 


FIG. 2 


The unshaded figures with two solid (or dotted) 
lines BB’ (or q’q) on the right represent the mat- 
rices £38 (or Sq’ ), which are equal to the sum 
of all the diagrams with all possible numbers and 
placements of the points on the horizontal and ver- 
tical sections, and with two ‘‘free’’ electron (f’8) 
(or phonon, q’q) lines on the right. The shaded 
figures Fg (or G tq) on the right represent 
the sum of all the diagrams terminated by two 
electron lines Bf’ (or phonon lines q’q) and are 
irreducible in the sense that any vertical cut on 
the horizontal part of the contour crosses more 
than two lines. The shaded figures W represent 
the sum of the diagrams which are irreducible in 
this sense and which have points only on the hori- 
zontal part of the contour. The quantities Fg" 
and Gq’q do not include the factors (s + iwerg)* 
and (s + iwq’q)', corresponding to the cutting of 
two right lines. The W’s do not include the fac- 
tors corresponding to the cutting of two pairs of 
lines joined to W from the left and from the right 
(pair 5), nor the factors corresponding to the pair 
on the left (pair 1). 

The system shown graphically in Fig. 2 has the 
form 


fers = Fora (S + ips)? + >) Wierayanf yy (8 + iwpra)- 
aan’ 
f ee 
+ > Wébe qaSara (8 + ives), 
q’4 
Ba'a = Garg (S + itdga) + >) Wier wonfore (8 + i@gra)* 
q’4 q’q aq (q’a) (6’8) fa’ (S + iWq’q) 
BB 


ia > Wlaray (ener (S + i@q’q)™** (1.3) 
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The W’s represent the kernels of the ‘‘collision 
integrals’’ and have the meaning of transition prob- 
abilities. Our problem reduces thus to the calcula- 
tion of F, G, and W. We require an accuracy to 
v2, so that the corresponding diagrams will have 
two vertices. 

Figures 3 —6 show typical diagrams for W. The 
diagrams wie are constructed similar to wel, and 
therefore only one is shown. In the diagonal compo- 
nents of W (Wegay yy)? WPasyad) etc.) the princi- 
pal values of the integrals involved cancel out and 
only the delta functions remain. As regards the 
nondiagonal elements of W, we shall see later on 
that in the approximation of interest to us (the low- 
est approximation that does not vanish in V) we 
can neglect the principal values in these elements. 

The diagrams contained in F and G, which 
have vertices only on the vertical parts of the con- 
tour, do not contain irreversibilities (the param- 
eter s) and correspond to renormalization of the 
spectrum of the system as a result of the interac- 
tion V. Further, in analogy with the statements 
made concerning W, we shall discard in F and G 
the principal values of the integrals and retain 
only the delta functions, since F and G represent 
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FIG. 3. Diagrams for W®. 
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FIG. 4. Diagrams for wi, 


FIG. 6. Diagram for we, 
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an inhomogeneity in the system of transport equa- 
tions, and the discarded terms would yield only 
small additive corrections which are of no inter- 
est tous. Since diagrams in F and G with both 
vertices on the horizontal part of the contour are 
reducible, the only remaining diagrams are those 
indicated in Figs. 7 —9, in which one point is on 
the vertical and one on the horizontal part of the 
contour. Figure 7 shows the free term F in the 
absence of interaction. The sum of the diagrams 
for F and G must be multiplied by e (E°V) wo! 
and summed over all q@ and a’. 

We have included in the figures only the dia- 
grams necessary to understand the method. To 
all the diagrams indicated for W, F, and G we 
must add those obtained by transferring the points 
from the upper horizontal section to the lower one 
(or vice versa). With this, it is necessary to take 
into account, in accordance with the rules indicated 
above, the change in the sign, the change in the 
number of intersections, and the change in the 
‘‘regularity’’ of the incoming (or outgoing) lines 
to the right of the point. The ‘‘regularity’’ of the 
lines to the left does not change in such a transfer. 
As a result, the diagrams in which all the lines 
arrive at a point on the horizontal part from the 


FIG, 7. Diagram for F 
without interaction. 


FIG. 8. Diagrams for F in the V’? approximation. 
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FIG. 9. Diagrams for G in the V? approximation. 


left can be disregarded. Further, it is necessary 
to sum over the two possible directions of the 
phonon lines with dummy indices. It goes without 
saying that it is necessary to sum over the dummy 
indices in all diagrams. 

Using the general form of the wave functions 
(1.1), and also the fact that Voq’ is diagonal over 
P [P= (Py, P,)], it is easy to conclude that F 
is diagonal over P and is independent of Py while 
G is diagonal over q. Further, it is easy to show 
that 


ef 
Wiepyprpr) ~ Oper, — Wi prpyiqq) ~ Ope, 


fe f 
SdP,Wiaqyppy ~ Sq’q,  Wiggyte'r) ~ Sr't- 


In addition, all the W are independent of Py. 

It follows from the properties of W that the 
matrix elements f, diagonal over P, and the di- 
agonal matrix elements g, are not ‘‘coupled’’ in 
the equations with matrix elements f and g which 
are not diagonal over P (or q). But then it fol- 
lows from the aforementioned properties of F and 
G that f(nPyn’P’) ~ OPP’ and gq’q ~ 5q’q- Since 
neither F nor W depend on Py, f is also inde- 
pendent of P,, and we can introduce fiypyn’P’) 
=fpn’ (Pz). The foregoing properties are obvi- 
ously the consequence of the spatial homogeneity 
of the problem, and take place only in the absence 
of spatial dispersion. 

Calculating W with allowance for the approxi- 
mations listed above, we obtain 
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= + 
Worpya'ay = Wh >| cq)? Jaro ap {8 (Wpra +04) 
q 


x [1 — np) (Nq £1) + 6g] + 8p —O9) (Ir) Ng 


+ ng: (Nq+ 1)] +8 (@ga + @q) ((1—np) (Nq+ 1) +npNq) 
+ 6 (@ga’ — sq) [(1 — ng) Nq +78 (Ng + 1)}} 


Sha, > ica Pla et 40 (@ar = Oa) 
q ay 


x {a = ny) (Nq se 1) + nNql 
+ 6 (pg, + @q) [(1 — ny) Nq + My (Nq + 1))} 
— nh Sera’ Dy > | Cq IF Feed ax {6 (Wpry poe Wg) 

q ¥ 


x {1 — ny) (Nq + 1) + 2,Nq) 


SG (Oren eeeri NG ce ny (Naat ya (14a) 


Wib-ayiqqy = h-? | cq 2 Dy (ny — np) [5 (@yp +g) Jer br 
7 ¢ 


+ 6 (Oyp — @q) JJ %'] + (ny — ne) [6 (@ye + Wq) Jord pe 


+8 (@y" — @q) JvpJ vel}, (1.4b) 


Wea ora) = mh-* | cq |? Dy avery (1 + Ng) (1 — ny) 


¥ 


+ Ngqt] 6 (@a~ — @q) 


SURES ie == ny) Ng + ny (Ng ++ 1)] 6 (Op'y dL q) 
+I pdgry [1 +N) (1 = ny) + Netty] 8 (py — 04) 


— FypJ yp [1 — ny) Nq +My (Nq + 1)1 8 (py + 04)}. 
(1.4c) 


We do not write out wi, since this operator is ob- 
tained by linearizing the usual integrals for colli- 
sions between phonons and equilibrium electrons, 
for collisions between phonons, or collisions with 
defects. As regards the operator of collisions be- 
tween the electrons and the defects, this operator 
is obtained in the Born approximation from the 
one written out above by discarding the factors 

Ng or Nq+t1 and the addend wg from the argu- 
ments of the delta function, and replacing | cg |? 
by | Veq(a)|2Nq (Nq is the number of defects ). 

In the longitudinal case, when E = Ez and 
(E*v)aa’ ~ Saq’ so that Fg’g which is diagonal 
in the zeroth approximation (sufficient for this 
case) of the interaction, we obtain, after taking 
the inverse Laplace transform in the variable o, 
a system of transport equations of the ordinary 
form for diagonal matrices (occupation numbers ) 
f and g.* 

In the transverse case (for example E = Ex), 
if the motion of the electron along the x axis is 
finite (i.e., we do not consider open trajectories® )e 
then (E-v) qo = 0. 


*Subject to the condition wt > 1 (in the notation of Sec. D)s 
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It is convenient to present F in the form 


Fare a For = > Wreeray nF x’ (i@.)7* ae AF arp; (1.5) 
yey; 


Fog = eEvp'h (Reprp)"* (np — no’) (1.6a) 
AF pe = — meE (iR?T)* D} | cq? Na (oY Ys 
on 

Ly pd (Wye +g) tty (1 — ne) 

+I ypF v5 (Og — Og) Ng (1 — 1y)] 

+ upy06%y [I py x5 (yp + Oq)nv (1 — ne’) 

+ IJ 708 (@x'g" — Og) ner (1 — ny] 

— oor (Tew oy (O16 +4) ny(1—ne) 

+ F¢J 19 (ove — 4) Mg (1 — ny) 

+ FereTgryd (yer + ©) ny (1 — ng’) 

AL Trig eS (yar = Oy) ig (Lia wh) (1.6b) 


Noting that 
(ioyp)* ve = xye (1 +B)» 
> Xp) (qe » Xy'pJ yy" (— q) 
y'+8 


vy’ +B 
= das Go q) Xy'p — XepJ yp(— q) 
me 
=> (e*4/Ax) 1g ae XpeJ py (q), 


and carrying out analogous transformations in the 
remaining terms of (1.6), we obtain, recognizing 
that the operators exp(iq-r) and x commute, and 
also that Jyy/(—q) = Jy (A) and w(q) =w(-q), 


AF gre = meE (RT) D)\ cq |? Nal ard rx 
Yq 


x {Xpy [6 (@yp + @q) ny (1 — ng) 
+ 6 (yg — @q) ng (1 — ny)] 

+ Xpry [6 (yer + @q) ny (1 — ng’) 
+ 8 (@ye* — @q) ng (1 — ny)]}. (1.7) 


Here Xqg = Xaq — XBB- 
Analogously we obtain 


Gq =— p2 W(aane'e)F ere (i@grp)~? 
+ | cq |? 2neE (f2T)-2 >) None (1 — np) 
ap 


x 8 (Wp — aq) | Jara? Xp. (1.8) 


We note that the matrices f and g are Hermi- 
tian, because 


Co eee ee TUES ef ke 
ne arn = Woes, Wibayeqy = Weber aq, 
(2 : on fe* f * 
Wiaane'a) = Wiqayony,  — Wiagyerry = Wager): 
Fog = Fog, Gq = Gq. 
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2. CASE OF STRONG (wrt > 1) TRANSVERSE 
MAGNETIC FIELD. DERIVATION OF A SYS- 
TEM OF EQUATIONS FOR THE DIAGONAL 
PARTS OF THE MATRICES f AND g 


In the case of a strong magnetic field transverse 
to the electric field, we can expand the non-diagonal 


part of the matrix f in powers of (wrt)7! «1, 
where w is the Larmor frequency of the electrons 
and 7 is their relaxation time. This corresponds 
to assuming W and AF in (1.5) to be small. In 
this case it is sufficient to calculate the values of 
W ~ 77! in the lower approximation in V (in the 
case of scattering by impurities — in the lower ap- 
proximation in the concentration). 

Diagrams of higher order contain parameters 
of the type H(TT)7! or fi(tc¢)7! (¢ is the chem- 
ical potential of the electrons), which are small 
in most cases, and can be disregarded here. As 
regards F (or G), the addition of points on the 
horizontal parts of the corresponding diagrams 
obviously yields corrections of the same type as 
due to the addition of points in the diagrams of W. 
The addition of points on the vertical parts corre- 
sponds, on the other hand, to thermodynamic per- 
turbation theory (i.e., to the expansion of the op- 
erator fy = 7,1 exp [-—8 (Ky aye cN)] in powers 
of WV), and therefore cannot lead to either appear- 
ance or disappearance of currents, but can only 
give rise to corrections to these quantities, which 
are of no interest to us. Therefore, at least for 
the calculation of F (or G), it is sufficient to 
consider only diagrams with a single point on the 
vertical part, and in our case also with a single 
point on the horizontal portion, as we have done 
ihn (Sere, JL 

We shall now show that before we expand in 
powers of W and AF [i.e., in (wr)7!], we must 
solve the system of integral equations for the ma- 
trix g and the diagonal part of the matrix f. We 
introduce the symbol f@ and f" for the diagonal 
and non-diagonal parts of f, and analogously for 
other matrices. Then the system (1.3) can be 
represented in the form 


0 (n)/- -1\ (n) 
1g, fee = Fe 5 —(> Wier) (v7) Eeay (i@") 4) + AFpe 
Me, 
(n) e d \(n) 
+(% Wise) a (X Wie cen Fy) 
ON x 
f ef (n) 
ar (2) Wie) a ga) ’ 
q 


— >} Weep) ory FAAP (iy)? + AF op + x Wee cee fer 


ey. 


rd ef as 
+ >} Weep) een Be + 2s Webs cgay Ba=9: 
¥ q 


(2eallai) 


(2.1b) 


aM fe O(n) 7+ 2%: aI 
— >) Weeay cx) FP (t@yry)7? + AGg + >) Whew corey for 
YEN; 'p’B 


7 We (BB) fos Sr >) Whaay (rr) 2r = 0. (2.1¢) 


In the zeroth eh en thie = FRB (iwp’p)-! 


and fod, and g? remain indeterminate. To eter. 
mine these we must substitute in (2.1b) and (2.1c) 
the values of £%™._ We then obtain a system of in- 
tegral equations for f°d and g°, which is more 
convenient to write down by introducing the quan- 
tities Yq and yg, related to fd and g by the 
equations 


fae = — (Ona/O&2) Pa, Sq =— [ON ,/0 (ho,) | Ya: 


oy and Vy satisfy the system of equations 


(2.2) 


nt (RT) Y} | cq |? | Soa |? 18 (apt 4) Ma (1 — np) 


aq 
+6 (Wag — @q) Ng (1 —na)] 
x [eEXpa— (3 — 9) 4 19] Nq+2n (27) 


x D}|Vea (4)? zal? § (Waa) ne (1—ng) 
aq 
=) Ni 0: 


* Dilea|* ne (1 —1np) Nqd (2 — 


x [eEXpa — (Pf 


Qn.(h7T)- ®q) | J ga |? 
x [eEX aa — (9, — 93) — 12)-+ Wit (Yq) + Wea (Yq) = 9. 
(223) 
Here Wr¢ and Weg are the operators of the phonon- 
phonon and phonon-defect collisions, respectively. 
Substituting the solution of these equations into 


(2.1a) in the first approximation, we obtain for 
fi(n) 


fis? =m (i@grp BT) Dy TpaT era {| Cq| *Nq {16 (ap + @g)ia 
aq 
(1 — ng) +46 (@ag — @q) rig (1 — na)] [leEX pa — (pg — 99) 
+781 16 (@ag-+@q) Ma (1 — ng) 
+. 8 (ag — @q) ner (1 — a) ] le Xora — (8 — 92) 


+ ql} + | Vea (q) |? Na {5 (Wag) rp (1 — ne) 
x leE X pa — 
x [eE Xe — 


(98 —@a)) +8 (@age) ne (1 — ne") 


(pp, — 8) ]}}. (2.4) 


The resultant values f!(™) are again inserted in 
(2.1b) and (2.1c), after which we obtain f4 and g 
in the next approximation. This process of suc- 
cessive approximation corresponds to expansion 
in powers of the parameter (Cr 

It is easy to see that the equations for fd and 
g in the different approximations differ only in the 
form of the inhomogeneity. We note that the non- 
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diagonal elements of W (i.e., WeB’Byy"y)» in 
which the equations B’ = 8 and y’ =y are not sat- 
isfied simultaneously, and analogously for wet 
and wie ) enter into the integral equations only 
as inhomogeneities, and we can therefore discard 
in these quantities the principal values of the in- 
tegrals, as in the case of F (or G). The same 
pertains also to the terms with W in (2.4). 

The integral equations (2.3) have the form of 
ordinary transport equations, and the singularities 
of the problem are due only to the inhomogeneity. 
Since the wave functions (1.1) depend on the argu- 
ment (c/eH) py, where py = Py- (eH/c) x, the 
matrix elements are Xqq = (¢/eH)[(Py)aa 
—(py)aq]. The quantity (py)aq obviously has 
the meaning of the average value of the momentum 
Py on the quasi-classical orbit €(p) = const, pz 
= const. 

If the crystal has mirror symmetry with re- 
spect to the xz plane, then the first equation in 
(2.3) is satisfied by gq =Ue(Py)qq, Where Ue 
= —cE/H is the electron drift (Hall) velocity, 
for in this case (Py)ge—(Py)aa=4y, vy (dy) 
=-y( — dy). Then in the second equation in (2.3) 
the term corresponding to the phonon-electron in- 
teraction has the form [Uedy —y(q)] Tes corre- 
sponding precisely to the phenomenological theory 
if y(q) = ugqy, where uf has the meaning of the 
phonon drift velocity. (Here Trg is the ordinary 
relaxation time of phonons on equilibrium elec- 
trons ). 

In the case of an isotropic spectrum (Py aw 
= 0 and therefore y, = 0. In the particular case 
of an isotropic quadratic spectrum, neglecting the 
entrainment of electrons by the phonons, we ob- 
tain the results of Adams and Holstein’ for f12,,, 
and our matrix. ngdqq’ + adie is identical with 
the matrix p(0) of this paper, written in the Hp 
representation. 

In the absence of defects (and also in the ab- 
sence of Umklapp processes) the system (2.3) is 
satisfied by the values gq = Ue(Py)qq and y(q) 
= Uedys corresponding to an over-all drift of the 
electron-phonon system with a velocity ue [the 
term wit (vq) also vanishes in this case]. We 
now get in (2.4) f'(") = 0, which is understandable, 
for in the absence of scattering by the defects the 
total momentum of the system is conserved, cor- 
responding formally to T=, 

We also note the following. Let the phonons be 
in equilibrium. Then the equation for yy has the 
form Lx = 0, where xg = €EXgq—@q- Obviously 
the solution xg = 0 (from which follows fi(n) — 0) 
corresponds merely to a Boltzmann charge istri- 
bution in a potential electric field, not accompanied 


and GiiMy NieDLIN 


by an irreversible current. The nontrivial solution 
for x is determined, in view of the homogeneity of 
the equation, accurate to a constant factor, which 
can be defined in such a manner as to make Yq 

= eEXqgq@—Xq independent of Py (which is possi- 
ple, as was already noted in Sec. 1 ). With this, 
since fyq’ is diagonal over Pz and is independent 
of Py, and the wave functions have the form (1.1), 
the charge density 


e oa faaPa’ (X) Pa (x) 


aa 


= y Inn'(Pz) >» Vip, (% — Xo) Uap, (4 — Xo) 

nn’P, Py 
is independent of x. 

Knowing the functions g and y in the zeroth 
approximation, we can determine f() and conse- 
quently, the component of the current density along 
the electric field 


: 2e 5 

(26) eee ree (x) F1 (7) 

P= Di ela 
8 


(V is the volume of the sample and the factor 2 
corresponds to the two spin orientations). After 
transformations analogous to those used to trans- 
form (1.6) into (1.7), we obtain 

1 Ane 


i = app D) eal? {1g ]? Nagra (1 — ng) 6 (@ag + @q) 
aq 


X Xpa [CE Xpa— (98 — Pa) + 7° (Q)] 
+ | Vea (q) | * Narip (1 — ng) 5 (@ag) 


x X pa lCEXpa — ($8 — Fa)]}- (2.5) 


The formula obtained by Adams and Holstein’ is 
a particular case of this formula. 
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The emission of low energy y quanta in ep scattering is considered. It is shown that the 
first terms of the expansion of the amplitude in powers of the photon energy can be expressed 
through the electromagnetic form factors of the proton. The differential cross section for the 


process is derived in this approximation. 


1. INTRODUCTION 


lis study of elastic scattering of high-energy 
electrons by protons and nuclei is, at present, a 
basic source of information on the electromag- 
netic structure of nucleons. The experiments 
performed have made it possible to draw impor- 
tant conclusions on the behavior of the electro- 
magnetic form factors of nucleons FP" and FP? 
as functions of the square of the four-momentum 
transfer. Great interest attaches also to other 
processes, the study of which will make it pos- 
sible to obtain additional information on the form 
factors F, and F,.'*? In the present article, we 
consider the emission of low energy bremsstrahl- 
ung in ep scattering. It will be shown that the 
first two terms of the expansion of the differential 
cross section for this process in powers of the 
photon energy are expressed through the electro- 
magnetic form factors of the proton and their 
derivatives with respect to the momentum transfer. 

To obtain the amplitude of the process, we em- 
ploy the general method of considering the radia- 
tion of low-energy y quanta suggested by Low.°**4 
Following this method, we first consider that part 
of the amplitude of the process which has a pole 
at k= 0 (k is the photon momentum ). It is then 
shown that the product of the exact renormalized 
vertex operator corresponding to the radiation of 
a real y quantum and the exact renormalized 
propagation function of the nucleon is expressed, 
according to Ward’s identity, to an accuracy of 
terms of the order 1/k and constants, through 
the charge, mass, and anomalous magnetic mo- 
ment of a physical nucleon. On the basis of gauge 
invariance, we then find the part of the amplitude 
not containing the pole. In the concluding part of 
the article, we derive an expression for the dif- 
ferential cross section of the process. 


2. AMPLITUDE OF THE PROCESS 


The process of the radiation of y quanta in the 
scattering of electrons by protons in the lowest- 
order approximation in e, but with allowance for 
strong interactions of the nucleon, is described by 
the diagrams of Figs. 1 and 2. In the figures, q 
and q’ denote the electron 4-momenta before and 
after the collision; p and p’ denote the proton 
momenta, and k is the y-quantum momentum. It 
is obvious that the nucleon vertex part of Figs. la 
and 1b is determined by the form factors describ- 
ing the elastic scattering of electrons by protons 
with a corresponding momentum transfer. 


Fig. 1 Fig. 2 


We write the S matrix in the form 
S(p', 7’ Rs P,Q = — (20) 4i (M2m?/2RopoPo404o) Ev 
x (Ti + Ty) 6(p' +4’ +k—p—4), (1) 


where M and m are the masses of the proton and 
electron, €, is the polarization vector of the pho- 
ton, Po = — ips, do = —iqy, etc, and Tl and TH 
represent the respective contributions of the dia- 
grams of Figs. la, b and 2. 

For ily we have 


I Pe , ‘ 4 i 
Ty =u (q ) Eioraeneaess leYy 


fiery iery|u(q) 0(p') ie FFs ((p' — p)?) t» 


4 
VAG see) ata 


— + ppM™F 3 ((p'—p)’) Sve (p’—P)e] v (p) (p’—p)?. (2) 
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Here pp, Fy, and F, are the anomalous moment 
(in nuclear magnetons) and the electromagnetic 
form factors of the proton; Op = (1/21) (YpYp 
—YpYu). The spinors u and v are normalized 
by the conditions uu=1, vv=1. 

We shall now consider diagrams of the type in 
Fig. 2. We separate these diagrams into two 
classes A and B.® Inclass A we include all dia- 
grams in which the vertex with the emission of a 
real quantum is connected with the remaining part 
of the diagram by a nucleon line. In class B we 
include all other diagrams. We write sire in the 
following way: 


—u(q') iey,u(@ (TR +THl(@—@?. (3) 


To and i describe the contribution of diagrams 
of classes A and B. For a we have the follow- 
ing expression: 


Il 
Ly = 


TA, = 0(p')Liely (p's p’ +8) S(p' +B) el, (p' LR, p) 


+ ieD,(p', p—k)s(p—k)iel. (op —k, p)lv(p). (4) 


Here S and I are the exact renormalized propa- 
gation function and electromagnetic vertex oper- 
ator of the proton. 

We are interested in the radiation of low-energy 
y quanta. We therefore expand the operators oc- 
curring in (4) in powers of k and limit ourselves 
to the first two terms of the expansion. We con- 
sider first S(p-k)Ty(p —k, p)v(p). The general 
expression for the propagation function can be writ- 
ten in the form 


S() = litG(®) + MF (2). 


The values of the functions G(t?) and F(t?) 
and their derivatives F’(t?) and G’(t?) at t? = —M? 
are, as is known,” related in the following way: 


(5) 


je Se PEON (Poe G) =I. (6) 


Expanding S(p-—k) ina series in powers of k, 
using (6), and retaining the first two terms of the 
expansion, we obtain 


S(p — k) = — (2pkF)~ {(— typ + M) F 
| iykF —2pk (— iypG’ + MF’) 
+ 2pkM?F(— itp + M) [2G'/M? 
Pr G (FPL G/F ly: (7) 


The operator [,,(t’, t) has the transformation 
properties of a 4-vector and, under charge conju- 
gation, transforms like a current vector: 


rs (8) 


We thus obtain the expansion of I, in a series 
in powers of k:*»° 


GA (Cea) C Seale 
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ry, (p a k, p) a 1s (p, p) 


— kdl yp (p, P)/OPe + PRM~*Gy (p?)OveP2 
Ais = M-1G_ (p") Op eRe Gs (p”) M~*o neha PePy 


Bis = 4 (p”) Mey rpsprkoYsYs- (9) 


The first two terms of this expansion are expressed 
through the functions F and G and their deriva- 
tives by means of Ward’s identity: 


Ty (p, p) = — t0S“*(p)/dp,. (10) 


The terms in (9) containing G,; and G3 do not 
make any contribution to S(p-k)Ty(p-k, p)v(p) 
in the required order, since (—iyp + M) OypPpv (p) 
= (0. Using also the relation 


(— iyp + M) &urosprkp{s1sv (p) 

ak 
and discarding, by the Lorentz condition, terms 
proportional to k,,, we obtain, to an accuracy of 


terms of the order 1/k and constants, the follow- 
ing expression: 


S(p—k)T, (p —&, p) v (p) 
= — (2pk)""|— 2ip,p+ (— iyo + M) Spoke 
X (P= DaGp= 1G )/2005- a(¢k) yop) 


(11) 


typ + M) (— M) opekev (p) 


(12) 


If we consider the scattering of a proton by an 
external constant magnetic field, then it can be 
shown, by means of (9), that the quantity F-1 
+ Go — G4, is equal to the anomalous magnetic mo- 
ment of the proton Up. It is obvious that expres- 
sion (12) can also be written in the following form: 


S(p —k) ie’, (p —R, p)v(p) 


1 


HOO FM a 


(ier, + Bp a Suche) v (p). 
Hence S(p—k) ieI',(p-—k, p)v(p) is expressed 
through the charge, magnetic moment, and mass 

of a physical proton if we consider only terms of 
the order 1/k and constants. 

We note that the exact expression (13) obtained 
by us is of the same form as the corresponding ex- 
pression obtained in the lowest-order approxima- 
tion of perturbation theory for a point proton with 
a Pauli anomalous magnetic moment. Similarly, 
it can be shown that, in the approximation we are 
considering, 


u(p’) iel', (p’, p’ + k) S(p’ +8) 


1 


TD ie oe 
= 900) (ete + Uo ain ecko) oo ae 


For what follows, it will be convenient to intro- 
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duce the invariants 
M, =—(p 


M3 = —(p' +k)? = M? —2p R. 


k)? = M? + 2Qpk, 
(15) 


With an accuracy to terms of the order 1/k and 
constants, we have the relations 


(8 (Pimak) M)/ 2pk 

= (— iy (p —k) + Mi) /2pk — 1/2mM, 
(= ty (p =) = M) / 2p’k 

= (yp ok) -- M,)/20'k -- 1/2. (16) 
Noting that 

k) [— ty (p — R) 
+ M,| = iM,[— iy (p —k) + My], 


y (p 


[— ty (p’ +k) + Mel y (p’ +8) 
= iM, I— ty (p’ +k) + Mal, (17) 
we obtain the following expression for libre 


4 f 


A oF, / . 0 , . i 
Ti. = 0 (p')[ tel (0, p= B) eae (tet + FG tocnebe) 


4 ba / 
em ie (p' +k, p)] o(p) 


' pty RG 
= (ie fe oy bpFupke) WethtM 


+ 0 (p’) (lie, (p’ ,.p — R) 
— iely(p’, p —f)l ier, /2M} 2 (p) 
+ ofp’) ((iey,/ 2M) L[iel’y (p’ + k, p) 


— ieD(p’ +k, p))}0 (p), (18) 


where 


ry (t", t) Se OAK + 05, (t" ae lo + COve (4 t)e. (19) 


This operator is obtained from the general expres- 
sion for the vertex part T(t’, t) by putting iv—-t? 
in place of the operator yt on the right and iy —-t’? 
in place of the operator yt’ on the left. In formula 
(19), the quantities a, b, and c are functions of 
—t?, —t’*, and (t’—t)*, where a and b do not 
change when t is replaced by t’, while c changes 
sign. We note that, for t? = t’? = —M®’, the func- 
tions a and b are equal to F,[(t’—t)*] and 

— (Hp /2M) F2[(t’ —t)*], and the function ¢ van- 
ishes. 

We now consider the contribution to the ampli- 
tude from diagrams of class B. The contribution 
of TB of these diagrams, as k — 0, tends toa 
constant, while the limit does not depend on the way 
in which k tends to zero.*® The last two terms in 
(18) also have this property. We denote the sum 
of these terms and TH, by Myj); by Mj) we 
understand the sum of the first two terms: 
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MY) = 0 (p’) [ier (es) 
1 : , He \ 
Xam pM (etn +39 Menke 
ark ie 
aI (ict se HpSyeke) 
ih » 0 / 1 
X pope lls (p + R, p)|0(p). (20) 
Owing to guage invariance, 
Paige Tn; (21) 


It is readily seen from formula (2) that Sly = (0) 
Hence it follows from (20) and (21) that 


kM = — k.MS) == ev (p’) liel® (p’, p —k) 
— iel)(p’+k, p)) v (p). 


By the law of conservation of energy-momentum 
(p’ -p +k=q-q’), the operators im occurring 
in (20) and (22) can be written in the form 

(K= g—q") 

Py(p', p—k) =a(M2, M? +2pk, #2) y, 


(22) 


+6(M?, M? + 2pk, 
+ ¢(M*, M? + 2pk, x7) 0vp(p’+ p — Rp, 
et (ME pei yy, 

+ 6 (M? — 2p’k, M?, x”) o,,%, 

+ ¢ (M? — 2p’k, -M*, %) Oy, (p’ 4+- p + R)p. 


U7) OvyeXe 


(23) 


The absence of a pole in M‘?) as k — 0 allows 
one to use (22) for a single-valued determination 
of Mj} accurate to constant terms. Indeed, ex- 
panding My in a series of k and retaining the 
first term of the expansion, we obtain 


MS 2 eo(p ied S (p92 p ky Oke 

+ iedTy (p+ k, p)/Ok,)|,_,0 (p)- (24) 
Retaining the corresponding terms in the expansion 
of My in k, we find, by means of relation (23) that 
in the sum My + My the derivatives with respect 


to the masses drop out, and we finally obtain the 
following expression for ne 


Ty) = — x? u (q’) ieyyu (4) v (p’) |[ieFs (x) y, 
ie ‘ 1 f , = 
a satel (x?) Tree | ea tea (ieyp oi Lp uske) 


: ie 4 
+ (dete +3999 %veko) Hip HEM 


x ieF 08) ty — sypltotneteFs 02) |} 0 (p). (25) 


In obtaining this formula, we used the above- 
mentioned properties of the functions a, b, and 
c. Hence the amplitude for the process of radiation 
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of low energy y quanta in ep scattering is entirely 
expressed through the electromagnetic form factors 
of the proton with an accuracy of terms of the order 
1/k and constants. We note that formula (25) agrees 
with the expression obtained by the dispersion 
method in the one-nucleon approximation.® 


CONCLUSION 


In conclusion, we derive an expression for the 
differential cross section for the emission of low 
energy bremsstrahlung by means of the amplitude 
we have found [formulas (1), (2), and (25)]. As the 
independent variables, we choose the energy of the 
incident electron qo, the energy of the y quantum 
w, and the following three angles: the angle @ be- 
tween the directions of the momenta k and q, the 
angle 6’ between k and q’, and the angle g be- 
tween the directions of the normals to the planes 
(k,q) and (k,q’) (laboratory system). All the 
remaining variables should be expressed in terms 
of the independent ones; the cross section should 
then be expanded in a series in w. 

Since the obtained amplitude is valid only to an 
accuracy of terms of the order 1/w and constants, 
we should retain only the first two terms in this 


expansion. 
Hence 
do = do,/o + doy. (26) 
We obtain the following expression for doy: 
do» = wdo > = a (2st)~ 20? eae 
—(F,— 5) |g 2rdodo, (27) 


Here dop is the elastic scattering cross section 
for electrons of energy qg on protons, and @ 

= e*/47 = 1/137. The factor in front of do 

formula (27) represents the probability of the ra- 
diation of a photon when electrons are scattered 
and goes over, for nonrelativistic particles, into 
the general expression for the probability of dipole 
radiation:* 


2dw 


> d@r, 


1 i 4 ; 
Ee 1a [g ag;nl ip ep, nj | 


where n is a unit vector in the direction of flight 
of the photon. 

In the case of ultrarelativistic electrons in 
which we are interested, we have the following 
well-known expression for dop:" 
doy = [Fi + (upF2/ 2M)? 

+ (2/2M2) (F, + tpFs)® te® (01/2) dos. (28)1 


*[q'—q,n] =(q'—q) xn. ttg = tan. 
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Here 6, is the angle between q and q’, 


2 2 A 2 
doo = a? cos? 4 | 492 (1 ah - 


2 


—— aa 


“2 
l 


Expression (27) for dog is quite obvious; it is 
determined by the polar term of the amplitude. The 
method employed by us actually permits one to find 
the next term of the expansion do,. After rather 
lengthy calculations, we obtain (all quantities are 
taken for w = 0) 
do, = ‘oo 1?) _ 2px] — > Auk fie 


aoe {Aa we [fs (20 


— 2A,A,(xk) (hM?—Px’) 
+ fi (pq + pq’) (Ag — Ap) le 7h 4) (P" k + pk) 


(2+ Z\ ak +4) —4(p—9) | 


— 2 (Ag — Ap)* fh [(pa) (ka) + (pq’) (kg) + 5 (ph) 22 | 


—2(nk) (Ag— Ap) Aq [4(2FiFy’ + ee, ay FF 


fs (or F,) ) (pq) (pq’) cos® = + ffx | 


Ag AG [4 (oF Fe 


201 


42 (EP) FaFit+ oe Py)» +f) (pq) (pq’) cos? 


+ ft (Pr 4 p | ot 7 ©} a0 [xtaom® (1+ esin® ST |, 


a “i 


x dQ,dwdQ,, 7 Qn | 22 (Ag 5 il 


qo 


ANAjo (A, aie 


20 
(Qn 


o|) do dQ doy + 


mo cos §’ 


290 .; 2 0 2 
| 2 2 
x (1 + >, Sin 7) @ Cae 
2, 
re 
999 RF 
99 
MS oe: re 


m2 


' (qk) (p’k) 


6’) a << 


— ot) Mq'k , 
pk 


(pk)! 
99 | 
(p’R) (qk) 


ee VN 
(p'k)? ' (pk)? gk (q’k)?q, 
(pp’) (qk) 
(pk) (p’k)? 


Ae pre M8 
(PR) (p’R) 


dono 


- w? 
do I 


dodQhdo,. 


o=0 


Here 


Ag = q' | (Vk) —q/ (qk), 
f = Fi + ppFe, 


Ap = p'/(p'k) — p/ (pk), 
fi = Fit (WpF 2 /2M)*x?; 


etc. 


Hence the differential cross section for the ra- 
diation of y quanta in ep scattering is fully deter- 
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mined in our approximation by the electromagnetic 


form factors of the proton F, and F, and their 
derivatives with respect to the 4-momentum. 
Therefore the experimental investigation of the 
radiation of low energy y quanta would allow one 
to obtain additional information on the behavior 
of these important quantities. 
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Formulas which formally express the coefficient functions of the scattering matrix expan- 
sion in normal products of asymptotic fields in terms of time-ordered products of the cur- 
rent operators and a certain set of operators Ay are derived by an axiomatic method with- 
out recourse to perturbation theory. Systems of equations for the coefficient functions of 


the scattering matrix are also established. 
1. INTRODUCTION. NOTATION 


‘The usual approach to quantum field theory based 
on the Hamiltonian formalism is beset with a num- 
ber of well-known difficulties, the gravest of which 
is the impossibility to go beyond the limitations of 
perturbation theory: we are unable to formulate one 
of the most essential parts of the theory, namely, 
the ‘‘rules for the removal of divergences,’’ without 
recourse to an expansion in a small coupling param- 
eters 

This circumstance stimulated attempts to ap- 
proach the theory ‘‘from the other end,’’ as it were. 
Instead of writing down a Lagrangian or equations 
of motion and attempting to solve these, one tries 
to formulate the physical requirements which the 
solutions have to satisfy and seeks all of those so- 
lutions which fulfill these requirements. Bogolyu- 
bov! and Bogolyubov and Shirkov’ have used this 
approach in a consistent manner on the basis of 
perturbation theory and the hypothesis of the adia- 
batic switching-on and -off of the interaction. They 
found results which are in essential agreement with 
those obtained by the Hamiltonian method. 

The new approach, without the simplifications 
just mentioned, (often, though not too felicitously, 
called the ‘‘axiomatic method’’) has been inten- 
sively developed in recent years in connection with 
the study of the dispersion relations — the only 
rigorous result of quantum field theory. 

The basic physical requirements of the axio- 
matic method can be formulated in various ways. 
For example, we can start from the requirement 
that there exist Heisenberg field operators at 
every point which commute on any space-like sur- 
face. This is the approach used by Lehmann, 


Symanzik, and Zimmermann and others (see ref- 
erences 3 and 4 and numerous subsequent papers). 
On the other hand, one may begin with the program 
proposed years ago by Heisenberg® and restrict 
oneself to the consideration of the scattering ma- 
trix. The latter approach was chosen by Bogolyu- 
bov, Polivanov, and the author (reference 6, hence- 
forth referred to as PTDR) in connection with the 
theory of dispersion relations. 

We note at once that it is not quite correct to 
say that we follow the program of Heisenberg. In 
fact, we shall deal with a larger set of objects to 
be studied and an expanded system of basic phys- 
ical axioms; the class of theories under consider- 
ation will be correspondingly narrower. In the 
Heisenberg program, only those matrix elements 
of the S matrix are considered which correspond 
to transitions between stable asymptotic states in 
which the total energy-momentum is conserved 
and the squares of all initial and final four-mo- 
menta are equal to the corresponding masses; 
these matrix elements are said to be on the en- 
ergy shell. The set of matrix elements of this 
kind can be represented in the form of a functional 
expansion in the creation and annihilation operators 
of the type given by (2.14) of PTDR, or in the form 
of a functional expansion in normal products of 
asymptotic fields of the type (2.15) of PTDR or 
(10) below, which satisfy the equation 


(Ld = m*)o(x) = 0. (1) 


However, it is impossible to formulate the strict 
causality condition if one restricts oneself to the 
scattering matrix on the energy shell [this can 
already be seen from the fact that one cannot con- 
struct a four-dimensional 6 function from the so- 
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lutions of Eq. (1)]. There will, in this case, be no 
difference between a theory obeying strict causal- 
ity and one obeying macroscopic causality. In order 
to be able to formulate the strict causality condi- 
tion, we must extend the meaning of the functional 
expansion (10) and regard it as being an expansion 
in arbitrary functions g(x) which do not have to 
satisfy Eq. (1). 

Through this remark the method of PTDR 
comes closer to the methods which presuppose 
the existence of Heisenberg fields at every point; 
however, in the last-mentioned methods the class 
of considered theories is narrowed down further, 
which, in our opinion, is not warranted by the 
physics of the problem. 

We shall start from the basic assumptions for- 
mulated in Sec. 2 of PTDR. For simplicity, we 
shall deal with a single self-interacting scalar 
field 


9 (x) = {e"** a* (k) + e—** a (k)}, 


d —— dk 
(2x) ) V2 
po = 1 Vk? + m?, (2) 
where a*(k) and a(k) are the creation and anni- 
hilation operators for the asymptotic particles 


(more precisely, the ‘‘outgoing’’ particles), which 


satisfy the usual commutation relations 
a(k) a*(k’) — a*(k’) a (k) = 6 (k — k’). (3) 


We assume that there are no bound states. We 
can then regard the set of states of the type 


a*(kn) |0 > (4) 


as forming a complete system as specified by the 
condition I, (4) of PTDR, i.e., we can assume that 


ar) ds. 


Gin pak: Seal (5) 


for any two operators A and B. 
We shall make use of the four-dimensional 
Fourier transformation in the form 


ee obk py a (ye. 


oo 


(a|AB|B> = > 


s=0 


.dSs 


KON ANS tuagne > 195 2 


Fi) = [cau (ky de, F (k) =\e™F (x) dx (6) 


4 
(2st)4 
and of the analogous formulas for functions of sev- 
eral arguments. If we define 


<0|g (x) 9 (y) |0> =— 


— <0|@ (y) @ (x) |0> = —D™ (x —y), (7) 
we must set, in accordance with (2), (3), and (6), 


pO escent) 


DO (k) = Quid (BR) 6 (k? — m?), 


D™ (k) =— 2nid (— k°) 5 (k? — m’). (8) 
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Analogously, we have in our normalization 


lp (x), 9 (yY)] = — iD (x — y), 


D (k) = Quiz (k°) 6 (k? — mm). (9) 
2. CERTAIN PROPERTIES OF THE SCATTERING 
MATRIX 


The basic quantity in our investigation will be 
the scattering matrix extended beyond the energy 
shell. We consider it to be written in the form of 
a functional expansion in normal] products of asym- 
ptotic fields: 


ae = { v 
SS ate \ds ty. dx, O"(x1, ..., x.) 29 (0)... (%):, 
= (10) 
where the coefficient functions 62(x,,...,x,) are 


classicalfunctions which are symmetric in all their 
arguments. We emphasize that y(x) is not re- 
stricted by the condition (1). 

Variational differentiation of the scattering ma- 
trix leads to operators which depend on the points 
in space-time. Here it is more convenient to use 
the radiation operators 


S Kanes sa) OS POG (Hz) cs OW (eg Se (11) 


instead of the functional derivatives themselves. 

We shall now prove various lemmas which es- 
tablish a connection between the vacuum expecta- 
tion values of these radiation operators, the coef- 
ficient functions of the scattering matrix, and the 
matrix elements of the latter. 

Lemma 1. The coefficient functions of the scat- 
tering matrix coincide (up to a factor) with the 
vacuum expectation values of the radiation oper- 
ators (11): 

s*|9 


(n) 
Dee eee en) =? 0 ee ar ae 


eet OS) (rie we dn) OSs (12) 


Proof: We obtain for the n-th variational deriv- 
ative of the expansion (10) 


OS 
O@ (x1)... OP (X,) 
— i)” v v! 
= > ( \ dz, Paes (Zines: 25) are Bil 
x 8 (21 — £1)... 8 (Zn — Xn) 2 P (Zag) -- - P (%): 
or, after relabelling the variables, 
HOS n (— i) n--v 
= Sie iPr ss a CMe 
wa ey = ar aes 
Gag eden Haleeiae os zo) SO (2n) ie Pes) Ae 


Only the term containing no normal products on 
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the right-hand side gives a contribution to the 
vacuum expectation value: 


TL Sir 67S 


: | 69 (x1). -- 


To prove the equality (12), we only have to intro- 
duce S* between the brackets on the left-hand 
side, which is possible by virtue of the stability 
of the vacuum, I, (6) of PTDR. 

Corollary. The scattering matrix can be writ- 
ten in the form 


foe) 1 F 6's 
S=)5 ar ats Peed | ee 


n=0 


y) 


Nw (aes ese Pk oa) (13) 


Lemma 1 expresses the coefficient functions of 
the scattering matrix in terms of the vacuum ex- 
pectation values of the operators (11). We now 
wish to express the matrix elements of the S 
matrix (on the energy shell) in terms of these 
same vacuum expectation values. For this pur- 
pose, we prove the following lemma: 

Lemma 2. 


min(n, m) 


Utmost a.) Keine deny, Ken) 4 eres eae 
=0 


xP ( bees 


: ee ) (AG RO: 


isa? = at 


eee ey Ol ks) 


» Rm) 


SS 


m—s 
S GES. 0 othe OU > 6 0 Cn (9D \ ( i lx — » tu) 
1 1 


(2n)8 (n--m)/2—3s (20° oP 


n—s 


x 
a ee) ee 


m—s 
6urm—zs S 


Se 
dp (x4) adage de (Cae) ép (Y1) ee d@ (Gree) 


x £0 


SS 


0», 


pe Vil aon, [el Taree (14) 


Proof: Consider the matrix element <]j,..., 
1,|S|k,,...,Km >, which, according to (4), can 
be written in the form 


<0 | a (1)... @ (In) S at (kx)... a* (Km) 109. 


If all momenta kj and lj of the different groups 
were different, we could immediately commute 
these operators with the S matrix with the help 
of (2.20) of PTDR and would obtain the expression 
(2.21) of PTDR. However, we cannot restrict our- 
selves to this case, since the coincidence of some 
1 with some k gives rise to nonvanishing contri- 
butions to integrals over the matrix elements 
owing to the singularity in the commutation re- 
lations (3). 

If some 1 coincide with some k, additional 


B.-V. MEDV EDEW 


terms appear: any one of the operators a*(k) 

can ‘‘combine’’ with any one of the operators 

a(1) instead of the S matrix. It is therefore 

clear that the full expression for the matrix ele- 
ment under consideration must consist of a sum 

of terms of the type (2.21) of PTDR, where the 
order of the variational derivative, corresponding 
to the number of factors of the form 6(1-k), 
decreases by two as we go from one term to the 
next. Bogolyubov and Shirkov? have introduced 

the symmetrization operator P(x,...,Xg | 
Xg4i9+++»%n), which denotes the sum over all pos- 
sible n!/[s!(n—s)! ] decompositions of the set of 
arguments {x;,...,X,} into two groups of s and 

n — s arguments, where decompositions whichdiffer 
from each other only by a permutation within the group 
are counted only once, andthe operator P(x,,...,Xr); 
which denotes the sum over all r! permutations 
within the group {x;,...,xr}. It does not require 
much imagination to see that, with the help of these 
operators, the sum under consideration reduces* 
precisely to the form-on the right-hand side of (14) 
(the factor S* can be introduced between the brack- 
ets of the vacuum expectation value by virtue of the 
stability of the vacuum ). 

The upper limit in the sum over s on the right- 
hand side of (14) corresponds to the ‘‘exhaustion of 
the supply’’ of creation and annihilation operators; 
the first sum over the permutations corresponds 
to all possible decompositions of the set of annihila- 
tion operators into one group which combines with 
the creation operators and another group which 
combines with the S matrix; the second sum over 
the permutations corresponds to the same decom- 
positions of the set of creation operators; finally, 
the last summation over P (ky-944,---,km) goes 
over all possible different pairings of the operators 
a(1) and a*(k) combining with one another. 

It is clear that a formula completely analogous 
to Lemma 2 will be valid for the matrix elements 
of variational derivatives of the S matrix of any 
order. The additional derivatives can be ‘‘pulled’’ 
inside’’ the brackets of the vacuum expectation 
values without change of form. This is not the 
case for the radiation operators (11). The pres- 
ence of the factor S* requires an additional ex- 
pansion in terms of a complete set of functions, 
and the formulas become, in general, much more 
complicated. The only exception to this are those 
cases in which the right-hand bracket contains the 
vacuum or a single-particle state. By virtue of 

*Cf. the technique developed in reference 7; with the help 


of this technique the discussion above could be replaced by 
calculations (which, admittedly, are very involved). 
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the stability condition I, (6) of PTDR, we can then 
“‘pull the factor S* inside,’’ and the derivation is 
the same as for Lemma 2. 


Thus we can formulate two more lemmas: 
Lemma 3. 
oS 


AAPA Alpe 8S 
Ee »4n .. d9 (Z,) 


n 
diy dx exp {i > ix} 
=| 
3n/2 )/ 510 aaa 
QnA 30 -2V 20 


a <o \50 (A eee aS 0». 


O@ (Z,) O@ (41). - - 
By complex conjugation we obtain the 
Corollary 


OS: 
0|S—— 
< | O@ (21) - . - dg (z,) 
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\ dy .., dy, exp {= i pa ay} 


«<0 |S 
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ae (15) 


69 (x,,) 


ecg ool ARS 
1) » Km > 


\3m/2 Y/ 940 
(Qxpray ae. V 24° 
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Op(Z,) O@ (Yi) --- 


NS 
6@ (21) ... 8 (Ym) nS ae 


Lemma 4. 


Meee Ito 2 z,) | k) 


> dx... dx,dy exp {i> lx — ity 


(= ae \ E iL 


‘ \3 (1-+1)/2 0 
(21) Vee 


9,0 
219 2k 


x ott ( 


h,. 
21) ++ ry X14, +++, Xn, y) + P( 


29 nT 
aa 


n—l 
fel 
a exp {>> zr 


nal 1 


Xn—1) 6 (1, — k). 


dx, ica 
3 (n—1)/2 9/9 
(2m) Vas 


S60 Garniziiee ts 


We aes \ 


(17) 


ery 2S 


Complex conjugation leads again to a formula of 
the type (16). 

Up to this point we have not made any use of the 
causality condition. In the system of basic assump- 
tions of PTDR, this condition had the form 


s*) = 
[ The sign of the inequality corresponds to the fact 
that we regard the asymptotic fields g(x) as ‘‘out- 
going’’ fields; the inequality would be the opposite 
for ‘‘incoming’’ fields.] We now prove several new 
relations which follow from this condition. 

Lemma 5. The causality condition (18) implies 
that 


6s (y) 
6@ (x) 


6S 


18) 
6g (y) 


ESO RIOT a= 


= 
6g (x) 


6 n at 
Sow & Yur +++ Yn) = 0, (19) 


583 
if 


rUet. (19a) 


ad 
X% AS Gl; ..- 


[The inequality (19a) means that the point x is 
earlier than, or lies on a space-like surface with 
respect to, all points y,,..., Yn: | 

Proof: Assume that the lemma is valid up to a 
certain value N. Then 


hy 8s 


S*\ =0, ioe ae 


(19N) 


og (x) (39 (yi)... 89 (Yy) 


Differentiating this equation with respect to 
~(YN+1), we find 


5 ( 6Nats Fi 
59) \Sp Gi) 8 Wy qa” J 


i. ff os st 
ieee (y1) -- - 8p (Yy) 


i 


] 6g (x) 


OST 
> dp (Yn4i) ) 


using the unitarity condition I, (5) of PTDR and 
applying the sum rule for the derivative with re- 
spect to v(x), we obtain 


fo) ( 6vs + 
dp (x) SO@ (Y1) --- OP (Yy 44) ) 
5 éVs : 5S a 
dp (x) (55 (yi) - - - OP (yy) : 3 59 (Yy44) 2 
dVs 28 ( 8S s*) 
"69 (yr). - - 89 (yy) dp (x) \O9 (Yy 44) 


The first term vanishes because of (19N) and the 
second term rae does by virtue of (18), if we re- 
quire that x X yn,,. The validity of (19N) for n 

= N+1 therefore follows from the validity of (19N) 
for n=N. Since (19N) holds for n=1, the lemma 
is proved. 

Lemma 5 allows us to increase arbitrarily the 
number of internal arguments in the causality con- 
dition (18). The number of external arguments can 
also be increased. The corresponding lemma is 

Lemma 6. The causality condition implies 


= 4 = 20 
Sp (x1) - . - OP (Xp) SU (Yur «+1 Yn) = 95 (20) 

if for at least one 1 <j =m 
MS {Y1, 290 » Dial (20a) 


The proof is obvious. 
The original form of the causality condition (18), 

as well as the subsequent relations (19) and (20), 
contains not only the radiation operators (11), but 
also their variational derivatives. Under certain 
conditions it is more convenient to use a form of 
the causality condition which involves only the op- 
erators (11) themselves, in analogy to the ‘‘inte- 
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gral’’ causality condition in perturbation theory.® 
This form is established by the following lemma: 

Lemma 7. The causality condition (18) implies 
that the radiation operators S() (x, Jae; Sey) Can 
be represented in the form 


SHC Se aac ee ee (oe eras ,,) 
(21) 

if 

(Minn os oa IWR Tags 7 opet (21a) 
where 0 <S <n. 

Proof: Assume that the lemma is valid for 

n <N and that the arguments {x;,...,xXNvi} have 
the property 

{ MpmecesGineN ie (igen cote MT (21b) 


Expressing, as usual, gk) in terms of variational 
derivatives, we have the identity 


6V+1 S a 
dg (a) - - - OP yr 44) 
5 oS st 
~— 69 Ge) dp (x;,)-- - SG (%;,.) 69 (jea4) + OP (x; ,,) 
dVs stg __8S* 
dp (x;)... 6p (4) 00%). ,) 5 9 OO) (ja) é~ pn 14) : 


According to our assumption, Lemma 7 is valid 
for the radiation operators of the N-th order; we 
can therefore continue the equation above by ap- 
plying the lemma and using the sum rule for the 
differentiation with respect to 9 (x; Net in the 


first term: 
éNtis 


$+ 
O@ (X41) - - - 69 (Xn gy) 

8 dS s*) eas st 
~ 6@ pry) | dp (x;,) -- - 6Y (%),) dp (44) joo OU (py) 
d°S ‘ gys st 
6g (x;,)... 6 (x;,) op (5) so OOD (py) 
| S'S St ores 6S+ 
8g (x),) -- - 6 (%;) Oe (x ny) .. 89 (x) 69 Cy) 

d°S st oN Ss SSt 
dg (x;,) -- - dp (x;,) 69 (2), 4,) ..- 69-(x;,,) 89 ee) : 


The first term vanishes because of Lemma 5, 
since the point Xj belongs to the second group 
in (21b); the next two terms cancel each other. Re- 
turning to the operators S(K), we see that the 
lemma is also valid for n=N+1. Since it is 
trivial for n=1, the lemma is proved by induc- 
tion. 

The integral causality condition (21) is not only 
necessary, but also sufficient for the validity of 
the differential condition (18). It turns out that 
the latter can be proved if (21) is satisfied only 
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for n = 2. Indeed, let us use the sum rule for the 
variational derivative with respect to g(x) on the 
left-hand side of (18): 

628 ta Sere ese 
dp (x) py) | Spy)” ~ BPC) © 


6 / 6S 
d@ (x) (ow : 


According to (21), the first term is equal to 


we Se a SP iene eS 


d9 (Y) d9 (x) 
Be pall ar gs HONS PP ae 
ie ile a 


and the second term always gives, owing to the 
unitarity condition, 


6S OS: ste 
sp) > Spe) 


Thus we find that (21) implies 


6S 
6 / 


BS ees 
=> eee s*) = | 5 (*) a dp (y) 


s*|, XFY> 
dp (x) \ 6g (y) boa * 


SSP 


(22) 


The following lemma is proved in the same way: 
Lemma 8. For the validity of the differential 
causality condition it is sufficient that the integral 

causality condition hold in the form 


S® (x1, x2) = S™ (4,8 Cp), AE x, a, (23) 


Why is condition (23) sufficient for the deriva- 
tion of (18), whereas, in perturbation theory, we 
must require® the validity of the integral condition 
for all n in order to obtain the differential causal- 
ity condition? The reason for this is that our ra- 
diation operators S(K) depend not only explicitly 
on the arguments x,,...,X,, but ‘also functionally 
on g(x); this latter dependence relates the s(k) 
with different indices to each other. 

The results of the preceding investigation of the 
causality condition can be formulated in the form 
of the following theorem: 

Theorem. The forms (18) and (23) of the caus- 
ality condition are equivalent. Either one of them 
leads to a system relating the operators SE) to 
each other which is expressed by the formulas 
(19), (20), and (21). 


3. SYSTEMS OF EQUATIONS FOR THE COEFFI- 
CIENT FUNCTIONS 


The various forms of the causality condition ob- 
tained in the previous section are operator equa- 
tions. In many cases it is more convenient to deal 
with ordinary functions (coefficient functions or 
matrix elements) instead of operators. The above- 
mentioned relations can be used to derive various 
systems of equations for these functions. 


A FUNCTIONAL EXPANSION OF THE SCATTERING MATRIX 


For this purpose we note that the causality con- 
dition in the form (21) can be written as (disre- 


garding the possible coincidences of the arguments, 


see below ) 
6"S s, 
Og (21). . . 6p (Z,) 
zy »z \ 
=P(, ; HON 2r iets beeps Seu, geen) 
el PI 
SS , Pig st 


“3p @)-.-09@,) ° SP@ 4). 89) >? aa) 
where © (Z1,...,2g3 Zg4i.+++,sZy) equals unity if 
all z{,...,z§ are greater than all z,,,...,z9, 
and zero otherwise. If we take the vacuum expec- 
tation value of this equation, we obtain on the left 
the function (-i)" "(z;,...,z,), according to 
Lemma 1. The right-hand side must be expanded 
in a complete set of states with the help of (4). 
Here we are faced with two possibilities. 

If only one argument belongs to the first group 
in (24), s=1, we can use the unitarity condition 
to write the first factor on the right-hand side in 
the form 

Oh =: 3st 
* @ (&) ’ 


59 (21) as 55 


it can then be expressed in terms of the functions 
az, ..-,Zy) with the help of the corollary of 
Lemma 3. The second factor has precisely the 
form that reduces to the coefficient functions 6” 
with the help of Lemma 3, and we find 


iD ap eee.) =P (Gs | 8G 22) Ce) 
ee 
x > are 56 OBR UR os CNS 
m=0 


age aK as 
“= be Gis 
s \ (21)?2K.. . 29, EE ae a Y oy 


x ibe ay (2, Yi, CHORD » Ym) 


ORES CRIS one See 
We note that the integrals over each individual k 


go over into the functions D™(y—x), 


1 (a ok ral ae te 


cue iD <7 
a 2K0 I C7 i) 


owing to the normalization (6) and (8). We thus 
obtain the following infinite system of equations 
for the functions &”: 
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@" 1. 2n) =P (<=) Oley 22), 29) YY SH" 
m=0 
Pdr aN dye dy (ce ae, oe SUE) 
KD i= Nee. DS Gn) 
Une ee ne oe eee (25) 


This system of equations is analogous to the ‘‘sys- 
tem A’’ of Lehmann, Symanzik, and Zimmermann, 
which was derived from different basic assumptions. 
A different possibility, or more precisely, a 
different series of possibilities arises if 1<s 
<n-—1 in (24). In this case the unitarity condition 
does not any more allow us to bring the first factor 
on the right-hand side of (24) into a form to which 
the corollary of Lemma 3 can be applied. In order 
to express the right-hand side in terms of the func- 
tions ¢”, we must split it up into three factors, 
i.e., we must expand twice in a complete system 
of states. We then obtain the system 


X10 Xe 
Dee enta) aude cecaes 


A 8 


riv+ p 


CO co 
ai 4 XY 
: 
KO iris-n 0s ete hn) Dyed) 
r=0 v=0 p=0 


rivip! 

x I aasountdas di Manion Vetere 
Die (x sla Nig Ot) ©, Zeta enttly) 

xD wiz) = yA eos = Zz) (a, = eles 

D0 (4,8) DIE Oa sea) 

x DVo, — one (0 y) 

(26) 


x< Oiarie he (aig. bie Ouse, Oy pa ire) 


(more precisely, this is a set of systems corre- 
sponding to different values of s). The structure 
of this system of equations is conveniently visual- 
ized with the help of the following graphs: 


The infinite system of coupled equations (25) is 
considerably simpler than the system (26). How- 
ever, the system (25) alone is not sufficient to de- 
termine the functions @”’. This is due to the fol- 
lowing very important circumstance. The differ- 
ent forms (18) — (23) of the causality condition de- 
rived in the previous section, are valid only if the 
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coordinates are really unequal; for example, the 
relation (23) is valid only for x, < X_ or X,& X, 
but not for x; =xX,. Thus the expressions (21) or 
(23) do not determine the functions ®”’(x,,..., Xp) 
for all values of the arguments. If any two points 
belonging to different groups in condition (21a) 
[or the two points in condition (23)] coincide, the 
corresponding value of 6” is indeterminate. We 
must, therefore, introduce additional terms 
(‘‘counterterms’’) on the right-hand sides of (25) 
or (26), which correspond to such coincidences of 
the arguments.* 

To include these counterterms in a consistent 
manner would evidently lead to enormous combi- 
natorial difficulties. However, if we agree to use 
the system (26) for all values of s simultaneously, 
we readily observe that the set of points x;,...,Xpn 
can always be divided up into two groups according 
to (21a), except when all points coincide. In other 
words, we only have to introduce one counterterm 
for each function @"; the other counterterms are 
automatically included with the help of one of the 
formulas (26). However, this involves a peculiar 
kind of ‘‘equilibrium,’’ namely, the determination 
of one and the same function by different equations, 
depending on the values of the arguments. 

The condition (23), which is sufficient for the 
validity of the causality principle, leads to yet 
another system of equations. The main advantage 
of this system is that it contains only one ¥ func- 
tion; one may therefore hope that the combinatorial 
difficulties disappear. However, to obtain a closed 
system, we cannot restrict ourselves to the vacuum 
expectation value of the operator condition, but 
must consider matrix elements between all states. 
Such a system will be discussed by Polivanov and 
the author in a different place, so that we shall not 
write it down here. 


4, FUNCTIONAL EXPANSION OF THE SCATTER- 
ING MATRIX 


In the previous section we established several 
infinite systems of coupled equations for the deter- 
mination of the coefficient functions @” in the 
functional expansion (10) of the scattering matrix 
in normal products of asymptotic fields. The solu- 
tion of these systems (even approximately) is very 


*Formal calculations with the systems (25) and (26) with- 
out taking into account this circumstance lead to the known 
divergences. The divergences are due to products of 3 func- 
tions which are not sufficiently regular at zero; as was shown 
in PTDR, Secs. 4 and 5, this is equivalent to an illegitimate 
application of the Cauchy integral formula to Fourier transforms 
which do not vanish at infinity. 
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difficult. It turns out that we can obtain some in- 
formation on the functional expansion (10) by pro- 
ceeding in a different way. Indeed, we shall show 
that all coefficient functions can be expressed in 
terms of the vacuum expectation values of T prod- 
ucts of a certain set of operators. Here we note 
the remarkable fact that the structure of the func- 
tional expansion (10) is very reminiscent of the 
structure of the functional expansion in powers of 
the ‘‘interaction inclusion function,’’ or, roughly 
speaking, of the usual perturbation expansion. 

Let us return now to the radiation operators 
s(™) [formula (11)]. The causality principle is ex- 
pressed in terms of these operators [formula (21)]. 
On the other hand, if we perform n variational dif- 
ferentiations on the unitarity condition I, (5) of 
PTDR, we obtain the following condition for the 
operators S(2) 

a P 


m= 0 


X15+--;Xn—m \ Tift 
Si CL m) 
Xn —m+irer9Xn 


PEM Mrs Rom a clarinets hem (27) 

We can now forget about the original definition 
(11) of the radiation operators S‘) and consider 
the purely algebraic problem of finding the gen- 
eral form of the operators which satisfy the con- 
ditions (21) and (27). But the conditions (21) and 
(27) are precisely the conditions which have to be 
satisfied by the operator coefficient functions in 
the expansion of the S matrix in powers of the 
‘interaction inclusion function’’ g(x) [see refer- 
ence 2, formula (18.1), and reference 8, formula 
(1)]. Indeed, the condition (21) is algebraically 
identical to the ‘‘integral causality condition’’ 

(7) of reference 8, while the condition (27) is the 
same as the unitarity condition (18.9) of refer- 
ence 2. 

It thus appears that the problem of finding the 
general form of the radiation operators S() igs 
identical with the problem of finding the general 
form of the coefficient functions of the scattering 
matrix in perturbation theory. The latter problem 
has been solved in reference 2 and also in refer- 
ence 8, where a form of the causality condition 
analogous to (21) has been used. It was shown 
that all conditions (21) and (27) are consistent 
with each other and that each operator function 
See Xy,) is expressible in terms of the 
operator functions with lower indices except for 
the antihermitian part of its value when all argu- 
ments are the same. These latter values can be 
given arbitrarily. 
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In our case the general expression for S() will 
therefore have the form 


(anette == (21°F) (Aa. ()) nn Ay (xp) 
Be io ea oe, aa 
Site Fe Sones een per te) 
SEUSS COPS ORES) Yor cai em Bape mee ey peeve’ 29 


— tN, (Ki sy Xa); (28) 


where the summation goes over all values of v 
which satisfy the inequalities 2 <m <n-—l, Vi 
+...+¥m =n, vj =1, and P(X4,...,Xp, |---| 
..-,Xn) is the operator introduced in reference 2 
which implies summation over all possible n!/ 
[vy!vo!...vVyy,! ] decompositions of the set of n 
points into m groups containing 14, V,.. 
points each. 

The operators A, (x;,...,Xp)) are arbitrary 
operators with the following properties: 

1) locality: 


->V’m 


Penne et) =U OXCeDt When ti — Xe — . -.. =, 
ee (29) 
2) hermiticity: 
INE ie ey = Ty (Nt, oes 3) (30) 
3) symmetry: 
Verse a Nyt n= oy) 2 (31) 


4) commutativity for points at space-like dis- 
tances: 


[A.(x1,-.- 5%), Ap Y.-H) L= 0, (32) 


when 


a=. = 4) — i= 2. = yp): 


These operators reflect the above-noted freedom 
in the choice of the values of the radiation oper- 
ators S(’) when all arguments coincide. The first 
of them is the current operator: 


A1 (x) = j (x) = iS™ (x). 


We emphasize that in writing down formula (28) 
we imagine that for each v we have somehow fixed 
the arbitrariness in the definition of the T product 
for coinciding arguments (rules of integration near 
zero) in such a way that unitarity is not violated, 
and then add the operator A,. We can say, there- 
fore, that the ambiguities of the T products are 
transferred to the operators A,; they play the 
role of the above-mentioned counterterms in the 
infinite systems of equations. If we do not wish to 
separate out the counterterms, we can restrict 


(33) 
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ourselves to the T product of the currents in for- 
mula (28); however, whenever there is a coinci- 
dence of the arguments, we get an ambiguous ex- 
pression.* 

Since, according to Lemma 1, the coefficient 
functions #" of the expansion (10) are obtained by 
taking the vacuum expectation value of the radia- 
tion operators S™), they can also be expressed in 


terms of the set of operators Ay,...,A,,... with 
the help of formula (28): 
DIC cassie) =vCOL| lait (ea) ened (Kin) | 0> 

=! cs Bixee Xen) Sek askin) 

COT SUNG (ees) Nge ars te) 

Sei OTNG (as tn) | 0, (34) 


where the summation goes over the same values of 
v as in formula (28). 


5. DISCUSSION 


The expressions (28) and (34) for the radiation 
operators and the coefficient functions of the S 
matrix are very useful in the elucidation of the 
structure of the functional expansion (10) of the 
scattering matrix. In particular, they may turn 
out to be powerful tools in attempts of solving the 
infinite system of equations for the functions $” 
approximately. On the other hand, they do not, of 
course, in any way represent a solution of the basic 
problem of finding the scattering matrix without re- 
course to perturbation theory. 

Indeed, even in the perturbation theory the for- 
mula analogous to (28) leads only to a formal con- 
struction of the scattering matrix. The solution is 
formal, because applying it directly leads to di- 
vergent expressions when the arguments of the T 
products coincide. As is well known, the next step 
is then to impose on the sum analogous to the sum 
(28) the condition that it contain no divergences; it 
can be shown (see reference 2, Sec. 26) that it is 
always possible to satisfy this condition by an ap- 
propriate choice of the operators A,. This step 
has yet to be taken in our case. 


*We note that in our method the counterterms play a more 
important role than in perturbation theory. In the latter, they 
came into play only in problems having to do with infinities and 
renormalization; on the other hahd, it is easily seen that in our 
method, using the perturbation theoretical expression for the 
current, the operators Ay with v > 1 give also a contribution 
to processes which do not involve divergences, as for example, 
the Compton effect in lowest order. The reason for this is that 
the “‘fundamental’’ term in (28) or (34) is the T product of the 
currents and not of the Lagrangians. 
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The main difference between our formulas and 
the perturbation theoretical expansion consists, 
however, in something else. In perturbation the- 
ory, the quasilocal operators A, depend only on 
the coordinates x,,...,X, (more precisely, on 
the free field operators at these coinciding points ). 
In our case the operators A, depend not only on 
the coordinates x;,...,X,, but also functionally 


on g(y): 


Ca ig) wae (eee at On). (35) 


The same is true, of course, for the operators S(), 
So far we do not know any details of this depend- 
ence; it is only clear that it will couple operators 
with different indices to one another. 

Taking this circumstance into account, we see 
that formula (28) expresses the operators Ss) for 
a certain ‘‘fixed’’ g(y) in terms of products of the 
operators A, referring to the same ‘‘value’’ of 
g(y), and hence in terms of the A, (... lp(y)) 
with arbitrary y(y) (sum over the complete sys- 
tem!). In order to be able to use formulas (28) and 
(34) as the basis for the determination of the scat- 
tering matrix without recourse to perturbation the- 
ory, we must therefore first investigate the charac- 
ter of the functional dependence of the operators 
Ay on g(y). This problem is the subject of a sep- 
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arate study, which will be presented in a different 
place. 

In conclusion I wish to thank N. N. Bogolyubov 
and M. K. Polivanov for their continuous interest 
in this work and for a valuable discussion. 
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Equations for the partial wave amplitudes for photoproduction of pions on nucleons at low 
energies are derived from the Mandelstam representation" in the Cini-Fubini approxima- 
tion.!2 Nucleon recoil and pion-pion interaction are taken into account. The latter contrib- 
utes only to the isotopic scalar photoproduction amplitudes. Expressions for these ampli- 
tudes, with effects of pion-pion interaction included, are obtained. 


1. INTRODUCTION 


INcGeNnciw there has been considerable interest 
in the study of pion-nucleon scattering including the 
effects due to a pion-pion interaction.!~4 In this 
paper we consider the same problem for photopro- 
duction. 

Calculations based on one dimensional disper- 
sion relations®~' give in general satisfactory agree- 
ment with present day experiments on photoproduc- 
tion in the low energy region.’~* The discrepan- 
cies®?!° may be thought of as due to an approximate 
treatment of the nucleon recoil®~' and neglect of 
the pion-pion interaction and of high energy contri- 
butions. In this work we obtain from the Mandel- 
stam representation! in the Cini-Fubini approxima- 
tion! a set of equations in which nucleon recoil and 
the pion-pion interaction are taken into account. 

The pion-pion interaction enters into the equa- 
tions under discussion through the amplitude for 
photoproduction of pions on pions. An expression 
for this amplitude has been obtained by one of the 
authors.!8 The pion-pion interaction contributes 
only to the isotopic scalar photoproduction ampli- 
tudes. Consequently the pion-pion resonance in 
the J=I1=1 state (if it exists) contributes only 
to those photoproduction amplitudes to which the 
pion-nucleon resonance (in the J=I= vA state ) 
does not. 

The amplitude for photoproduction on pions de- 
pends on high-energy singularities and involves a 
parameter which depends on the amplitudes for 
the processes yt — NN and mt — NN in the ob- 
servable region. Consequently it is possible to 
write formally a system of coupled equations, 

*Members of the Institute for Theoretical Physics, Warsaw 
University, Poland. 


which relate the amplitudes for the processes 
yN— aN and yr — NN to the pion-nucleon and 
pion-pion amplitudes and contain no new param- 
eters. At this time, however, we do not know how 
to take into account the contributions from the 
high energy regions. On the other hand, calcula- 
tions of the amplitude for ym — NN in the observ- 
able region cannot be trusted if they utilize only 
the low energy singularities. For that reason it 
is necessary at this time to use experimental data 
for the process yt — NN (as well as mm — NN). 
Thus we shall be discussing only the amplitude 
for the process yN —TN, which involves a param- 
eter determined by the process ym — m7 and as- 
sumed here to be known experimentally. 

In order to write the above-mentioned equations 
it is necessary to discuss the cumbersome kine- 
matics and unitarity condition for the processes 
yN—7N and yt — NN (Sec. 2). The kinematics 
of the first process has been discussed by a num- 
ber of authors,°»® the second process (as well as 
amt — NN) is best discussed using the formalism 
of Jacob and Wick.'4 

The Mandelstam representation"! in the Cini- 
Fubini approximation! is written out in Sec. 3 
(see also Bowcock et al.!). We assume the rep- 
resentation to be valid with no subtractions. One 
is encouraged in such an approach by the observa- 
tion!’ that if the differential cross sections for 
photoproduction and forward scattering of pions 
on nucleons increase in the same manner at infin- 
ity then one needs one less subtraction for photo- 
production than for scattering. This is a conse- 
quence of gauge invariance which leads to the ap- 
pearance of an energy dependent factor in the re- 
lation between the invariant amplitude (for which 
one writes the Mandelstam representation) and 
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the photoproduction matrix element, where no such 
factor appears in the scattering problem. 

By making use of the kinematic relations of 
Sec. 2 the integral equations for the partial am- 
plitudes are derived from the Cini-Fubini repre- 
sentation by simple integrations. Here the nu- 
cleon recoil is important only in the terms involv- 
ing the direct pion-photon interaction and the mag- 
netic dipole transitions in the I= *4 state that do 
not depend on the pion-pion interaction. This inter- 
action contributes to the isotopic scalar amplitudes, 
and for those the nucleon recoil may be taken into 
account approximately. The expressions derived 
for the isotopic scalar amplitudes contain the ef- 
fects of a pion-pion interaction and are a general- 
ization of previously obtained results.°~! 


2. KINEMATICS AND UNITARITY CONDITION 
The matrix elements for the processes 
ip 36 +N +n +N’, 
Dee ey ee 
ie yea oe NN, 


described by the diagram shown (where k stands 
for the photon momentum, q for the pion momen- 
tum, and p and p’ for the momenta of the initial 


? 


N 


N 


and final nucleons in reactions I and II or the 
nucleon and antinucleon in reaction III) are given 
by 


Spe = — i 2m) (+9 +p +p) m(4k Gp’) F, (1) 
F=f / (60 FO +t FO + St, te PO\ES, (2) 


4 


P= >), R, HO (s,s, t): 


Ry = uy? [(pk) (p’e) — (pe) (p’k)] u, 

Ry = uy®l((p’ — p) k) (xe) — ((p' — pe) (yA), 
Rs = uy? (gk) (ye) — (ge) (yk) ] u, 

Ra = uP l(rk) (ye) — (ye) (yA) Iu. 


(3) 


(4) 


Here |i>, |f£> stand for the isotopic functions of 
the initial and final states, u is the final nucleon 
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spinor, u is the initial nucleon spinor (processes 
I and II) or the final antinucleon spinor (process 
III) and e is the photon polarization vector.* The 
twelve invariant functions ae which character- 
ize the processes under discussion, depend on the 
arguments 


5 (kh tp)?,, Sg ps ee ee 


5 eset rs et (5) 
(m is the nucleon mass, yp is the pion mass). From 
crossing symmetry of F (for processes I and II), 
or from invariance under charge conjugation (for 


process III), we can conclude that 


H® (s,s, t) =+H! (s, s, 2). (6) 


Here and in the following the upper sign goes with 
the-valuesa%= 1, 2, 1 ='1)2)4%and o's fi. 
The lower sign corresponds to a = 3, i=1,2,4 
euoyel (0) == il. 7As al = By 

A. Reaction I. For photoproduction processes 
(reaction I) the isotopic functions in Eq. (2) are 
given byt 


Lea No lid St, (7) 


Here N is the proton or neutron function: 


sak ihanomy haea? 


and 7 is the pion function: 


(8) 


- ft : 
ae ecciae Vz (501 + 18,5), 


The amplitudes 


(9) 


m1? == One 


Fo) sas FY a OF) FC) = FY catty Fe (10) 


describe isotopic vector transitions into states with 
total isotopic spin 4, and *% respectively. F®) de- 
scribes the isotopic scalar transition into the state 
with isotopic spin 4. 

In the barycentric frame of reaction I 


s=(k +£,)*=(+E£.)?, s= m*— 2k (E, + qn), 


t = p® — 2k (w — qx). (11) 


Here (and in the following) k and q are the mag- 
nitudes of the three dimensional photon and pion 
momenta, x is the cosine of the angle between 
these momenta, w = Vp2 + q2 is the pion energy, 
and E;, = (m? +k’)? and E, = (m?+q?2)¥2 are the 
energies of the initial and final nucleon. 


The spin structure of F in the barycentric 
frame is 


*Our metric is such that ab = a°b°—a-b, and our Feynman 
matrices are such that y™y" + y"y™ = 2g™2, 


tWith the usual normalization for the Clebsch-Gordan coef- 
ficients. 
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(oq) (o [ke]) 


—,F=% j(iseF, at a Fo 


1 ; (Sk) (ge) F, + (EN (Ge) ¢ 

i gk F3+ 1 g Fs) Xe, 
where X are two-component nucleon spinors. The 
#j are functions of the total energy W and of x, 
and are related to the invariant functions Hj as 
follows: 


Wtom 
sw |W + Es + qx) He 


(12)* 


Ces 


+ (© — qx) Hs +e Ml, 


F2=Cy (Ww | £2 + gx) He 

+ (0 = 42) Hs— p= Ma], (13) 
F. = —Cq(—F™ H, + Hs — Hy), 

Fy = Cet (AF Wi, — a +4); 
C = ((W — m/8nW] (Er +m) (Ex + my}. (14) 


Their partial wave expansion is given by 


ea), UM, Eel Pra) 2 10. 1) Mi 


[=0 


+ E,_} P14 (*)}, 
Fo= SUL + 1) Mig + IMI P(x), 


=1 


~ 
| 


(ie — Mi) Pe) IM EI PL, Gy, 


a 
l 
Mes 


I 
es 


[Mi — Mi— — Erg. — Ex) Pi (2). (15) 


eal 
i 
Me 


T 
is) 


Here Eji(Mji) correspond to pions produced with 
angular momentum 7 by an electric (magnetic ) 
photon of angular momentum /7+1 ina state of 
total angular momentum 1+'/ and parity —(-1) L, 
It follows from the unitarity condition that below 
threshold for production of two pions we have 


Eys = | Ese | exp (16;4} (16) 


and analogously for Mj, where Ej7,, Mj; are am- 
plitudes for transitions with well defined isotopic 
spin (10), and 67, are the pion-nucleon scattering 
phase shifts in the corresponding states. 

In what follows we shall need the connection be- 
tween the partial amplitudes and the invariant func- 
tions Hj: 

, 4 — x*) P, (x 
Miz =C\ ee Als (ee my ae 


— J! 


{PW + Bs + 92) [Pa)— 


Wy 


q (W —m) P74, (*) | 
(Es + m) (W + m) 


*[ke] =k xe; ok =o-k. 
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(4 — x®) P; (x) _{/Ww+m 
7 Ke) eat ay a a 
x [Pry ee ce ers 
(Ez + m) (W + m) 1 (24) 3 


+2 [Petey + gn | a], 


1 


4 q (4 — x*) (q(W +m) ; 
jae 2 Brs| 3 ‘ba “Djs Piti (x) 


Een) AiPi(x)} H, + { (W + £4 gx) P2(x) 


Bry ao 


q(W — m) P75 (8) | 
(Ex + m) (W +m) 


= 2) | Av Py (ay Dee 
Sa 


+ 4(1— x?) | Ars Pi (x) 4 


Gere) \ 
E,+m |: 
Em | 
(Eg + m) (W + m) 


(o— 9x)| P(x) 


Er a (Ce 
DL Rei EE ae (17) 
where 
{i+ 4) (4 4Ay4 (G2) 
Ars — j= ? f+ lr ’ Dy. ae * 


The differential photoproduction cross section 
is given by 


do/dQ = (glk) | F (18) 


B. Reaction III. For nucleon-antinucleon pair 
production processes (reaction III) the isotopic 
functions in Eq. (2) are given by 


eet 


where N is the antiproton or antineutron function: 


ze il = 0 
p=—(,), he 
The amplitudes F“) and F®) correspond to 
isotopic vector transitions into states with total 
isotopic spin 0 and 1 respectively, F®) corre- 
sponds to isotopic scalar transition into state with 
isotopic spin 1. 
In the barycentric frame of reaction III we have 


2 9% (E— py), 8s =m — 2m (E + py), 
— (x SELIM ie == AE?, 


[i> = nN, (19) 


(20) 


ween 
(21) 


Here «x and p are the magnitudes of the photon 
and nucleon momenta, y = cos a is the cosine of 
the angle between these momenta, and E is the 
nucleon energy. 

The spin structure of F in the barycentric 


frame is 
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& ffs pe [p [sp]] [xe] 
= ene (i 5 OM, ! pee D, 
! zie oy + 221 os) 455. (22) 


The j are functions of E and y and are related 
to the Hj by: 
@, = —" (BH, + mH, + Hy), 


Mm 


__ 2p*% ; Ft ) 
2 m ( BOW IB le ej]? 


®, = (2pxE/m) Hs, (23) 


The amplitudes of Eq. (22) and the amplitudes 
OX (the superscript specifies the helicity of the 
photon, the subscripts the helicities of the nucleon 
and antinucleon) for transitions between states 
with well defined helicities are related by: 


O., = Of; = +2 (O, FO) sina, 
OS — Oe =e (0, 1D, + ,) (hy). 


According to Jacob and Wick the amplitudes (24) 
may be expanded as follows: 


Cie = = V20% 4, sin aPy (y), 
J 


(24) 


2e= Daa qy] Otel FY Pr) £4 + DPA). 
(25) 
Therefore 
®, pee — O14) Pi, 
®, = 2 Sebi, Hor) (Py! yPy) 
+ (@2, —O1-)Pj}—(Ot+ + 02-) Pp, 
®, = = bye (ieee tn) (er (Ce aeeb! 2 Py 
+ (02+ — Of-) (Pr+yP)), 
(26) 


Die (Oo Op a 
J 


From Eqs. (6) and (23) it follows that for a = 1,2 
the amplitudes @J, and J, + J_ are different 
from zero only for odd values of J, and for a= 3 
only for even values; whereas the amplitude oJ i 
—.o9_ does not vanish for aw = 1,2 for even J, and 
for a =3 for odd J. 

The relation between the amplitudes oJ and 
the amplitudes for transitions between states with 
well defined parity is 


Ole Din ee a Dn 
= JM yr,+ —(J +1) Mn, -; 
O. — 0) = (J +)I"8y., 


O24 + O1- =VU+ II" (Maa, ++ Man, -), (27) 
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where &]4(.41.) describe the production by an 
electric (magnetic) photon of a nucleon-antinu- 
cleon pair with orbital angular momentum 7, spin 
¥ + (1), and total angular momentum 7 (1 +1). 
The expansion (26) becomes therefore 


Ove YL Bie Rien ie eter mae 
[id Ll 
O, =>) [Me Pig ALP ee (Caren, 
Ll 


Dy = DCL + 1) Mie Pi — LM Pia. (28) 
l 

For a@=1,2 the amplitudes ji, €j]+ have J even 

and é6j- has J odd; whereas for a=3 6j- has l 

even and My.» E]+ have 1 odd. 

Let us consider the unitarity condition for reac- 
tion III with only the two-pion intermediate state 
taken into account. For the isotopic scalar ampli- 
tudes with odd total angular momentum J we find 


Im ©2 = (qyx/16n) TS "fi, (29) 


where q, = (E*-y?)”? is the pion momentum in 
the intermediate state, 


TMi 1) yi Pevee! (30) 


represent the amplitudes for the process mz — NN, 
determined by Eqs. (3.13) — (3.17) of Frazer and 
Fulco,’® and fy is the amplitude for the process 
yr — 17, determined by Eq. (6) of Solov’ev, who 
gives an explicit formula for f,.° 

The two-pion contribution vanishes for the iso- 
topic vector amplitudes ®3), It follows from 
Eqs. (27), (29), and (30) that the two-pion interme- 
diate state contributes only to the isotopic scalar 
magnetic transitions of reaction III: 


Im (DE! 4 DON) = OF. (31) 
i 


3. SPECTRAL REPRESENTATIONS AND PHOTO- 
PRODUCTION EQUATIONS 


As remarked in Sec. 1 we shall assume that 
spectral representations without subtractions are 
valid for the invariant photoproduction amplitudes. 
The Mandelstam representation!! takes the form: 


z 2eg6,. . 
(a) (a) fi 4 ah 
HEN ops ics (Bie gare eran ) 


[o) [oe} 
+; dx | dy (45+ era 
© eas aia = Hh iach 
: HD (2 9) 
Saas \\ = as) (32 
Caays (x — s) (y— s) 


BN (x, y) =a he (y, x). (33) 
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The signs in Eqs. (32) and (33) correspond to the 
signs in Eq. (6): 


Li 5 = 
B® —0, B® p® — & BA els 
La? 2 eee Fa eBay Oot 2 
bp Ua» 35 
( 
By = —eg — mB (34) 


(rational units). In contrast to pion-nucleon scat 
tering in photoproduction one obtains a contribution 
from the single pion state, related by gauge invari- 
ance to the single nucleon contribution. 

We restrict ourselves to low energies and con- 
sider the approximate representation of Cini and 
Fubini.”»? If the amplitudes F, H, etc., for photo- 
production of pions on pions are ignored then the 
representation takes the form 


H® (s, s,t) = Born term 


‘ t . 
+—=) as” (x, t) 


iS eB 


ie 
(m+p)* 
rb; (x) dx 


x—t 


; (35) 


where 


aS” — Im H\™ for reaction I, 6a00; = Im H™ for reaction III. 
(36) 


The an Shay t) correspond to only the pion- 
nucleon intermediate state in the unitarity condi- 
tion. Consequently their singularities in t do not 
start until 16” and they may therefore be expanded 
in a Taylor series. If the D, F, etc., pion-nucleon 
scattering phase shifts are ignored then this ex- 
pansion takes the form 


a(*)(s, t) = a's) (s) + (¢ — t,) a’ (s). 


To make sure that the functions at (8, t) do not 
contain unobservable angles it is necessary to take 
for ty the threshold value of t: 


kth =p (2m +4) /2 (m +1). 


(37) 


ty =v? — 2ykep, (B®) 

With the help of Eqs. (36), (11), (13) and (15) the 
functions a and ay?) are easily expressed in 
terms of the imaginary parts of the partial photo- 
production amplitudes. If we then substitute Eq. 
(35) into Eq. (17) we obtain the integral equation 
for photoproduction. 

A. Isotopic vector amplitudes. The last integral 
in Eq. (35) is absent for the isotopic vector ampli- 
tudes (a =1,3), and we obtain relations previously 
discussed?~!! by expanding in powers of w/m and 
w’/m and retaining only the leading terms. The 
nucleon recoil must be taken into account more ac- 
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curately for the resonant magnetic dipole ampli- 
tude, and this is easy to do with the help of Eqs. 
(17) and (35). 

B. Isotopic scalar amplitudes. For the isotopic 
scalar amplitudes (a = 2) reaction III contributes 
to Eq. (35). From Eqs. (36), (23), (26) and (31) we 
obtain the following expressions for bi(t): 


mq 


bi(t) = 


[TS — TIT, 


~ 46 Ep? V2E 
mq m = 1 ih ce 
ba(t) = pea |— eT TONE, 


b, (¢) = 0; 0 (2) == (igs /16n£E) TOF, (39) 
where, as noted above, the amplitudes T>' have 
been discussed by Frazer and Fulco and f, by 
Solov’ev.'8 

For the amplitude for photoproduction of pions 
we have!® 


fi () = Ae®q (A), 


where 6 = 63 is the pion-pion scattering phase 
shift in the J=I=1 state, and y(t) is a known 
integral containing this phase shift [Eqs. (36), (38) 
of Solov’ev!?]. The parameter A is given by’? 


(40) 


Nee 


1 


(41) 


\ (1m F (s’, cos 8 = 1)) yi 


4m? 
where the function appearing under the integral 
sign is related to the amplitudes for the processes 
yr — NN and mz — NN as follows: 


(Im F (s’, cos 8))y7= D>) (Im fy(s’))qPu (cos 9), (42) 


J odd 


KATO (OPE Oh) eT, (OO, OP); 


s? = 2 (p? + m)=2(q? +P). (43) 


The amplitudes that enter here correspond to high 
energies and cannot be calculated at present. There- 
fore the parameter A must be taken from experi- 
ment. 

If it is assumed that the phase shift 6} has a 
resonance then the function gy in Eq. (40) also has 
a resonant character.’® If one also ignores the 
nonresonant pion-nucleon scattering phase shifts, 
then one obtains from Eq. (35) the following ex- 
pressions for the isotopic scalar photoproduction 


amplitudes: 
ave (s, Ss t)= (BP? ) (ae t=) 


fe 


4p? 


2eg5;4 
t— 


b, (t’) dt’ 


ae aie 2 
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where the bj are given by Eq. (39). The econ 


photoproduction cross sections ratio at threshold 
should depend sensitively on the magnitude of ex- 
pression (44). 
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The local field theory proposed by Bialynicki-Birula is treated by a previously developed 
method.*** The S matrix and renormalization constants are derived. It is proved that the 
charge renormalization is finite in all orders and does not contain logarithmic singulari- 
ties. It is shown that the ultraviolet contribution results in a series with a finite sum, and 
that the Green’s function series converges absolutely at low values of the time and has a 
branch point at t = 0, the singularity at zero being integrable. 


INTRODUCTION 


ly view of the still unsurmounted difficulties in 
the solution of the exact field equations in quantum 
field theory, the use of various models for an in- 
vestigation of the intrinsic consistency of this the- 
ory has become quite popular. An investigation of 
the Lee model! has seemingly led to the conclusion 
that the theory is intrinsically inconsistent. It was 
shown later, however,” that the model was not self 
consistent because of the simplifications made to 
obtain an exactly solvable Hamiltonian. In particu- 
lar, these simplifications violated the important 
requirement of crossing symmetry. 

In the present article we investigate, by a 
method previously developed,**4 the modified Lee 
model proposed by Bialynicki-Birula,°’ in which 
the crossing symmetry condition is satisfied. The 
solutions are obtained in the form of series in the 
renormalized constant Am (Am is the physical 
parameter causing the mass difference between 
two fermion states in the model). The converg- 
ence of this series is proved for the ultraviolet 
region E > Am. An important property of the 
model is the finite renormalization, in the case 
of a point interaction, of the charge in all orders 
in Am, in contrast with the Lee model, where the 
well known zero-charge problem exists. 

The Green’s function of the model considered 
has all the properties of the Green’s function of 
the renormalized theory.**' Specifically, the re- 
normalized Green’s function is analytic in the t 
plane and has a branch point at t = 0; when g2/1 
< 1 there exists a Fourier transform of the Green’s 
function, which admits of an expansion about the 
point g? = 0. 


1. THE S MATRIX OF THE MODEL 


Bialynicki-Birula® has considered a model of 
local field theory with fixed nucleon, in which the 
nucleon can be in two states of different mass (we 
shall call these, arbitrarily, proton and neutron 
states). The Hamiltonian of the system has the 
form 


H = mg (Wp) + 2 \ dx sha? (x) + (Vp (0)? + HAG? ()]: 


+ a (ap *esy) | dx @ (x) 6 (x) + Army (1p*t5%)), (1) 


where % =VpCp + VnCn is the nucleon field opera- 
tor, Cy (N=p,n) is the nucleon annihilation op- 
erator, vy is a spinor describing the nucleon, 


cr=(t),  t=(%). 
m(x) and g(x) are the meson field operators, 
and T, and 73 are the matrices of isotopic spin 
/y. 

Noting that when Am) = 0 we obtain the exactly 
solvable case of scalar mesons with fixed source, 
it is possible to consider perturbations in the con- 
stant Am, without limiting the interaction forces 
between the nucleon and the mesons. By this 
method, Bialynicki-Birula’ obtained the interest- 
ing result that the renormalization of the charge 
is finite and contains no logarithmic singularities. 
From the point of view of the method which we have 
developed earlier,*»4* the Hamiltonian (1) is of in- 
terest because the Lappo-Danilevskii series coin- 
cides here with the perturbation-theory series in 
the constant Amy, but the new method, unlike per- 


*We denote throughout reference 4 by I, and the correspond- 
ing formulas in this paper will be designated (I, 4.2) etc. 


595 


596 


turbation theory, makes it possible to obtain the 
n-th term of the series. 

Thus, let us consider the equation for the S 
matrix in the interaction representation. We seek 
directly the ‘‘adiabatic’’ S% matrix, so as to use 
formulas (I, 4.2) and (I,4.3). In the interaction 
representation we have 


VaSu( toby (yew (SC. ton Sn ty) er 


Hy (t) = g (p*tyrp) 9 (t) + Am, (ap*rs1p), 


A 4 ; Hee 

t) = >, —— (qe + af eft). (2) 
Tee arn CF : 

Repeating in its entirety the procedure devel- 
oped in I, (Secs. 1—3), we obtain the following 
expression for the S@(t, ty) matrix: 


S(t, to) = 1 — [2 (php) — (pty?) 
co . + > ( ¢ 
: y! [—i(p aw) Amo]? \ ONE oo + \ dé, 
q=0 Ms : 


t 


exp = i(p typ) g \ ds ll e(&; — s) @ (s) ai 


to j=1 


\ ds, ds,e—(Is:/-F|s2l) 
iy to 


q 
x] eGi—s) Ala — 51) e(&)— sah 


(3) 


The resultant S® matrix is defined accurate to 
a phase-shift factor, and satisfies the equations 


Sr (ea, == 93) 


S* (00, — 0o)| N> ys SNS (4) 


where |0> and |N> denote the vacuum and 
single-nucleon states of the zero-order Hamilto- 
nian. The usual conditions of stability of the 
vacuum and of the single-particle states require,® 
however, that 


0> =| 0), 


(90) 00) | N > = No (3) 


In all further calculations we shall use the adiabatic 
hypothesis, which enables us, in particular, to elim- 
inate correctly the phase-shift factor, which is in- 
determinate when a = 0 (reference 9), and conse- 
quently to satisfy condition (5) (see Appendix A). 

We consider now the most important matrix 
elements of the S matrix. The eigenvalue of the 


energy of the single-fermion state is’ (see Appen- 
dix B) 
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<N | HS% (0, — c0)| ND 


oe bet <N | S% (0, — 00) | NY 
CO oo co 
= m+ 6,Am Ba (= byAm)a\ axa A GaN ahs are. 
q=0 0 0 
ag Gane 
OOK ; ax, “XP [23° o > 


x(— ree exp (— 


5 {+1 for the proton (N = p) 
N= 


|—1 for the neutron (N =n). 


(6) 
Further 


m= m,— eS 22 do, (6’) 
k 


Am = Am, exp a 2 >) o\ (6”) 
k 

The requirement that the observed m and Am 
be finite causes us to consider the bare quantities 
my and Am, as infinite. We note that the renor- 
malization of my coincides precisely with the re- 
normalization for the case of scalar mesons in a 
field of a fixed source. After carrying out the re- 
normalizations (6’) and (6”), each term of the 
series (6) is finite subject to the condition* ty We 
<1 (see Appendix B for details). 

The renormalization constant of the fermion 
field ZN is determined, in accordance with its 
probabilistic sense, by the square of the matrix 
elements 


Y= |<N|N>? =|<N|S*(0, — 00) |W)? 
a arene? 
i) 


= 23° | SOA m)"\ dx,... 
! g=0 0 


q Ll 


} (1) exp(—o 


t=1 


aq 1 

x =—— exp jg? [- 
Ox, te 0X4 p irs @3 

l 


q i 2 
mie BO) (yen exp (— 2 x) hI 


=20m 


Here 
2 = exp {— 5a ds onl 
k 


is the value of Z, for scalar mesons, and | N> 
denotes the single-nucleon state of the complete 
Hamiltonian. 

Let us emphasize that the constant ZN in ibis 
model is equal to the product of the COnciSED Ze 
of the scalar neutral theory with fixed source wad 


*Bialynicki-Birula® gives an incorrect condition for the 
finiteness of the terms of the series g?/47? < e7. 
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a series of finite terms, so that when g*/r? < 1 all 
the terms of the series are finite. Later on this 
circumstance will enable us to draw some conclu- 
sions regarding the constant Z,. 

The renormalized coupling constant is defined 
as usual: 
g, 
ie = =p apt Tp | n 

— lim <p | S* (00, 0) ptrypS® (0, — 00) | n> 


a0 [<p | S* (00, — se) | p> <n | S* (00, — 00) | n>} 
oa) oo 


>) (Am)=7\ OBC a 6 Ug Vo Neto oo Xaj—r 


q—1 ty) 0 j=1 


The situation in this model differs appreciably 
from that obtaining in the charge theory [see 
(I, 4.10) ff.], for at the point g? = 0 all the inte- 
grals are bounded, in contrast with expression 
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is used here, i.e., when the solution is represented 
as a series in g’, no logarithmic divergences in 
the maximum cut-off momentum takes place, such 
as occur in the local field theory. In this connec- 
tion the given model does not reflect, in our opin- 
ion, some of the fundamental difficulties inherent 
in the exact equations of mesodynamics. 

The renormalization constant of the vertex part 
Z, can be obtained from the well known equation 


ya OAW AN Grae 


In our case the renormalization constant of the 
meson field Z3 is equal to unity. Using (7) and 


(8), we can conclude that the constant Z, has a 
structure 


Zi 7-6 (e- Nm), (9) 


where o(g*, Am) is a series in Am, all the terms 
of which are finite when g?/z* < 1. 

Let us write down the matrix element for the 
elastic scattering of a meson by a nucleon (see 
Appendix A): 


Pr) 25016 (cw; — @;) Myc (7); 


(I, 4.12). Therefore, when perturbation theory 
<N | ay S™ (00, — 00) ay | N> 
Sli f —— = 8(py 
l oy eS ws ( 
oe ve Am < e C 
Myj-: (@7) = — i co >; ( id, Am)" OBE 0 « 


q=0 0 
l 
-F exp (— 1; > ult] e 
j= 


2. ON THE CONVERGENCE OF THE SERIES FOR 
Ep, Zz, AND gr 


x4 Xq 


The proof of the convergence of the series (6) 
— (10) is exceedingly complicated, since an esti- 
mate of the n-th term calls for extremely fine ap- 
proximation methods, without which one cannot 
judge the behavior of the series as a whole. How- 
ever, the series for Ep, Z;, and gy can be 
summed in the generalized sense!’ (we shall refer 
to this as the e-sense), the gist of which we shall 
explain by using the series for Ep as an example. 

Let us consider the series 


ahs (— Am)" Lae 
q=0 0 


— FP alX1y 2 = 


co 
of 
we dx yi ns _Xq on a) s 
q Oxaneaes OX, 
0 


Faq (X1,.- - +» Xq) 


= exp {20° pa aby 5 (— 1)" exp (— oD x,)}. 
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Nas ae re pager 


=) m1 j=m 


1) exp (— io s y;)\. 


j=m 


(10) 


After integrating by parts in each term, we obtain 
(see formula (B, 8) in Appendix B) 


C si dxeT] i= 


6m = (Am)"\ dx,.. OB ak Kateri ENA): 
> (12) 


where the operator Q; is Skee by the equation 
Op ag boars wee es ae eh rc eb 


We consider a different series 


oo a . g 
bm' = 5) (Am)*\ Or 5 6 \ dXq eXp Ge x 


chee 0 0 jot 
xT] (LON Hy Cink 02) (13) 
i=1 
which becomes equal to (12) when € = 0. It can be 
shown that when «¢ satisfies the inequality 
= = | = Am ( dem Pra). (14) 


0 


the series (13) is bounded by the quantity (see 
Appendix B) 
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so) alk 

One ‘ — Am\ OXee en | (15) 
As e€—0, the left half of (15) goes into the original 
series (12), while the right half has a finite positive 


limit when 


Am\ dx (Fi (x) —1] <1. 
This procedure signifies that the series (11) is 
summable in the general sense* ( €-sense) when 
Am\ dxiFi (xe) = 11 
0 
and its sum (in the €-sense) is bounded by the 
quantity 
co Pil 
omc} —Am\ dx (Fi(x)— uh} 
0 
The series for Z}' and gy are also summed in the 
e€-sense. We cite the result for the sums (in the 
€-sense ) 


(16) 


Zs <2 em \.dx [Fi (x) — u) ; 
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| = ae | <2 (Am)?\ dx xf Fi (x) 
) 0 
gt ee { am dx [Fs (s) 1)" 
ict 

Let us discuss the physical meaning of summa- 
tion in the ¢-sense. We have seen that the series 
(13) converges in the usual manner at sufficiently 
large ¢€ [condition (14)] but the series (13) differs 
from (12) in that the contribution from the large 
values of the time (large Xj ), i.e., from low ener- 
gies, is smaller. Consequently, the contribution 
from the ultraviolet region is found to be sum- 
mable to a finite quantity, which is unexpected 
from the point of view of local field theory. Thus, 
the convergence of the series in the «-sense pre- 
supposes that the contribution from large times 
(low energies) is not large enough to violate the 
summability of expressions (6) — (10). 

In this connection, it is interesting to investi- 
gate the behavior of the Green’s function for small 
terms, i.e., in the ultraviolet region. The Green’s 
function is defined as 


(17’) 


é E41 


Can 
ray 
mn 
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q 
x [> (— Wy (e-eee) seen ot) a y > » (— Deen? (Em—E,) i} 
f=1 I 


=2 m=1 


Gee (t) = 9 (t) e-#mt exp { 


The function Ggc(t) is the Green’s function of the 
scalar neutral theory, and behaves as t-8"Ar? at 
small values of the time.!! 

It can be shown (see Appendix D) that the series 
in Am converges absolutely at small values of t 
(ut <1), provided that g?/n* < 1 and has a branch 
point at t=0. Thus, the function G(t) has for 
t =0 a singularity which is integrable because of 
the condition g*/1* < 1, which makes the Fourier 
transform possible. 


CONCLUSION 


The proposed example of a model with finite 
charge renormalization shows another possibility 
(compared with the Lee model) which can be re- 
alized in the rigorous theory. In our opinion, how- 
ever, this model also fails to reflect the true situ- 
ation in field theory, since an investigation of more 
complicated models (see reference 4) leads appar- 


*The method proposed is regular, i.e., convergent series 
such as (11) are summed to their usual sum.?° 


oe Soret (18) 
k 

ently to a conclusion that the exact solution has a 

singularity g* = 0, a Taylor-series expansion about 

which leads to additional divergences. As already 

noted above, the model considered here does not 

have such a property. 

In conclusion, the authors express deep grati- 
tude to Prof. D. I. Blokhintsev for continuous in- 
terest in the work and for stimulating discussions, 
and also to L. G. Zastavenko for a discussion of 
the mathematical problems. 


APPENDIX A 


Since the S® matrix is specified in the form of 
a series, the matrix elements are presented in the 
form of a limit of a ratio of two series as a — 0. 
It is found that if one series is divided by the other 
and terms of equal powers of Am collected, the 
phase shift cancels out in the terms obtained in 
this manner and consequently one can go in each 
term separately to the limit as a — 0. 


Jo#Ve2 


The first term is the same for all terms of the 
series and therefore cancels out. 

The presence of a phase shift in the expression 
for the matrix element manifests itself in the fact 
that the integrals with respect to time (with re- 
spect to éj) diverge linearly at infinity when a 
= (0. However, as stated above, a series that rep- 
resents a ratio of series that diverge when a@ = 0 
contains integrals that are finite when a = 0. This 
circumstance is due to the fact that the divergent 
integrals are grouped about each power of Am in 
such a way, that the infinities cancel out. 

The regularization procedure is as follows. We 
change in the integrals (A.2’) and (A.2”) to integra- 
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Let us illustrate this method of eliminating the tion over the simplex and make a change of vari- 
phase shift by an example of the matrix element of ables 
the scattering of a meson by a nucleon [see for- — 
mula (10)]: f , x 
(10)] bia Sy b= Se-Dyam | ba 2 (4.4) 
co j=1 
a icc S) (— ib), Am)? BS (x) Then 
Mj: (,) = Ae \ dte ‘°F i lim vot : ; foe) fore) foe) 
ce SNE Su (ah en \ dé\ du .. dXq—1 
g-0 —oo 0 0 
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q! i a q exp |e (I81+ > Bee ey )} 
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{I Mf 1 1 ( J 2) ( ) —= exp 2g? yar Sy ( ye: exp (= iw SS x)} 
k LA j=m 
The integral in the exponential function is The integral of the function Fg_, diverges linearly 
‘gt 00 at infinity with respect to any argument xj, but the 
—"& \\ dsidss exp (— a ((s1| + |s11)} function Fg_;(...3Xj,--+-) —Fg-1(..-,% -)-is 
= already integrable with respect to xj at infinity. 
We note further that 
x [Ie — $1) A (Ss; — Sz) € (Ej — 82) 
He = Ee (X4, « 2 oy XHj—1, CO, Xj+-1. 4.0 On Ae=i) 
_ = “ g De (04 =) s >, II « (ee a i) = Eyer (Csi, oo ary Xj—1) lien Cae 6669 Kg=a)s (A.6) 
k k Vy=2 Vo=1 fi FV 
: a It follows from the foregoing that in order to 
Xx ll e (Ey, — &),) exp (— io| &, — &,| i (A.3) regularize the function Bg ( T) it is necessary to 


subtract from the function Fg-; its value at infin- 
ity in each of its arguments, i.e., we substitute in- 
stead of Fg-, the function 


q-1 


{I Up Q;) WC aredene (A.7) 
[=1 


»Xq—4)) 
where the ge Q; is defined es the equation 
QiFg- Mee -) = Fg-1(-- .). Such a 
pipetitition: af oe 7) for the ee Cae -; is real- 
ized precisely by dividing one series by the other 
and grouping the terms about equal powers of Am. 
The same applies also to the regularization of the 
integral with respect to é, (A.5). Finally, the scat- 
tering matrix element with the phase shift elimi- 
nated is written in the form 
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My: (@) = Dine \ 


—oco G=1 0 ( 


l i 
x T]e(&— lel E=t— | — 1: (A.8) 


From (A.8) we obtain (10) directly if we recog- 
nize that the operator (1 — Qj) can be represented 
in the form 


A 


1— Q;= 


r (6) 
a A.9 
\ Wi ay (A.9) 
* 

The phase shift for any other matrix element is 
eliminated analogously. 


APPENDIX B 


According to formula (6), the eigenvalue of the 
one-fermion state is defined as 


<N | HS%(0, — 00)| NY 
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The matrix element in the denominator of (B.1’) 
is obtained analogously 
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The integral in the exponential function is (when 


E> yi Pia ae) 
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The first term in (B.4) is the same for all the 
terms of the series, both in the numerator and in 
the denominator, and therefore cancels out. Sub- 
tracting in (B.2) the integral with respect to s, 
we obtain 
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Let us consider now the q-th term of the series 
(B.5) 
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Further, substituting (B.6) in (B.5) we obtain for 
En, according to (A.1), the expression 
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Performing in (B.7) a term by term division of one 

series into another, we eliminate thereby the phase- 

shift factor in each power of Am. This makes it 

possible to make the transition to the limit in a 

in each power with respect to Am (see Appendix A). 
As a result we obtain 


[o-e) 
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where Fg-1 is given by (A.5). We obtain (6) directly 
from (B.8), if we take (A.9) into account. 
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APPENDIX C 


Let us consider formula (13). We used the re- 
lations 


q , q q a 
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Substituting these relations in (13), we obtain after 
interchanging the order of summation in the sums 
with respect to q, 2, and sj, and interchanging the 
summation indices (the derivations are simple but 
somewhat cumbersome and will therefore not be 
given here) 
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Let us carry out in (C.4) formally the summation 


ret ice) é — I) 
bmt = liccea: py (Amt; | : (C.5) 
q=0 
Since 1g < (If )9, we get 
bm* < [Am/e + 1— AmIj)}-* = [1 — AmIf}"?. (C.6) 


The summation in (C.4) will be correct if € satis- 
fies the conditions 


Nile in Am/e<1— Ami, (G27) 


of which the second is the stronger. 
APPENDIX D 


Let us consider the q-th term of the series (1’) 
for the Green’s function 
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Since we are interested in the behavior of the P ‘ aot PA Ree) hop 
Green’s function for small times (ut <1), the ate \dx, Pra \ an |] re @ | 
functions in the exponential function can be re- ; : Pi 


placed by their asymptotic expansions for small 
arguments 


g? Doe? = — @ In (it) + @ (In2 —C—1) + O(H8), 
; (D.2) 
where C is Euler’s constant and G? = g?/2r’. 
Making further a change of variables of inte- 
gration in (D.1), £j = utxj and substituting the 
asymptotic expansion (D.2) therein, we obtain 
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Let us consider first the numbers Ig for even 
values q = 2n: 


q/2 if q is even 
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We make the following change of variables in 
the integrals: 


ae (D.5) 
j=l 
We then obtain 
¢ 1 on 
tn = der... dens ff a9 
0 0 ms 
7 al « 
x |] eS (J 221) 
esigy RVG z; 
j=1 
iz al \ ae We 
eet at | 
aa taai de eS) 


2i—1 


al 
(1 il , )(1— || 
j=2m--1 J=2m 


602 


It is easy to see that the integrals converge on 
the upper limit provided 


OG@a i, gmc. (D.7) 


To obtain an estimated upper limit for the num- 
ber Inn, we use the inequality 
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The calculation of the integrals leads to the 
result 
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As n tends to infinity, the inequality assumes 
the form) [(2n+)1,)(1— 2G?) > 1] 


(Gy (a GP 
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The presence of the factor [ ((2n+1)(1- 2G*)) 
in the denominator of the right half of the inequality 
ensures the absolute convergence of the series 
(D.1) for small t, i.e.. ut «1, for arbitrary Am, 
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subject to the condition g*/n? < 1 on the bare coup- 
ling constant. An estimate of the odd numbers 
Inna, is obtained analogously and yields the same 
results. 


iT. D. Lee, Phys. Rev. 95, 1329 (1954). 

2Th. W. Ruijgrok and L. Van Hove, Physica 22, 
880 (1956). 

3B. M. Barbashov and G. V. Efimov, JETP 38, 
198 (1960), Soviet Phys. JETP 11, 145 (1960). 

4B. M. Barbashov and G. V. Efimov, JETP 39, 
450 (1960), Soviet Phys. JETP 12, 316 (1961); 
Preprint, Joint Inst. Nuc. Res. D-498, 1960. 

5], Bialynicki-Birula, Nucl. Phys. 12, 309 (1959). 

6R. Arnovit and S. Deser, Phys. Rev. 100, 349 
(1955). 

7L. N. Cooper, Phys. Rev. 100, 362 (1955). 

8N. N. Bogolyubov and D. V. Shirkov, Introduc- 
tion to the Theory of Quantized Fields, Interscience, 
1959. 

9M. Gell-Mann and F. Low, Phys. Rev. 84, 350 
(1951). 

aC Gar rs Hardy, Divergent Series, Clarendon 
Press, Oxford, 1949. 

11s. F, Edwards and R. E. Peierls, Proc. Roy. 
Soc. A224, 24 (1954). 


Translated by J. G. Adashko 
136 


SOV Teen YSTOS sk er P 


VOLUME 13, NUMBER 3 


SEPTEMBER, 1961 


A METHOD TO VERIFY EXPERIMENTALLY THAT THE SPEED OF LIGHT IS 
INDEPENDENT OF THE VELOCITY OF THE SOURCE 


A. G. BARANOV 
Submitted to JETP editor September 15, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 860-862 (March, 1961) 


A laboratory experiment is suggested which can be employed to verify directly whether the 
speed of light is independent of the velocity of the source. The effect is of the first order in 


v/e. 


A direct experimental confirmation of the law 
that the speed of light does not depend on the ve- 
locity of the source would be a significant matter 
of principle. 

The work published by A. M. Bonch-Bruevich!»? 
in 1956 is based on astronomical observations, 
namely comparison of the speed of light from dif- 
ferent regions of the solar disc. We do not con- 
sider this work entirely convincing. 

On the one hand, the author begins with some 
a priori assumptions concerning the speed of light 
after reflection from a mirror; on the other hand, 
owing to the low accuracy inherent in the method, 
the observed results have a large scatter, several 
times larger than the effect expected from classical 
theory. To obtain the final result the author had to 
treat statistically a very large number (1727) of ob- 
servations, in which very large deviations were ex- 
cluded outright. 

In view of what has been said this work should 
not be regarded as a direct experimental verifica- 
tion of the independence of the speed of light of the 
source velocity. 

Below we propose a scheme by which to verify 
directly in the laboratory the postulate of the con- 
stancy of the speed of light. In this method the 
difference between the effects predicted by the 
postulate and by classical theory is of the order 
v/c (not v2/c?), so that the postulate can be veri- 
fied with an accuracy far greater than by any other 
method. 

The basic idea of the method is to use an inter- 
ferometer with a moving mirror. Calculation 
shows that the speed of the mirror in this experi- 
ment can be of the order of one meter per second 
and even less. 

One variant of the experiment is shown in the 
figure. Here S is a monochromatic light source, 
A is a half-silvered mirror, B and C are plane 
mirrors, O is the observer of the interference 


pattern, and M is a system of two mutually per- 

pendicular plane mirrors which can be moved in 

the direction of the arrow with a controlled speed 
v. 

The system M will serve to keep the incident 
and reflected light parallel when the mirrors are 
moved, and to reduce greatly the influence of devi- 
ations from exact parallel motion. This system 
also eliminates the aberration of light, since here 
the aberration of one mirror is compensated by 
that of the other. 

The beam traveling from S to A is split into 
two beams. The left beam follows the path ACMBA, 
and the right beam the path ABMCA. The two 
beams are recombined at A and both travel to- 
wards the observer O. If M remains fixed, both 
path lengths are the same, and the observer sees 
some definite interference pattern. 

If the system of mirrors M is given a speed v, 
the two path lengths become unequal, and if the 
speed of light is constant, a shift of the interfer- 
ence fringes results. We shall show that the shift 
will be stable for any constant speed v. 

We note first that the frequency v is changed 
after reflection from M by the same amount for 
both beams; they return to A and arrive at O 
with the same frequency v’. 

Denote the length ACM by 1, and the length 
MBA by J,. Although 1, and 1, change, the differ- 
ence L=1,—1, is constant. The left beam takes a 
time t, = (1,-vt,)/c to travel through ACM, so 
that t; =1,/(c+v). The same beam takes a time 
t. = (1, —vty)/c = [Z, -—vl,/(e+v)]/c to cover the 
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distance MBA. The total time spent by the left 
beam is 


— | = hy | 1 vl; \ 
fp hots cane | = (ts rar 
Similarly the total time for the right beam is 
ly i 1 Ul 
NS reas re (J, a 


The difference in time is 


20 (lp — ly) 


Ay const 
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Therefore the interference pattern is stable. 
The fringe shift is 


Oi OAT NM = QOL (6 =- 0) 22011 he. (1) 


For example, for L= 30m, v=1m/sec and A 
~ 5000A, the pattern is shifted by 0.4 fringes. 

If the speed of light depended on the velocity 
of the source, it would have the value c+2v after 
reflection from M. This would be exactly com- 
pensated by the difference in path lengths and 
there would be no fringe shift: 


ly j 4 vly i + Is 
GARG eerie a) == Ts 


Ty 


Therefore the experiment suggested by us can 
show with high accuracy that the speed of light is 
independent of the velocity of the source. 

Small deviations from parallelism and uniform - 
ity in the motion of the mirror, small errors in 
the length L and the speed v, performance of the 
experiment in air instead of vacuum, etc., devia- 
tions which in our estimate will not exceed a few 
percent, cannot spoil the outcome of the experi- 
ment. If it should turn out for some unforeseen 
reason that the actual errors exceed our estimate 
considerably, or if the experimenter has only an 
interferometer of low sensitivity available, the 
fringe shift could be increased by increasing L 
Of. 
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An expression is obtained for the variation of the adiabatic invariant in reflection of a 
charged particle from a magnetic mirror; the diamagnetism of the plasma is taken into 
account. The limiting case of complete expulsion of the magnetic field from the plasma, 
corresponding to high plasma densities, is considered. 


‘Tae variation of the adiabatic invariant of a single y 
particle ina magnetic field has been found inref- 
erence 1. The results obtained in this work apply 

for low plasma densities in a mirror system, 

where the self magnetic field of the plasma can 

be neglected. It is of interest to consider the 

effect of the self magnetic field of the plasma on 

the motion of a single particle. An accurate analy- 
sis of this problem is extremely complicated be- 


cause it is necessary to treat the motion of the Consequently, the adiabatic invariant suffers some 
particle in a self-consistent field. For this reason variation when the particle is HOUGG Ee! from the 
we consider the limiting case of high density and magnetic mirror because the angle @ is changed. 
temperature. We now calculate this variation. 

Because of the high density, the magnetic field There are certain difficulties in the classical 
is completely expelled from the region occupied by formulation of this problem (compared with the 
‘the plasma. We assume that the magnetic field motion of a particle in a magnetic field) because 
does not enter the region occupied by the plasma even in the zeroth approximation the equation for 
and that it acts as a wall from which the particles the transverse motion is nonlinear. We shall use 


undergo specular reflection.* Because the temper- 2 method similar to that developed in reference 2. 
ature is high the variation in the adiabatic invariant Specifically, we first solve the quantum-_ 
due to collisions can be neglected. A model of the | mechanical problem and then take the limits which 


magnetic-mirror system being considered is correspond to the classical case. In the quantum- 
shown in the figure. The unhatched region is occu- theoretical formulation of the problem the difficulty 
pied by plasma while the hatched region is occu- noted above is unimportant, as will be apparent 
pied by the magnetic field. For simplicity we con- from the behavior of the solution. : 
sider the plane problem. The extension to the To solve the quantum-mechanical problem 0 


the motion of a particle in a potential well of the 
present configuration we use the same coordinate 
system used in reference 2. The new variables & 
and 7 are expressed in terms of x and y by 
means of the equations 


axially symmetric case does not involve any funda- 
mental difficulties. 

Let the equation of the curves which bound the 
region occupied by the plasma be of the form 


= %) (1 2 
y= +1 (x) ) Ae a donee Bs 
The broken line in the figure represents a portion 1 = Fx? : F(t) 
of the particle trajectory. The adiabatic invariant 
is given by the expression It can easily be shown that the adiabaticity con- 
4 -1 dition for the problem is f(x) « 1. Assuming 
Lai 2a > Pal So gE I AY), that f’ is small, we write the Laplacian in the co- 


Try i i d-order terms 
*The possibility of this formulation of the problem has been OYdinates ¢ and 7, keeping secon 


called to the attention of the author by B: V. Chirikov. only: 
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= lr 

For our purposes it will be necessary to solve 
the Schrédinger equation with the boundary condi- 
tions » = 0 for 7 =+1. The zeroth-approximation 
equation is of the form 


+ f't| se}. (3) 


0) 


i) 


ne (4 oe a (f =} b= Ev. (4) 


1 
2m | P an | fF 


Separating variables in Eq. (4) we obtain a family 
of wave functions normalized for a 6 -function 
energy: 


Wak ae ZnE sin nN, Wn+1/,, Ea bres. E COS Nn+t/, 1); 


m 


ZiE= Ga exp fi Rn edt}, 


ken = 2mE/h?— ip) P, An Wn. (5) 

For our purpose it is necessary to compute the 
transition amplitudes between different states (5) 
under the effect of the perturbation. These ampli- 
tudes must be such that the squares of their 
moduli equal a dimensionless transition proba- 
bility which represents the transition probability 
for the case of single passage of a particle through 
an inhomogenity (see Landau and Lifshitz). In 
order to obtain this transition amplitude the origi- 
nal wave function must be normalized for unit flux 
while the final wave function must be normalized 
for a delta-function energy. With these require- 
ments in mind we compute the matrix elements 
for the perturbation operator between states (4). 

We calculate only near-diagonal elements of 
the scattering matrix, which are of greatest mag- 
nitude. The matrix elements for transitions be- 
tween states with different parity in 7 vanishas a 
consequence of the parity of the perturbation. In 
calculating the matrix elements we assume that 
the greatest contribution in the integral over ¢ 
is due to a simple pole of the function f(£) so that 


Tgp ee exp {21\ $< | 9 Cn need = — Open 1S 
(6) 

Here, w = T1/2mf? is the frequency of the classi- 
cal transverse motion and v = [2(E — Iw)m 7 
is the velocity of the longitudinal motion. In a way 
similar to that used in reference 2 it can be shown 
that the higher-order perturbations make only a 
small contribution compared with the first-order 
perturbation. 
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To make the transition to the classical limit we 
form, following reference 2, a wave packet which 
describes the particle moving along the trajectory. 
To describe the trajectory and particle uniquely it 
is necessary to assign the adiabatic invariant L 
and the phase gy. as x ~— ©. This phase must 
be introduced into the wave functions in such a way 
that the resulting wave packet actually describes 
a classical particle with the given phase. This 
procedure makes it possible to avoid the ambiguity 
in Eq. (6) which results from the fact that there is 
no lower limit of integration. 

It can be shown‘ that the integral in Eq. (6) 
assumes the following form when the ambiguity 
noted above is removed: 


[ar= (2 —t)dxt+aty. (7) 


The minus subscript indicates that a given quantity 
is taken as x > — ©. The meaning of the quantity 
gy. is indicated in the figure. 

The classical adiabatic invariant is computed 
as the average over the packet of the quantity 
fi(n+ %), where n is the transverse quantum 
number. Carrying out this averaging process as 
in reference 2, we obtain the variation in the adia- 
batic invariant: 


ad = “Re exp 204 “ a) |. (8) 


We see that the variation of the invariant is expo- 
nentially small in the case being considered, as it 
is for the motion of a single particle in a magnetic 
field. 

When the region occupied by the plasma is 
asymmetrical with respect to the x axis, we can 
show by analogy with reference 1 that the expres- 
sion for the variation of the adiabatic invariant 
differs from that given in Eq. (8): there is no 
factor of 2 in the exponential and the factor which 
multiplies the exponential is different. 
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A method is developed which makes it possible to extend the range of knowledge of the spec- 
tral functions and absorption parts, by a series of successive steps, from a knowledge of the 
absorption part of the scattering amplitudes specified in the physical region. By means of 
this method, the NN scattering amplitude can be expressed in terms of the mm and 7N scat- 
tering amplitudes, specified only in the physical regions. 


enrncach representations of the Mandelstam 
type for the scattering amplitude have not been 
proved, it is quite probable that they exist. These 
representations, together with the conditions of 
unitarity in the two-particle representation, are 
employed by us in the present work as the basis 
for an approximate calculation of the amplitude 
of nucleon-nucleon scattering. 

In the two-particle approximation to the unitar- 
ity condition, the amplitude of NN scattering is 
connected with the amplitudes of mz and aN scat- 
tering. The purpose of our research is the devel- 
opment of a semiphenomenological method of con- 
structing the NN scattering amplitude from the 
values of the mz and aN amplitudes in the phys- 
ical regions. 

The work consists of two parts. 
summary is given of Mandelstam’s equations 
for all possible channels of mz, tN and NN scat- 
tering. For simplicity, the spin-charge variables 
are neglected and subtraction is not considered. 

In Part II it is shown how one can systematically 
find the spectral functions of the Mandelstam rep- 
resentation in ever wider regions according to the 
absorption parts of the amplitude given in the phys- 
ical regions. It is very important that these re- 
gions grow quickly and that the spectral functions 
can be computed exactly in that part of them in 
which it is not necessary to take into account the 
graphs of perturbation theory corresponding to 
inelastic processes over two channels. 

It is further shown how one can express the ampli- 
tude of NN scattering in terms of the absorption 
parts of the mz and 7N scattering amplitudes in 
the physical regions, and in terms of the absorp- 
tion part of the amplitude of nucleon-antinucleon 


In PartI a 
le? 


annihilation into two 7 mesons. The latter can 
be expressed in terms of the first two absorption 
parts.3+4 


I. THE MANDELSTAM EQUATIONS FOR THE 
SPECTRAL FUNCTIONS 
1. Scattering of Pions on Pions 


Let us consider the reactions 


1 (gi) + 1 (Go) > 3 (Gs) E m (Qu), (A.1) 
n(q) +a(— 4) >2(q) +a(— gq), ‘AD 
m (qi) + 1% (— qs) > (— Go) +5 (4a) (A. II) 


[7(q) denotes a 7 meson with four-dimensional 
momentum q] and introduce the relativistically 
invariant quantities [the squares of the energies 
in the center of mass system (c.m.s.) for these 
three reactions ] 


0, = (41 + 4)”, C2 = (41— 94)”, Os = (G1— 9s)", (1) 


which obviously satisfies the relation 
O71 -+- Oo a 03 == AN (2) 


where » —rest mass of the 7 meson. 

We write down the double spectral representa- 
tion for the amplitude A of the reactions consid- 
ered here: 

A= yo de; | ds, 
ae 1</<k 4p? 4? ( 
where the real spectral functions Aj, (x,y) (1 si 
<k <8) satisfy the relations* 


Sy (3) 


*Actually, and this will be proved in Sec. 4, the functions 


Aix (x,y) are equal to zero in a much broader region than 
shown in the limits of integration of (3). 
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Ap (oe. i) = Ais (x, y) = Aos (x, Y); (4) 
Ain (x, y) =A (y, X) (lea ee 618) (5) 


Furthermore, let us introduce the absorption parts 
of the amplitude 


ih , Ary (S1 Sy) il = Ajs3 (1, 6,) 
Ai, 03) == \ do, ae sae \ ds, gee , (6) 
: te 2 (s. , S32) i ie ; A 23 (S., 3) 
ilo (On, Oa) = \ds —— iL \ ds aes uh) 
2 (Ge 3) “in 3 1 5,91 | 3 5, 63 
© 2» “hie (s,, 53) 4 ~, Ags (G5, 53) 
Az (3, 91) = = \ ds, seca ol aa \ ds, = aa (8) 


oh oe oy 
where the integration in the expressions for 
Ai(x,y) (i=1,2,3) is carried out for fixed x 
over all real values of the variable of integration, 
at which the corresponding spectral function dif- 
fers from zero. 


It is clear that 
A; (x, y) == 0, if x < Ap?, (9) 
Ay (x, y) =A, (%, y) = A; (x, y), 


A; (x, y) =A; , Ay? = iN 


(10) 
(11) 


For derivation of the set of Mandelstam equa- 
tions, let us write the unitarity condition in the 
approximation of elastic scattering, for example, 
for the reaction (A.III):* 


i : 1 dedy Ai D Ary 9) 
Ais (5 ") Aan? (n/4 — p2) « : [(& — E1) (& — E2))'*' 
cer (12) 
2 : 2xy Z 
Ere = S123 x vy) = x+y 4 n— 42 ae 7 — 4p? 
x Lx? + (nn — 40) xd Ty? + (4p) y)"”, (13) 


and integration is carried out over all real x and 
y for which the absorption parts differ from zero. 

The amplitude A$} (o,, 03) represents the part 
of A,3(04, 03) in which the perturbation-theory 
graphs corresponding to elastic scattering with 
energy o3 and inelastic scattering with energy o; 
make a contribution, so that we have 


Ais (1, 03) = 0, if 0, < 16n? or og < 4%. (14) 
Introducing the notation 
Avion Os) =F X (O41, Os), (15) 


we have, successively, 


Ajs (01. 53) = ¥ (01, F3) + % (3, 61) + Xa(O1, 53), (16) 


where x (03, 0,) is the part of Aj3 (04, 03) in which 
the perturbation-theory graphs corresponding to 


*In view of the symmetry of the reactions of (A.I), (A.ID, 
and (A.III) one need not consider the unitarity conditions for 
the first two reactions. 
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elastic scattering with energy 0o;, and inelastic 
scattering with energy 03 make a contribution, 
while Xa (04, 03) [XA (04, 03) = XA (03, 04)] is 
that part of A43 (04, 03) in which the perturbation- 
theory graphs make a contribution, corresponding 
to inelastic scattering both with energy o, and 
with energy 03, so that, finally, 


XA i, os) = 0, 1f © 0, = lon Or cog 10s ee) 


Then substituting (16) in (6) and taking (4) into 
account, we get 
1 
Ay (61, 03) = x\ de [x (x, 0) 


=e x (1, x)] — 


2 _ =| + Ar” (01,53), (18) 


where 


1 


uu = 
Ay (01, 93) = = 


\dx Kan at a =): (19) 


iy 
I 


Equations (12), (15), (18), and (19) represent the 
desired set of Maxwell’s equations in the case of 
the scattering of 7 mesons on 7 mesons. 


2. Scattering of Pions on Nucleons 


Now consider the reactions 


(qi) +N (pi) > 0 (Gz) +N (po), (B.1) 
m (— qe) +N (pi) +1 (— qi) +N (po), (B.D) 
N (pis) +N (— Po) > © (— qi) + (9p) (B. II) 


[N(p) and N(p’) denote respectively a nucleon 
with four-dimensional momentum p and an anti- 
nucleon with four-dimensional momentum p’] and 
introduce the relativistically invariant quantities 
(the squares of the energies in the c.m.s. for these 
three reactions ) 


Ss = (qi = 1)"; 
s=(p— 4)", 4 = (pi — pr)’, (20) 
which obviously satisfy the relation 
S+s + u = 2m? +»), (21) 


where m —rest mass of the nucleon. 

We write down the double spectral representa- 
tion for the amplitude B of the reactions consid- 
ered here:* 


*Actually, as will be proved in Sec. 5, the functions Bix 
(x, y) are equal to zero over a much wider region. 
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2 2 5 = 
—— g | g it ¥ , oe Bi (s’, Se) 
B hose | Se ataaes | 7 \ ds \ ds ee a 
(mp)? (mbps (8 S)(8’ — 5) 
[oe} [oe) 
1 \ a , By (s’, u’) 
err ds’ \ du == 
(m+p.)3 aus 
1 of ° - 
kl yas ae ee (22) 
pase 7 Caran 


where g is the interaction constant of mesons 

with nucleons, and the real spectral functions 

Biel vy) M1 =1< k = 3) satisfy the relations 
Bye (x, y) = Bie G5) Bys (x, y) = Bag (x, y). 


We further introduce the absorption parts of the 
amplitude 


(23) 


By3(s,t’) 


vy 1 (as , By Dia (Ss, Ss’) s’) =e { , 
(Ss, uy = I \ds" ea eae = \du u’—u ’ (24) 
Bz (s,u) = - 7 \ds gauss ! 2 \ du’ ALY) (25) 
, Big (s’, { = Bs (s", 
By ua) = + \ as ee \ ds a2) (26) 


where integration in the expressions for Bj; (x,y) 

(i =1,2,3) is carried out for fixed x over all real 

values of the variable of integration for which the 

corresponding spectral function differs from zero. 
It is clear that 


B: (4,9) = 0 for += (m+p)2 (i = 1, 2); 


Bz (x, y)=0, for x<4n?; (27) 
B, (x, y) = Bz (x, y), 
Be, Y= bs (ec ey  —)- (28) 


For derivation of the set of Mandelstam equa- 
tions, we write the condition for unitarity in the 
approximation of elastic scattering first for the 
reaction (B.]I): 


(1) mre 4 { A B; (a Ss) B3 (y, S) 
Bis (s, u) 812k Vs ee u) af [(u — u4)(u — uy) |? 
B. (isatl (Ss; x)) Be (y, w(s, y)) 
dxdy — ey, (29) 
ib hie rl [(4 — uz)(u =-4)] 2 
(1) pees 1 dt 
Bias Ss a  8ntk Vs mM as J 
¥ B, (x, u(s, x) Bay, 8) + Bs (x, mie) B; (Y, 8) . (30) 
[(s — s1)(s — Se) ])* 
where 
xy 
Uye== Ue (8; XY) =X +Y + op 
+ he (at $ AREY? + 48Y)", (31) 
Uz, = Usa (S; X,Y) = X +y+- salty — —(m? — *)? 
4+(x-+-y — 2a)(s—4k?— 2a) + NAS, %) 2X (3; y)), (32) 
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i= S1,2 (S:x,¥) =xtyt+—, lea 1 y (s — 4k? — 2a) 
+ (y? + 4ky)A(s, x)], (33) 
AASio) — Ie x)? — 2 (s — 2k? — 2a) (a — x) 
+ 4ak? 4 4mp?)"2, ao =m? 4 2, (34) 
B, (s, it) =<0976) (5. — He) = Be (Ga). 
TAGS = Oe Bea Sage (35) 


k is connected with s by the relation s 

= [(k? + m?)¥2 + (k2 + y2)¥2)2, and the integration 
is carried out over all real x and y for which the 
corresponding absorption parts are different from 
zero. 

B{}(s,u) is the part of By3(s,u) in which the 
graphs of perturbation theory corresponding to 
elastic scattering with energy s and inelastic 
scattering with energy u make a contribution, 
so that we have 


Bis (6,0) = 0, if =<. (mn -e): 


Bi})(s,s) is the part of By.(s,s) in which the 
graphs of perturbation theory corresponding to 
elastic scattering with energy s and inelastic 
scattering with energy s make a contribution, 
so that we have 


or u< 16n?. (36) 


BOs, 3) = z=) i 6 <(m js)? or s << (m + 21)?. (37) 


We now write down the unitarity condition in the 
approximation of elastic scattering for the reaction 
(Beil) et 


B®) Sr 1 
=) Antu’! (uj4 — yp?) 
By (x, w) Ar (y, u) 
dxd —- (38) 
Ae ear [(s — s1)(s — s2)]” 
where 
So = Sie (4; x,y) =X +y +7 mayer BOB) 
od cael (Cat li i ol U2 ae + (u — 4p?) yl}; 
(39) 
By (x, u) = 1g? (x — m?) + By (x, u), (40) 


and the integration is carried out over all real x 
and y for which the absorption parts differ from 
zero. 

The amplitude of B{3)(s,u) is that part of 
By3(s,u) in which the graphs of perturbation 
theory corresponding to elastic scattering with 
energy u and inelastic scattering with energy s 
make a contribution such that 


*In view of the symmetry of the reactions (B.I) and (B.ID), 
we need not consider the unitarity condition for the reaction 
(B.ID. We shall assume that the unitarity condition for the reac- 
tion (B.III]) is valid also in the non-physical region of energy 
4p? <u < 4m’. 
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BOs a) = 0, 1f 3 (neon)? or ue 42s (41) 
Introducing the notation 
BY (s, 4) =i (s, 4), Bu (s,s) = pa (s, 9), 
Bs, 4) = Ys (s, 4) eo 
we obtain 
Bys (S, u) =p; (S, u) +P (Ss, uy) + Xe(s,u), (48) 
Bio (8,8) = %bo (s, 8) +2 (s, 8) +¥a(s, 5). (44) 


Here (8,8) is the part of By(s,s) in which 
the graphs of perturbation theory corresponding 
to elastic scattering with energy s and inelastic 
scattering with energy s make a contribution; 
Xp(s,u) is the part of By3(s,u) in which the 
graphs of perturbation theory corresponding to 
inelastic scattering with energy s and with en- 
ergy u make a contribution; Yp(s,s) [Yp(s,8) 
= Yp(s,s)] is the part of By(s,S) in which the 
graphs of perturbation theory corresponding to 
inelastic scattering with energy s and with en- 
ergy S make a contribution, so that certainly 


Xp(s,u)=0, if s<(m+2p»)? or u< l6p’, (45) 


Yz(s,5) = 0, if (46) 


Finally, substituting (43), (44) in (24), (26) and 
taking (23) into account, we obtain 


ly (8, 1) oe \ as" 2 (s, 8’) +e (s’, s) 


s’—s 


s< (maa 2u)2 Ores = (nse 2)2, 


be \du' Sule Deri (Spe! 8, (s) u), 


Yi 19) 


| 
By (u, 9) = \ det ) +5 (s, (GH> ++) 
sess (i.S)) (48) 
where 
uu SIN Ce | ,*B (s, wu’) 
BY (s, u) \as or ba \ de we (49) 
uu il 
Ba (u,55) = =| dxX p(x, u) (+ — (50) 


Equations (29), (30), (38), and (47) — (50) are the 
desired set of Mandelstam equations in the case of 
the scattering of mesons on nucleons. 


3. Scattering of Nucleons on Nucleons 


Finally, we shall consider the reactions 


N (ny) +N (pi) > N (ne) +N (pe), (C.1) 
N (nm) +N (—pr2) > N ( Ps) +N (ng),  (C.I) 
Na) ee N (in)  ( Pi) +N (pe) (C.IID) 


and introduce the relativistically invariant quanti- 
ties (the squares of the energy in the c.m.s. for 
the three reactions ) 


im. IME, IRWIN eyiayel IL. 


Ala oT Tae NeT! eV 


atm +p 7 (= (m= ni, 1) 


= (nN — pr)’, 
which obviously satisfy the relation 


(52) 


w Hy, Jf = 4m. 


We now write down the double spectral repre- 
sentation for the amplitude C of the reactions con- 
sidered here:* 


(oe) co 


P. g g | Sa \ of fee Cy (w’, t’) 
C=- Sree ter \ dw \ dt fa ay On 
2 —¢t L meee ap? w ) 
4 ; , c , Cis (w’, t') 
— => da dt 5 A 
| a, 4 w— wl —F 
CO lee) C = 
i! / Qs ite t 
ce de \ dh (53) 
nm ) =f) (aan 


where the real spectral functions Ci, (x,y) (1 <i 
<k <3) satisfy the relations 


Crs (Ge y) = Cis Ce y), Cys (es y) a Cos (y, %).. 


We introduce the absorption parts of the ampli- 
tude 


(54) 


: = pa none 4 1&3 , 
Cw.) =2) @ cee!) ie jay Bee (55) 
Co (i, w) = 2 \ do’ BE 4 Sl aS ca aise) 
1 , Cig (w’, t {Cone e 
C3 (t, w) =~ \dw (oy 4 \ a ay a5) 


where the integration in the expression for Cj (x,y) 
(i =1,2,3) is carried out for fixed x over all real 
values of the variable of integration for which the 
corresponding spectral function is different from 
zero. 

It is clear that 


Ci (%, yy SOP iE x SAS OP) = 
or * < 4u4 (i == 233); (58) 
Cy (x, y) = Cy (x, 4m? — x —y); Cy (x, y) = Cs (x, y). 
(59) 


For derivation of the set of Mandelstam equa- 
tions, we write down the unitarity condition initially 
for the reaction (C.I) in the elastic scattering ap- 
proximation: 

(a) i 
s(w 2) An?w'!* (w/4 — m2)’ 
C, (x, w) Cs (y, @) 


x dxd 
at : (i= At Sa) (60) 


he=t ew x, y)=x+ty 


2 
Th att AY oe LW ex (det) 
x [y? + y (w — 4m?)}"*}, 
*In reality, as will be shown in Sec. 6, the functions 


Cix (x,y) (1 Si <k $3) are equal to zero in a wider region 
than shown in (53). 


(61) 
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Cs (t, w) = 7g% (f —n) + Cs (f, @), (62) 


and the integration is carried out over all real x 
and y for which the absorption parts are different 
from zero. 

C{P(w,t) consists of two components: 


Ce (w, 1) =A(w, t) +O, (w, d. (63) 


The first component corresponds to the case in 
which both variables of integration are equal to p?. 
It is clear that 


A(w,t) =—(g*/4)w—(w/4 — m®)—2[t — t, (w; p2, 22) 
x {¢ 7 to (w; Mise 12) |—"/2 (64) 


for those w and t for which A(w,t) = 0.* This 
component of A(w,t) is the part of Cy3(w,t) in 
which the graphs of perturbation theory corre- 
sponding to elastic scattering with energy w and 
with energy t make a contribution. 

The second component #,(w,t) is the part of 
Ci3(w,t) in which the graphs of perturbation the- 
ory corresponding to elastic scattering with energy 
w and inelastic scattering with energy t make a 
contribution, so that we have 


Ds (ws 1) 0) iow << An? ror) t< Ou". (65) 


We write the unitarity condition now for the re- 
action (C.III) in the approximation of elastic scat- 
tering:t 


B* (x, t) Bi (y, t) 
@ (wy, t) = — : dx dy — 7 
Crake?) 4m2t'l2 tortie a [(w — w)(w—w»)]"* 
Catena, (6,/7), (66) 
where 


Wy2=W2(t,x%, y= x+y 


+ page lle — mt + )y —mP + Bt) 
0 eo on lh ee a 


ae he tt), (67) 
and the integration is carried out over all real x 
and y for which the absorption parts differ from 
zero. 

The amplitude C{})(w,t) consists of two com- 


ponents: 


c® (w, t) = A’ (ww, ) + 22 @, 2). (68) 


*The boundary of the region where A (w, t) = 0 will be 
established in Sec. 6, but naturally we have A (w, t) =0 if 
w< 4m? or t < 4u?. 

tIn view of the symmetry of the reactions (C.II) and (C.IID), 
we need not consider the unitarity condition for the reaction 
(C.II). We shall assume that the unitarity condition for the reac- 
tion (C.III) is also valid even in the non-physical energy re- 
gion 4? <t < 4m’. 
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The first component corresponds to the case in 
which both variables of integration are equal to m?. 
It is obvious that 


A (w,t) = — (g4/4)t7*h(t/4 — 2)" [w — w(t; m2, m?) |e 
” (69) 


for those w and t for which A’(w,t) #0. It is 
easy to show, therefore, that 


X [w—we(t;m?,m?) }- 


AM’ (wt) =A, db. (70) 


The second component in (68) is the part of 
Ci3(w,t) in which the graphs of perturbation the- 
ory corresponding to elastic scattering with en- 
ergy t and inelastic scattering with energy w 
make a contribution, such that we have 


Dio) ONe IE voi (Qi at OLE An? 7 1) 


Taking into account Eqs. (54), (63), (66), (68), 
and (70) we have, consequently, 
Cys (w, t) = A (w, t) + 9, @, ) + O2., 1) + Xc, iB 
72) 
Cs D=A Go) PAGO OG b 


Ont, ) + Ye, 0s (73) 


where Xc(w,t) is the part of Cy3(w,t) in which 
the graphs of perturbation theory corresponding 

to inelastic scattering with energy w and with en- 
ergy t make a contribution, and Yo (tt) 

[Yo (tt) = Yc (1, t)] isthe part of C,, (tt) in 
which the graphs of perturbation theory corre- 
sponding to inelastic scattering with energy ft and 
with energy t make a contribution, so that we cer- 
tainly have 


(74) 
(75) 


Xc(w, ) = 0, if w< 2m + 4)? or t < Op’, 
Ve et) = 00 Ue Onroraeaon) 
Finally, substituting (72) and (73) in (57), we 
obtain 


Cs (t, w) = Cx(t,w) + C(t, @) + C3°(¢, w), (76) 
where 
e Aus 4 
Ci (t,w) = x \dx [, (x, ) +A (x O1(—*5 + 1), 
(77) 
XK PD (hs 1 A(t, 

C$ (tw) = 1 fdx[MED MEDEA D), (78) 
Xo (4b) Yeo (4 4) 7 (79) 


uu if , eS 
Cs (0) =~ \ax| 


Equations (60), (66) and (76) — (79) are the desired 
set of Mandelstam equations in the case of scatter- 


ing of nucleons on nucleons. 


eee eit 
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II. METHOD OF SUCCESSIVE EXTENSION OF 
THE RANGE OF KNOWLEDGE OF SPECTRAL 
FUNCTIONS 


4. Scattering of Pions on Pions 


We assume that the partial amplitudes hj( py?) 
are given us for the reactions A.I), so that in its 
physical part 


At (01, 53) = >; Im Ay(v*) P; (cos 4), (80) 


where IJ is the angular momentum, and v? and x 
are the square of the momentum and the scatter- 
ing angle for this reaction in the c.m.s., connected 
with the variables oj, 02, 03 by the relations 


O, = 4? + 4y?, Op = — 2v* (1 + cos x). 


0, = — 2v" (1 — cos x). (81) 


We continue analytically the expression on the 
right side of (80) in cos x for v? = const, finding 
A, (04, 03) in the entire region where 


flog (01, 03) — (OF Ais (G;, 05) = 0. (82) 


We shall call this region the region of zero approx- 
imation of the absorption part. 

It is easy to find where the equations of (82) are 
satisfied. In view of (4), it is sufficient for us to 
establish where Aj43 (04, 03) = 0 or where x (03, 0;) 
+ x (04, 03) = 0. But on the basis of (9), (12) and 
(13) it can be established that x (03, 0,) = 0 if o3 
aera Kon 4u*, 4u2). Therefore, Ay3 (04, 03) = 0 in 
the region where 


Os S Ei (1; 4u?, 47), 0, CG (G3; 407, 4p”). 


We shall denote the boundary of this region by o, 
=0\(,) Oreo, =10\))(0;). 

Knowing the absorption part A, (o,, 03) in the 
region of its zero approximation, we can find 
xX (03, 0,) by Eq. (12) in the region where 03 = 
(0,3; o§°(0,), 4u2). Consequently, we can find the 
spectral function x (03, 0,) + x (04, 03) in the re- 
gion where 


Os S Ex (4; 01) (63), 4p”), 01 < & (63; of (O3), 41”). 
We shall call this region the region of zero approx- 
imation of the spectral function Aj43(0;, 03), and 
shall denote its boundary by 0; = o{"(o3) or o3 

= of (o,). 

On the basis of (4), we can now find the spectral 
function Aj. (oj, 02) in the region of its zero ap- 
proximation. The region of zero approximation of 
the spectral functions Aj43 (04, 03) and Aj» (04, 02) 
of course includes within itself the region of zero 
approximation of the absorption part A, (0, 3). 
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We shall show how we can now find A, (04, 03) 
in the entire region of zero approximation of the 
spectral functions A43(04, 03) and Ay4p (04, Oy). 
The latter we shall therefore call the region of 
first approximation of the absorption part Ay(04, 03). 

With this purpose, we introduce the auxiliary 
function Aj (0;, 03), which will appear on the right 
side of Eq. (6) if we set Ay3 (04, 03) = 0 and 
Aji. (04, 02) = 0 outside the regions of zero approx- 
imation of the spectral functions A43 (04, 03) and 
Aj2 (04, 02), respectively. We shall consider the 
function Aj (0o,, 03) to be known. Further, we shall 
consider the function A, (04, 03) — Aj (04, 03). For 
o, = const, this function is already analytic in 03 
in the region of zero approximation of the spectral 
functions A,3 (04, 03) and Ajo (04, 02). Therefore, 
it can be obtained there by means of analytic con- 
tinuation in cos x for v? = const from the region 
of zero approximation of the absorption part 
A; (04, 03). It can then be obtained in the region 
of zero approximation of the spectral functions 
Ai3 (04, 03), and Aj. (oj, 02) and the absorption 
part A, (04, 03). 

By extending the region in which the absorption 
part A, (04, 03) is known, we can by Eq. (12) ex- 
tend the region in which the spectral functions 
Ay3 (04, 03) and Ay. (04, 02) are known which, in 
turn, makes it possible again to extend the region 
in which the absorption part A, (o;, 03) is known. 

It is clear that the spectral function Aj43 (04, 03) 
can be found exactly by such a successive exten- 
sion of the region of its knowledge only when 
Xa (04, 03) = 0. 


5. Scattering of Pions on Nucleons 


We shall first assume that the partial ampli- 
tudes f1(k?) are known to us for the reaction (B.I), 
so that in its physical region 

Bass a) = >| Im f, (Rk?) P, (cos g), 
f! 
where I is the angular momentum, and k? and Q 
are the squares of the momentum and scattering 
angles for this reaction in the c.m.s., connected 
with the variables s and u by the relations 
s = [(k? + my +(e? + 99)"4, 
u = — 2k? (1 — cosq). 


(83) 


(84) 
Second, we shall assume that the analytic con- 

tinuations of the partial amplitudes g7(q?) are 

given to us for the reaction (B.II]) when @ m0, 

so that we have for q? > 0 and cos # x 0,* 


*It will be established below for what values of cos Mis (85) 
valid. 
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Bg (u, S) (q°) P, (cos 9), 


Sym g, (85) 


if 
where 7 is the angular momentum and q? and 3 
are the squares of the momentum of the meson 
and the scattering angle for this reaction in the 
c.m.s., Connected with the variables s and u by 
the relations 


9 9.2 9 9 9\ 1/> 
s=m fe 2g + 2q (q* +»? — m*)"cos 9, 


Body are (86) 


By continuing the expression on the right side 
of Eq. (83) analytically in cos y for k* = const, 
and the expression on the right side of Eq. (85) in 
cos ¥ for q’ = const, we find B,(s,u) over the 
entire region where 


By (s, A) == (9) Buz (s, s) Se o* (7) 


and B3(u,s) over the entire region where 


Bj, (s, a) = 0, Bs, (s, w) = 0. (88) 


We shall call these regions respectively the re- 
gions of zero approximation of the absorption part 
B,(s,u) and of the absorption part B;(u,s). 

It is easy to find where Eqs. (87) and (88) are 
satisfied. On the basis of (27), (29) — (35), and 
(38) — (40) it can be proved that ¥,(s,u) =0 if 
u <u, (s; 4u”, 4u”) [here, as is easy to show, 
Wests (ssimis'm")) ado (s, 6) =f s = 8, (s;m?, 
4u?); 3(s,u) =0 if s <s,(u; m’, 42). There- 
fore, By3(s,u) = 0 in the region where 


u<Su,(s; 47, 427), SSO, Ae). 
and By (s,u) = 0 in the region where 
3.< 5, (s; m?, Ap), 5 < 5, (s; m, 4u?). 


The boundaries of these regions will be denoted 
by s=s (u) or u=u(s) and by s =8°(s) 
or s = s!($)., 

Knowing the absorption parts B,(s,u), B3(u,s), 
B,(s,u) [the latter by virtue of (28)] in the region 
of their zero approximation, and the absorption part 
A,(y,u) in the region of its n-th approximation 
(n = 0), we can by Eqs. (29), (30) and (38) find 
~1(s,u) in the region where u <u,(s; u(s), 4?) 
[here, as is easy to show, u <u;(s; m7) m a) all 
the same ]; a. (s,S) —in the region where s <8; 
(s; 8" (s), 4u?) and s < 81 (83 m’, u(s)), and 
Y3 (8, u) —in the cee hes S <'s; (u; su), 
47), and s < 8; (u; m? , of (u)). Consequently, 


we can find the Becta functions 7, (s,u) + %3(s,u) 


in the region where 


*And only in the part of this region which is symmetric in 
cos 9, if B,(s, u) is analytically continued in the form of an ex- 
pansion in Legendre polynomials. 
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u < uy (s; (0) (u), 42), 


SS, (ns AO) (tn), 


and the spectral function (s,s) + %,(s,s) in 
the region where 


s” (s), 4p), 8 < si (s; m2, u (s)), 


ut®) (s)). 


5 a (s; 


SS (5:8 (8), 4u7), So se (Se 


We shall call these regions respectively the regions 
of zero approximation of the spectral function 
Bi3(s,u) and the spectral function B,.(s,s), and 
the boundaries of them we shall denote by s : 
=s™(u) or u=u(s) and by 5=8")(s) or 

s=s" (8), 

On the basis of (23), we can now find the spectral 
function Bo3(s,u) in the region of its zero approxi- 
mation. The region of zero approximation of the 
spectral functions B,3(s,u) and By (s,s) naturally 
contain within themselves the region of the zero ap- 
proximation of the absorption part B,(s,u), while 
the region of zero approximation of the spectral 
functions By3(s,u) and By3(s,u) contain within 
themselves the region of zero approximation of the 
absorption part B3(u,s). 

Continuing in the same fashion as in the case of 
the scattering of mesons on 7 mesons, we can 
now find B,(s,u) throughout the entire region of 
zero approximation of the spectral functions 
By3(s,u) and By(s,s), and also B,(u,s) through- 
out the entire region of the zero approximation of 
the spectral functions B,3(s,u) and Bo3(S,u). We 
shall therefore call these latter the regions of first 
approximation of the absorption part B,(s,u) and 
the absorption part B3(u,s), respectively. 

Extending the region in which the absorption 
parts B,(s,u) and B3(u,s) are known, we can, 
by Eqs. (29), (30), and (38), extend the region in 
which the spectral functions B,3(s,u), By(s,s) 
and By3(s,u) are known; in turn this makes it 
possible again to extend the region in which the 
absorption parts B,(s,u) and B3(u,s) are known. 

It is clear that the spectral functions B,3(s,u) 
and By.(s,S) can be found exactly in such a step- 
wise extension of the region of their knowledge 
only when Xp(s,u) = 0 and Yp(s,s) = 0. 


6. Scattering of Nucleons on Nucleons 


Making use of the unitarity condition for they 
reaction (C.III), we shall have for 4u2<t< 9u2* 
and cos ~ = 0:7 


*We again assume the validity of the unitarity condition 
for the reaction (C.III) in the non-physical region. 


tIt will be established below for what values of cos yw is 


(89) valid. 
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C;(t,w) = Ci (t,w) = ea aye D |Z, (q?) 2 P, (cos tp), (89) 
where q” and y are the squares of the momentum 
of the meson and the angle of scattering for this 
reaction in the c.m.s., which are connected with 


the variables w and t by the relations 


t = 4q +- 4p?. 
(90) 
Analytically continuing the expression on the 
right hand side of Eq. (89) in cos y for q” = const, 
we find C3(t,w) = C(t, w) over the entire region 
where 4? < t < 9u? and where 


AG eee ia) (I cos), 


Cis (Onda OCs (bt) = (91) 


We shall call this region the region of zero approx- 
imation for the absorption part C3(t,w). 

It is easy to establish where the equations of 
(91) are satisfied. On the basis of (58) and (60) — 
(63) it can be established that A(w,t) = 0 if t 
<t,(w; yw’, 2). Therefore, C,3(w,t) = 0 in the 
region where t < t,(w; u*, u*), while Co3(t, t) = 0 
in the region in which t <t,(t; u?, uy?) and t <t, 

CT ho 

Knowing the absorption parts B,(s,t) in the re- 
gion of its n-th approximation (n = 0), we can find 
,(w,t) from the first of Eqs. (66) in the region in 
which w <w,(t; s(t), m*). The functions ,(w,t) 
can thus be assumed to be given in the case of scat- 
tering of nucleons on nucleons. But then we can 
find the spectral function C,3(w,t) in the region 
where 4u2< t< 9u? and w <w,(t; s(™(t), m?), 
and the spectral function Co3(t, t) in the region 
where 4u2<t< 9u? and t <w,(t; s(™(t), m?). 
These regions, which are identical for sufficiently 
high n withthe region 4y? < t < 9u?, we shall call 
the regions of zero approximation of the spectral 
function C43(w,t) and the spectral function C,,(f,t), 
respectively. These regions of course include the 
region of zero approximation of the absorption 
part C3(t,w). 

Proceeding as above, we can now find C,(t, w) 
throughout the entire region of the zero approxi- 
mation of the spectral functions C,3(w,t) and 
Co3(t,t). We shall also call the latter the region 
of first approximation of the absorption part 
C3( iB W ) 5 

Knowing the absorption part C3(t,w) for suf- 
ficiently large n in the region of its first approx- 
imation, we can, by Eq. (60), find 4,(w,t) through- 
out the entire region where 9u? < t < 16u”. We 
shall call this region the region of first approxi- 
mation of the spectral functions C,3(w,t) and 
Co3(t, t Ne 
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Making use of Eqs. (77) and (78), we can now 
find C$(t,w) and C#(t,w) in the region of first 
approximation of spectral functions C,3(w,t) and 
CoG t). We shall also call the latter the region 
of second approximation of the absorption part 
C3( t,w ) 5 

Extending the region in which the absorption 
part C3(t,w) is known, we can by Eq. (60) extend 
the region in which the spectral functions C,3(w, t) 
and C,3(t,t) are known; in turn, this again enables 
us to extend the region in which the absorption part 
C3(t,w) is known. 

It is clear that the spectral functions C,3(w,t) 
and C.3(t,t) can be found exactly in such a step- 
wise extension of the region of their knowledge only 
when Xc(w,t) = 0 and Yo(t,t) = 0. 


7, Discussion 


By slightly altering the method set forth in 
Sec. 4, we can proceed to construct integral equa- 
tions for the amplitudes of the reactions A, B, 
and C in their physical regions. 

Assuming also that the absorption part C,(w,t) 
is known in the physical region of the reaction (C.]), 
and proceeding just as in the case of mz and 7N 
scattering, we could have successively found the 
values for the absorption parts of the reactions A, 
B, and C over wider and wider regions by means 
of a knowledge of them in the physical regions. In 
this case, we could have completely discarded the 
unknown parts of the spectral functions X and Y, 
restricting ourselves to the problem of determin- 
ing that part of the amplitude which does not con- 
tain graphs which are inelastic in both channels. 
Then expressing the amplitude in terms of the ab- 
sorption part, we could have obtained the integral 
equations for the amplitudes in the physical regions. 

Such equations require simplification for prac- 
tical use. In particular, rewriting the equations of 
Mandelstam for a fixed angle of scattering for any 
reaction, and then transforming to the partial am- 
plitudes, we can easily obtain an equation similar 
to that given by Cini and Fubini.® The series of 
additional terms appearing in this case both on 
the right and the left of the cut make the approxi- 
mation of Cini and Fubini doubtful. The obtaining 
of more convincing estimates appears possible to 
us in our approach to the construction of integral 
equations; these estimates are connected with the 
neglect of isolated components. These problems, 
however, go beyond the framework of the present 
paper. 

Keeping in mind the calculation which is now 
under way of a real case in which spin and charge 
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variables are present, we shall make a concluding 
remark relative to the capability of inclusion of 
the phases of nucleon-antinucleon annihilation into 
two 7 mesons. It appears most advantageous to 
us to connect them with the phases of mm and 7N 
scattering by means of a solution by the method of 
Muskhelishvili® of an integral equation for the am- 
plitude of mN scattering for a fixed angle of scat- 
tering of the reaction (B.III). Thus one can choose 
the phases of the nucleon-antinucleon annihilation 
into two 7 mesons from the phase of mz scatter- 
ing and from the absorption part B,(s,u). The 
latter can be expressed through the pole term* and 
through the phase shifts of m7 and mN scattering. 

The authors express their gratitude to Yu. N. 
Novozhilov for valuable discussions and interest 
in the work. 


*Only this pole term was considered by Mandelstam.* 
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The formalism of vacuum expectation values of products of field operators‘ 


8 is used to 


prove for quantum field theory a principle of the weakening of correlations analogous to 
the corresponding Bogolyubov principle in quantum statistics. By the extension of these 
results to the Green’s functions, a proof is obtained for the hypothesis of Freese about 
the asymptotic behavior of Green’s functions at large space separations. 


Tie study of the properties of Green’s functions 
in quantum field theory is an extremely difficult 
problem. The question arises of approximating 
them by Green’s functions of the lowest orders, 
whose properties have been most completely stud- 
ied. This question has been treated in papers by 
Freese! and Falk.? Their conclusions are based 
on the hypothesis that one can neglect the interac- 
tion at points separated by an infinite distance. 

The present paper is devoted to a rigorous 
proof and a refinement of the hypothesis of Freese 
about the behavior of Green’s functions. In our de- 
ductions we do not make the assumption that inter- 
actions at large distances are small. In the state- 
ment of the problem we start from an idea of Bo- 
golyubov.’ In his lectures on statistical physics 
Bogolyubov has recently formulated a principle of 
the weakening of the correlations between particles 
for systems in the state of statistical equilibrium. 
In our paper this principle is formulated for quan- 
tum field theory and we give a proof of it on the 
basis of the axioms of the theory. 

Our conclusions are based on the study of the 
behavior of vacuum expectation values of products 
of operators. For this purpose we use the appa- 
ratus of functions developed by Wightman, Kdllen, 
and Wilhelmsson.*~® The behavior of vacuum ex- 
pectation values for fixed equal time components 
has been considered by Dell’ Antonio and Gulma- 
nelli’ in a study of the spatial asymptotic condition 
of Haag.*? 


1. THE PRINCIPLE OF WEAKENING OF COR- 
RELATIONS 


Let us consider a neutral scalar field which is 
described by a Hermitian operator A(x). By hy- 


pothesis the operator A(x) satisfies the conditions 
of causality and of translational and Lorentz invari- 
ance. It is also assumed that there exists a unique 
normalized vacuum state |0> and that there are 
no states with negative energies. 

Let us consider a set of points M consisting of 
n+1 vectors x;, where x; = (x;, x!) and the scalar 
product is defined in the following way: 


a= (a1) + (e+ Dt — (et) 
Let us divide the set of points M into two sub- 
sets M, and My: 


Vie M, —- Mz, Xa € M,, Xp E M3; 


Gal, 2,.3:, t; B= tse nea. 


Let the sets M,; and M, be such that each of 
them taken separately can be inclosed in some 
sphere of finite radius. Let us now make these 
spheres undergo a displacement relative to each 
other. In doing so we shall assume that the con- 
figurations of the points of the sets M, and M, 
change only inside the respective spheres, and 
that the time components of the vectors x; are 
arbitrarily fixed. The analog of Bogolyubov’s 
principle of the weakening of correlations? holds 
for this case. 

The vacuum average 


f (x, +e) sig Xn-41) 

= (0|A (x)... A (x) A (x14)... A (Xan) $09 
separates into a product of vacuum averages 
<O]A (x1) «A (xi) (09 <0] A (ein)... A (Xn) 10, (2) 


if the set of points M, goes to an infinite distance 
from the set M, in the sense defined above. 
For the proof we make use of the results of 
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Kallen, Wightman, and Wilhelmsson.!~* We ex- 
pand the vacuum average (1) in terms of a com- 
plete system of intermediate states 


Rites sits) SS exp (id pr) Ep} 
IZp> 


me OPA Iyer As | 25>. 00<en VAnaa VO, (3) 


where p‘2Kk) is the eigenvalue of the operator of 
energy-momentum of the state |z, >, and more- 
over 


Eh=Xk—Xaty, 2h-1 | Arn (Xz) | Zn> 
=(Zp-1|Ar| Zn> exp {i (p(n) — p @r-1)) xp}. (4) 


Let us rewrite the relation (3) in the form 


Piicee..  Xnag) = (Ol A (x), . A (eh /05.<0| 
XA (x41) ..-A (%n42) | 0> +E A, (5) 
where 
jc exp {Ep ™ Ent <0|Ai| 21> 
ine eee +++ |Zp> 
X (21|A2| 22> .--<2n|Anti|0>, (6) 


with the sum taken over all intermediate states 
with the exception of the states |zj>, the sum 
over which is taken starting with the one-particle 
state. 

It can be seen from the relation (5) that for our 
purpose it is enough to prove the equation 

lim RF; == (0) (7) 
R00 
where R is the distance between the spheres that 
were introduced above and m is an arbitrary posi- 
tive integer. 

Starting from the conditions of our problem, we 
shall find out certain properties of the function fj. 
If we denote the Fourier transform of the function 
f; by G(py,.--,Py), then we can write 


p= ste): \dpr. ap, 


x exp {i 2 Prba} G (oc eke) (8) 
=1 


In virtue of invariance under Lorentz transforma- 
tions the function G(pj,...,Pn) is a function of 
all possible scalar products of the vectors pj,..., 
Pn. In virtue of the condition that the energy is 
positive the function G(p;,...,Py) is different 
from zero only when all of the vectors p, lie in 
the upper light cone, and furthermore the vector 
p; must lie in the upper hyperboloid p} TEES 
(pt)? = a;; > 0, which is also in the corresponding 
upper light cone. Here ajj is defined by the rela- 
tion p} Ors under the condition that the vector 
Pj corresponds to a one-particle state. 
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The fact that the vector pj lies in the upper 
hyperboloid is due to the sum in Eq. (6) being taken 
over states |z,> beginning with the one-particle 
state. What we have said can be written in the fol- 
lowing way: 

G(Dirs ScyP.) 


Gees) 


0 (p,) =5 [1+ il 


We can now write the relation (8) in the form 


ce Ke 
ASP \ 20) TY danG au, 5. y= ani, 26s, a) 
apy (Je a} 
SANG (En een): (9) 


where 
(+) : eA 
Nndted Gee Gaz) = On” \s8 .\ dp, monte 


x exp {id rb} II (rip, +) TL 9 (pe). 0) 


kR<l=1 


dpn 


The quantities a,7 are zero, except that ajj > 0. 
It can be seen from Eq. (9) that for the proof of 
the equation (7) it is enough to establish the relation 
lim R™ AGL. (Ex; Qn) = 0. 


R-oco 


(11) 


In this connection one also has to justify the pas- 
sage to the limit under the signs of integration in 
Eq. (9). 

Thus the proof of the principle of the weakening 
of correlations has been reduced to the study of the 
asymptotic behavior of the singular functions of 
Killen and Wilhelmsson.® We can study the asym- 
ptotic behavior of these functions only in the region 
where they exist. Therefore it is also necessary 
to show that the passage to the limit R— © occurs 
in the region of existence. 


2. PROOF OF THE RELATION (11) 


Kallen and Wilhelmsson® have obtained the fol- 


lowing representation for the function A{'),(&; a,j): 


Se: ere 
Anta (Eki Ou) = tama (— DY is oa bash (Bere 


3(1—4 
Oem Ry<ho=5 


4 n 
— yn Ap .Arn’An'h,) Me? (Yu Axx’) ll 9 (Giz), 
i il k=5 

ea 


Pears >| >| DAyrQrr Xr 


A=1 k=5 


D=Detfanl<o0 (l<i,k <4), 


< 
D, = Detlan| (<i,k <9). (12) 
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The function A{* has the form 


(F ce = 
As’ (33 Gu) = a 


x (—D) 8 (Do) 8 (a2, — ay1A22) IN: (13) 


(Qin) ifs s 


ioe pean t H(t 
ps2? = en \ ae 0 (¢) : (14) 
Ps = V2.5 (t) 


See 0) PVP Ses re), 


Q@=h, P=2(i—1), S=2(—3ll, + 21,), 
T == ({—6f;l2 + 3/3 + 8/31, — 614), 
fe aSp AX) eck = oneee, (15) 


Here A and X denote the matrices || a,7|| and 
ll Ex éz ll. 

In the passzige to the limit R— © the distance 
between points that belong to the same set, My, or 
M,, remains less than some constant, which is 
fixed by the radius of the corresponding sphere. 
The distances that increase will be those between 
pairs of points, one of which belongs to the set M, 
and the other to M,. The function A{?,(é;; ax) 
involves only one such pair of points: §j = xj 
—Xj4,- In the passage to the limit the difference 
between the coordinates of the points increases in 
proportion to the quantity R. Consequently, we can 
NOSSO UIE a new quantity é{, by setting &; = (Ré&j, 
EL), By the theorem of Hall and Wightman! the 
function AG),(é,; axz), and consequently also the 
quantities Q, P, S, T, are functions of the scalar 
products & + é]. 

For the further argument it is convenient to 
introduce the quantities 


POURS p= P/R*Y Ss S| REO STIR 0S RE 
(16) 
The relations (14) and (15) then take the forms 
(1.2) (2m) 1_ ra tat HO (Re) 
= e\ aS (17) 


By,0 (2’) = [2 — g)?@— pt Vt)? 22s F 8 Vat’? (t? — q). 


(18) 
Direct calculation of the integrals (17) is extremely 
complicated. 
Let us first find out the properties of the func- 
tions q, p, Ss, T, starting from the conditions of 
our problem. When expressed in terms of the ma- 


trix elements (AX);j the functions I, have the 
form 
1, (AX) +Ry, 


Bel 2 ond, (19) 


Vv. P.=GA CHO 


where R, contains all the other terms, and 


/ ca < fe 2 
(A X);; ea Oni 5; 51 a a; 5; 92 TT" Sie ay Si 

go aie 20 

+... 44,8; - E,- ay 


For the further argument it is convenient to write 
this relation in the form 


(AX),, (21) 


== (0) eet = HF, 


LE 


where the function r, contains all the remaining 
terms. 

Calculating the functions Q, P, S, T by means 
of Eq. (19) and subsituting the expressions for 
these functions in Eq. (16), we find 


q = a8? + Ri/R, 
p= Ri Ro SR PR Re 


It follows from the relations (23) that in the 
limit R — © the functions p, s, T go to zero. Ac- 
cording to Kallen and Wilhelmsson® in this case 
the function A"), reduces to the function 


(22) 
(23) 


AS? G72, )S— mi He (Va,,2) / V a,,Z, 2=—€F. (24) 
This fact can be interpreted in the following way. 
In the limiting case R — ~ the correlation between 
the sets M, and M, can be interpreted as a corre- 
lation between the two points xj and xj,,. The 
correlation between them will then naturally be 
described by the correlation function Af) = Af 
(éj; ajj), which depends only on the differences 

of the coordinates of these two points. The func- 
tion Af) is the boundary value of a certain ana- 
lytic function which is regular in the entire com- 
plex plane of the variable z with the exception of 

a cut along the positive real axis. By the condi- 
tions of our problem aj; > 0, and for sufficiently 
large R the vector &j is spacelike. This means 
that we are studying our function on the negative 
real axis, which is in the region of existence of 

the function A{*), This gives us the right to cal- 
culate this function at the point R=. 

Taking into account the behavior of the Hankel 
function H{!) in the upper half-plane, we find the 
relation 

lim R™AS? (& 


R->co 


p 4,,) = 9. 

Thus we have proved the relation (11). 

It is interesting to extend our arguments to 
other cases, for example to the case in which the 
set M is divided into three or four subsets. In 
these cases the study of the function A{), reduces 
to the study of the functions A{” and A), and the 
proof can be carried through in analogy with the 
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arguments of Dell’ Antonio and Gulmanelli.’ 

The case in which the set M is divided into five 
or more subsets requires special treatment. 

To justify the passage to the limit under the 
integral signs in Eq. (8) one must show that the 
passage to the limit in Eq. (9) is uniform in all 
the a,j. It is obvious that we can always take 
(é;)* and R so large that all of the arguments 
carried out above will hold for all ay. 


With this we have completely proved the re- 
lation (2). 


3. THE ASYMPTOTIC BEHAVIOR OF THE 
GREEN’S FUNCTIONS 


Let us consider the function 


COW aces ees 1) OY = DOs, =—%2)... (Xn — Xn 41) 
x <0| A(x,).--A(%n41)]%, (25) 
where the sum is taken over all possible permuta- 


tions of the indices 1, 2,...,n +1. Let us inves- 
tigate the behavior of this function when the dis- 
tance between the spheres introduced earlier be- 
comes infinite. We regard the time components 
as arbitrarily fixed. For our purpose let us apply 
the principle of the weakening of correlations to 
each term in the right member of Eq. (25). It is 
not hard to see that all of the terms take the form 
(2), because for sufficiently large distance between 
the spheres the vectors of the sets M, and M, be- 
come spacelike, and consequently in virtue of the 
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condition of local commutativity the operators 
A(x;),...,A(x;) will commute with the operators 
PER) hs ee (Xy+1)- In the limit the function (25) 
takes the form 


ONT ay Sans er) VO COPD Cee asnee ed) ee (26) 


With this, we have proved the hypothesis of 


Freese! about the asymptotic behavior of the func- 
tion (25). 
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The four-fermion Thirring model is considered and the field operators are determined by 


functional quadrature. 
1. INTRODUCTION 


ln problems connected with second quantization, it 
is always necessary to consider operators written 
in normal form 


Ars \ RAC - Np) 


x ce" (G1)... (En) € (mi)... (ip) br... dp, (1-1) 
where c(é) and c*(é) are operators that satisfy 
the canonical (Bose or Fermi) commutation rela- 
tions. It is natural to set in correspondence with 
each operator written in the form (1.1) a functional 


Af P= DVK Gu. Elm. ne) FE)... F (Ge) Fmd) 


..-f (mp) dE. . (1.2) 


The functions K(é;... &n|"1--- Mp) are the 
same as in (1.1). In the Bose case the functions 

f (é), £*(&) are complex (not necessarily complex 
conjugate ), while in the Fermi case f and f* are 
functions with anticommuting values 


GAS) (CaF (6) of (E)} =F (8) f (ED 0. 


It is obvious that the operator (1.1) is uniquely ob- 
tained from the functional (1.2). 

Let the operators c and c* be expressed lin- 
early in terms of the operators a and a*, which 
satisfy the same commutation relations as c and 
HE 


os) En iN sits 


. aNp; 


(8) =) © & mn) am) dy +) ¥ En) a an, 
(6) =) ¥ En) a dn +) 0 (, ») a ( ay (2.8) 


( and W are the complex conjugates of @ and W). 
Substituting c and c* from (1.3) into (1.1), we ar- 
range a and a* in the normal sequence. We set 
the operator A, written in normal sequence with 
respect to a and a*, in correspondence with a 
functional A(a*, a) by the same rule as before. 
Thus, we find that the canonical transformation 
(1.3) generates a linear transformation in the space 


of the functionals. This linear transformation can 
be written with the aid of the continued integral* 


A(e’,2) =\H @ al PNA (PA Nap & ap (@). (1-4) 


The kernel * of this transformation has been 
calculated earlier! for the case of both Bose and 
Fermi commutation relations. For the case of 
Bose commutation relations this kernel has the 
form 


eke 1 iS 
Ha", alf’, = rage XP 7 lOrs, b) 


4 (@Y-! 9p, b)—2(b6)]| 
and for the case of Fermi commutation relations 


(1.5) 


x(a, a|f', f) =V det BY" exp {5 (O¥~, 6) 
— (OP-1p", 6°) 2 (0'b) 1} (1.6) 


where ®, ¥, 6, and W are operators specified 
respectively by the kernels ®(é 7), W(é, 1), 
&(é, 7), and ¥(é, 7); 


b= Oa + Va —f, b° = Wa + Oa —f, 


(by, bs) = \o, (x) bs (x) dx. 


The matrices of the quadratic forms, contained in 
the exponent of (1.5) and (1.6), are symmetrical 
and skew-symmetrical, respectively.! 

In the present paper we employ formula (1.4) for 
the Thirring model.” 


2. CANONICAL TRANSFORMATIONS OF THE 
FUNCTIONALS 


1. Before we deal with the Thirring model, let 
us solve the following general problem. Let A be 
an operator, the normal form of which with respect 
to the operators c and c* corresponds to the func- 
tional 


*For the case of Fermi commutation relations, the integral 
(1.4) is defined in the paper of the author or of Khalatnikov.‘ 
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Alf, f= exp ty As f. + ef, f) 42 4ef, pil 
(2.1) 

Let us carry out the canonical transformation (1.3) 
and find the functional corresponding to the opera- 
tor A, written in normal form with respect to a 
and a*. Since only the case of Fermi commutation 
relations is of importance for the Thirring model, 
we shall consider this case in detail. The case of 
Bose commutation relations will not be discussed, 
and only the answer will be given at the end of this 
section, to complete the exposition. 

2. To carry out the canonical transformation we 
must calculate the integral (see (1.4) and (1.6)): 


Aw, 2) = (det vw')*\" exp + (OV, 6) —(©F0", 6’) 
+2(6,6)+4i(f, f) +A2(f, f) +245 ffl laf ay. 
(2.2) 


ij denotes the integral over the anticommuting 
variables. 
references 1 or 4). 
only important fact is that 


- j pW 
\ exp (5 Appx! xt) dx = = (detllan |)", @pr= — ay. 


To shorten the notation we introduce the follow- 
ing symbols: 


g=—(;-), n=(55) (2). 


In this notation, the integrand assumes the form 
exp (F/2), where 


F=(B(E + 


(2.3) 


n), (& +)) + (46, 6). 


It is convenient to write F with the aid of matrix 


multiplication in the form 


F= 846 +(§ +n) B(E+n), 


where the prime denotes the transpose of the 
matrix. This notation is analogous to that of the 
case with finite number of dimensions. For finite 
dimensions &’Cé = £;Cj,é,. In the general case 


ECE =) E (x) C (x,y) & W) dx ay. 
The following identity can be readily verified 
EAE +(E +n) BCE +n) = (% + 8)'(44+ Bx + 8) 
+ ' (B — B(A + BY? Bn, (2.4) 


where x =(4+8)'8n. Using (2.4) we readily 
calculate the integral (2.2), and find it to be 


A (a’,a) = (det YW") [det (4 + 8)" exp |-5n'(B 


— B(A + BYR) n|. (2.5) 


Its definition will not be given here (see 
In the present investigation the 
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We transform this expression in the following 
manner: 


4s e=( 4 +E oe) 
OY ta 4, Aye 
=i ae meee 
@+ AV (As—E)¥\ Ww 0. 
=| (ere Ago} \o we) 
OF a oO —¥)\/¥O 
B= ( E Dae GEN ya ai Peay 


Hence 


Bes Sere ae 


vy —@/\(E—A) ¥ AY—O 
® apa 0 
de Sah mo 


B—B(A+ B)7B = @ hic ME ~(e + AiY (A3—E) ae 


— E—A,)¥ A¥—® 


re le Gua) 
( @+Ai¥ (As—E) ¥\7 
(E—A,)¥ AY—@® ) 
Cl oaNee tem oth (eal nana 
The remainder of the derivation is obvious. 
We obtain ultimately 
R—B(A+ BPR ae bey Rea 


Ay As \ 
x( - aE 
—A, A, 


(E — As) ¥\ 
E—A,) ¥ er) 


(2.7) 


From (2.6) we find that 


@ + Av 


( As —E) W 
det (4+ 8) = (det ¥Y")- dete Ane 


Aw —@ }° 
(2.8) 

Substituting (2.7) and (2.8) in (2.5), we obtain an 

expression for the transformed functional 


/ @O+ Av 


— Ey Py "2 
A(a’, a) )= det (ip _ A os ae) 


Jv A¥—® 


aa os Tia 
ere apilam tice cir ae) 


Ay Ag 
, 29 
x(_ 4: a)": (2) 
We note finally that 
O+ AY (As—E)¥) | dicate Condes 
elit ee Aju" Ae »)= det A)Y O— AY 
(2.10) 


Actually, it is clear beforehand that the left half 
is equal to the right one, apart from the sign. In 
order to determine the sign, let us consider the 
finite-dimensional approximation of the operators 
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6, W, and Aj. In the finite-dimensional approxi- 
mation these operators should be given by matrices 
of even order. In fact, in real Fermi field, there is 
present along with each particle also an antiparti- 
cle, and therefore the sector cx, which is the 
finite-dimensional approximation of c(é), should 
have 2n components: n components pertain to the 
particles and n to the antiparticles. In the case 

of even-dimensional matrices ®, WV, and Aj, the 
equality (2.10) is obvious. Thus, 
jacercyrenfin(S Zo _& Ma, 


* 


A (a , 


. @ + Aye 
Oe ive — A,) © 
The matrix in the exponent of (2.9’) ie skew- 
SAU since it is equal to Can — B(A 
+8) '#], where A and ® are skew- RTO 
matrices. Using this fact, we can write A(q * @) 
in the form* 


(E — As) is 


f2 
> AW (2.9°) 


ll 


A(a’, «) = (det C)” “exptan ag ee ee nt, 


(O'—W'A 
C=| : 


yw’ (E— As) 
LW(E—A,), © ) (2.11) 


+ W’As 

The form (2.11) is frequently more convenient 
nea, (29) Oe (oe!) 

3. In the case of Bose commutation relations the 
calculation of the functional A (a*, a) follows al- 
most verbatim the procedure considered here. 

The final result is 


A (a*, «) = (det C)~” exp 


— WE + As) 


oO — yA 
Cah ; ey 
@m’— WW’ A, / 


\— WW (E + A,) 


3. THE THIRRING MODEL 


1. The problem solved in the present section 
consists of the following (see references 2 and 3). 
We consider the operators y,(&), of (E); y2(€), 
y3(&), satisfying the commutation rules 


{Q, (5), ®; (§)} = 6,5 (E =a Eh 


{p, (6). , (6)} = (@; (§) 9; (6)} = 0 (3.1) 
and make up from the operators y,(£), p*(é) the 
operator 


u 


V = exp fig\ #7) 1 © asl. 


Ug 


(3.2) 


© W oO’ wy! 
*It is easy to verify that VO Vo’) 


FAs OBER Ea N 


We now go to the Fourier representation 


p,(§) = ae sige (p) dp, t=1, 2 (3.3) 


and then carry out the canonical transformation 
cx (p) = 9, (p)a (p) + 8_ (p) &(— Pp), 
cx (p) = 8_ (p) a (p) + 9, (p) & (— p), 


UELOR pi) 0 for.p2? 
0, (Pp) — Noy doe p <a U3 (P) eile for p<0 : 
(3.4) 


(We leave out the expressions for the conjugate 
operators ). 

It is required to write the operator V in normal 
form with respect to a, a*, b, and b*. We shall 
solve the problem in the following manner. We 
first write V in normal form with respect to 
y1(&) and gt (é). We change to the Fourier rep- 
resentation (3.3) and then carry out canonical 
transformation (3.4). We see that the infinite fac- 
tor characteristic of the Thirring model appears 
only in the last stage. 

2. We write V in normal form with respect to 
o,(&) and y{(é). For this purpose we expand 
(3.2) in powers of g and transform each term. We 
put 


An = P, (Ex) Pr (E:) - - 


Uy<lE; <u 


P, (E,) Pi (§,) 4&1. . . dE, 


B, = of Ge 


Uyp<b; Su 


P, (E,,) Pr (3) . 


Let us representing An in the form 
An me >| Co» Bes 
k=0 


We readily find that the cy, satisfy the following 
recurrence relations 


k—-1 
Caps (I) Gare + Ren, k, Ci = l, 


Cok = 0 for k < 0. (3.7) 
From (3.7) we obtain directly 
Gan = 0; Cay = iW Can = (— 1) SrGaka. n—1: (3.8) 
Further 


COM a 
> (ig) Cin 
k} ’ 


k=0 


=> 1. = di 6... 


From (3.7) and (3.8) we obtain for f(g) the re- 
lations 


fa (g) = (— 1)" “fral(g) + bfa(g) for k > 1; 


[n(g) = 


A(g)=e*—1, FPO =(—1)**PO. 3.9) 
The equations (3.9) are readily solved 
fa (g) = (— I? (e'® — 1)" II. (3.10) 
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We introduce now the anticommuting functions 
f:(&), f.(&), ff(&), and f¥(£) and set the operator 
Bn in correspondence with the functional 


Bath, fs FiEs)oms nthe (EA) (ED) 9 oor ede 


Ug<E; <u 


de =r" (1 fete ae] 


Uo 


n 


Using (3.10), we find that in this case the operator 
V is set in correspondence with the functional 


( fone n [a & f 
y= ROA wa | 
= exp |e — 1) A®A® ae}. (3.11) 

3. Let us proceed to the Fourier representation. 
Since in this case gji(é) is expressed only in 
terms of cj (é), and yj (é) only in terms of c*(£), 
this transformation reduces to the following change 
of variables in (3.11): 


As a result we have 


Vi exp \\K (p, p’) 8; (p) 51 (p’) dp dp’, 


g’ el(p’—p)u __ ot (p’—p) uo 


M0; 2) = 35 ae 


(3.12) 


; g = ee — 1], 
(3.13) 


The rest of the problem consists of transform- 
ing the functional (3.12). We thus encounter the 
situation considered in the preceding section. The 
solution is given by formulas (2.9) and (2.11). We 
solve, however, a somewhat more general problem, 
namely, we find the canonical transformation of 
(3.4) of the functional (3.12) with an arbitrary ker- 
nel K(p, p’). 

4. In order to make use of formula (2.11), we 
must first find the operator C [see (2.11)], the 
operator c™!, and det C. We note first that the 
canonical transformation (3.4) is given with the 
aid of the matrix kernel 


Cayce anes 


0 0-(p)\, 
vee ai 0? +P). 


p’), 
(3.14) 


The operator 4 [see (2.3)] is given by the matrix 
kernels A,, Aj, and A3, which are equal to 


—K Te) 


Ai = In = 0, A; = ( 0 0 (3.15) 
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A simple calculation shows that the operator C is 
given by the matrix kernel 


; oO Wi Aa) 
GEC (po) Gree 4 3 » (3.16) 
where 
5 Sy 04 (p) @_ (p) \ q / vr 
O'=@ =(5 9 foWP =P), 1K pg K (arp); 
0 0 
F’ (E — As) ee g_(p)) 9? +P’) 


0 0 
a eee p, P’) 2 


ay : , j v 0 é 
¥’ (E—Ay = W (E— A) = (5, i) 0-00 +P 


, a 
Bs (p) K’(— p, p’) 0” (3.16’) 


5. Let us determine the operator C~!. For this 


purpose we solve the system of equations Cf =g 
(f and g are columns consisting of four functions: 


(She (E 
fy S4 


Using (3.16) and (3.16’), we write this system out 
in detail 


9, (p) fi: (p) + 9_ (p) fe (p) = 81 (P), 
6, (p) fs(—p) +0, (p) \K (—p, p') fs’) dp” 


+9_(p) fa(— p) = &2 (p), 
9, (p) fs (Pp) + 9_ (p) fa (p) = Bs (p), 
0, (P) fr (— p) + 9, (—) \K’ (— p, p’) fr (PD ap" 
+ 6_ (p) fo (— p) = Ba (p). 
The system (3.17) breaks up in a way that the first 
and fourth and the second and third equations form 
independent systems, which differ from each other 
only in that K is replaced by K’ and the numbering 
of the functions fj and gj; is different. It is suffi- 


cient therefore to solve the system consisting of the 
second and third equations: 


(3.17) 


0, (p) fs (P) + 9_ (p) fa (p) = gs (p), (3 18”) 
0, (p) fo (— p) + 9, (P)\ K (—p, P’) fa (') a 
+ 6_ (p) fs (—p) = &: (p). ERTS) 
In (3.18’’) we replace p by —p 
0_ (p) fs (p) + 9_(p) \K (p, p’) fs (p’) dp’ 
Om (Dela NP) eos 9p). (3.187’") 


We multiply (3.18’) by 6,(p) and (3.18’’’) by 
6_(p) and add. We obtain 


fo (p) + 0 (p) \K (p. P’) fa (P') a 
= 0,(p) gs (p) +8 (p) gz (—p). 
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We write the solution of this equation in the form 


(a) \ G (p, p’) 10,(p')gs (p’) + 8_ (p") B2 (— p’)] dp’. 
(3.19) 


Here G(p, p’) is the kernel of the operator G, the 
inverse of the operator (E — 6- K) given by the 
kernel 6(p — p’) + 6_-(p) K (p, p’). Let us mul- 
tiply, finally, (3.18’) by @-(p) and (3.18/’’) by 
6,(p) and add. We have 


¥. Ay BEREZIN 


We solve analogously the system comprising 
the first and fourth equations. As a result we 
have 


fy (o) =$G (p. p’) (8, (9) gr (h') +9 (P) Ba (— PD) a’. 


fe (p) = 9_ (p) Bs (p) +9, (0) 8. (— p), CS 
where G(p, p’) is the kernel of the operator G, 
the inverse of the operator (E — 6_ K! ) specified 
by the kernel 6(p — p’) + 6_(p)K’ (p, P Oe 
From (3.19), (3.20), and (3.21) we find that the 


fa (p) = 9_ (p) 23 (pP) +9, (Pp) G2 (— p). (8-20) operator c™! is given by the matrix kernel 
‘GE (p, p’) 9 (7’) 0 0 G (p, — p’)0.(P’) 
: §_(p) 8(p—p’) 0 0 04 (p) 6(p + Pp’) 
OI 0 G (p,—p') 04(0") G (p, p’) % (P’) 0 (3.22) 
0 0. (p)d(p +p’) 9 (p)6(p—P’) 0 


6. In order to calculate the exponent in (2.11), 

we must find the operator 
O’ Mi 
= ff 
a (y ® ) 

The operators A, (Sims ®, and W are given by 
formulas (3.14), (3.15), and (3.22). The calcula- 
tions entail no difficulties. As a result we obtain 


POS (2 aRG AF Oy’ 
0 Cars AG 
M= | a (3.23) 
KG 10) 1G eats 
0 Oo 00 
It is easy to verify that RG = =(KG )’. Therefore 


M = — M’ (see Sec. 1, Item 2). Thus we find that 
the transformed functional has the form 


V = (det C)"*exp{\L (p, 9) 9°(p) ¥ (9) dp dg}, 
where L(p, q) is the kernel of the operator KG, 
y(P) = 64(p) @(p) + 6-(p) B* (— p). Here a(p), 
B(p), @*(p), and B*(p) are functions with anti- 
commuting values, corresponding to the operators 
a(p), b(p), a*(p), and b*(p). 

7. Let us calculate det C. For this purpose we 
interchange the second and fourth rows in the ex- 
pressions (3.16), (3.16’) for C. As a result we ob- 
tain a matrix C in the form 


G=(5',): 


94 (p) 5(p—p’) 0_ (p) 6 (p 
\0, (0) (8(p + p))—K(—p, p)) © (p)8(p-+ 9’) ey (S22) 
C, differs from C, in that K is replaced by K’. 

It is obvious that det C = + det C. A more de- 
tailed analysis* shows that det C = det C. Let us 
~~ *Let us consider the function Ka(p, q), which is continu- 
ous in « and such that K,(p,q) = K(p,q) and K,(p,q) =0. 

It is obvious that det C = D(a) is a continuous function of « 
and DK 0) = 1. The last condition is satisfied only if det C = 
det C. 


(3.24) 


C, = 


find det C,. Since the determinant is a product of 
the eigenvalues, it is necessary to find the eigen- 
values of the system 


8, (p) x (p) + 9_ (p) y (p) = Ax (p), (3.26') 
G. (p). ti p) PP \K — p, p’) x (p+) dp’ 
_ (p) ¥ (— p) = Ay (p). (3.26'") 
We replace p by —p in (3.26'”) 
8_(p) x (p) + 0_(p)\K (p, p’) x (p') dp’ 
+8, (p) y (p) = Ay (— Pp) (3.26//7) 


and multiply (3.26’) by 6. (p) 
8, (p) x (p) = 18, (p) x (p). 


From this we get either that A= 1 or that x(p) 


= 6. (p) X (p). 
Let us consider the second possibility. We sub- 
stitute x(p) = 6_ (p) X (p) in (3.26’”): 


0_ (p)x (p) + 8_ (p) \K (p, p’) 8 (p') & (p') ap’ 


+ 9, (p) y (p) = Ay (—p). (3.27) 

In order to eliminate y, we multiply (3.26’’’) by 
64(p): 

8, (p) y (p) = 8, (p) y (— Pp). 


From this, by reversing the sign of p, we obtain 


8_ (p) y (— p) = A8_ (p) y (p). 


Combining this relation with (3.26’) and with x(p) 
= Oe (p) x (p), we obtain 


4-26_(p) y (— p) = A8_(p) x (p), 


(3.28) 


Hence 
6_ (p) y (— p) = ¥0_(p) x (p). (3.29) 


Ultimately, multiplying (3.27) by 6_ (p) and com- 
bining with (3.29), we obtain 


ON THE THIRRING MODEL 


_(p) x (p)+9_(p) |K (p, p') 0 (p') & (p’) dp’ 


= A30_ (p) x (p). (3.30) 
Thus, the cubes of the eigenvalues of C, that are 


different from unity are the eigenvalues of Eq. (3.30). 


Let now uw #~ 0, pw # 1 be the eigenvalue of Eq. 
(3.30), and let Ay, A, and A; be the different cube 
roots of wu. The formulas (3.29) and (3.28) make it 
possible to construct for each A; a function yj (p), 
and obviously Yi “Yj if Aj # Aj- Thus, we obtain 
finally that to each eigenvalue yu # 1, uw ~ 0 of Eq. 
(3.30) correspond three different roots A; = ()!/8 
of the operator C, and the roots obtained account 
for all the eigenvalues of Cj. Therefore finally 


det C, = det (E + K), 


(3.31) 


where E +K_ is an operator specified on the semi- 
axis p < 0 by the kernel 6(p —k) +K(p,q). 
Analogously, det C;= det (E — (K’)_). Since ob- 
viously (K’ )_ = (K_)’, we have det C,=det Cy. 
Therefore, finally, 


(det C)* = det (E + K_). (3-32) 


Formulas (3.24) and (3.32) give the complete 
solution of the problem. Substituting K from (3.13) 
in (3.32) we find that (det C)¥? = «, 
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4. CONCLUSION 


The result obtained in the present paper agrees 
with the result of Glaser’ and differs somewhat 
from the results of Thirring.? The difference lies 
in the fact that both in Glaser’s paper and in ours 
the final answer depends on the constant g’ = e!8 
— 1, where g is the interaction constant in the 
initial Hamiltonian. In order to obtain from the 
final formulas (3.24) and (3.32) the corresponding 
Thirring formulas, it is necessary to replace 
everywhere g’ =e'8 — 1 by g’’ =ig/(1 — ig). 

The disagreement between Glaser’s and Thir- 
ring’s results is due to definite mathematical factors 
which will be discussed elsewhere. 


—_- 
F. A. Berezin, Doklady Akad. Nauk SSSR 137, 


No 2, 1961, Soviet Phys. Doklady, in press. 

*W. E. Thirring, Ann. Physik 9, 91 (1958). 

PMs Glaser, Nuovo cimento 9, 900 (1958). 

41. M. Khalatnikov, JETP 28, 633 (1955), Soviet 
Phys. JETP 1, 568 (1955). 
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Measurement of the angular distributions at energies E, = Ey + ¥,Ty and Ey = Ey, where 
E, and Ty are the isolated resonance energy and width, respectively, permits one to sepa- 
rate the contribution of the direct mechanism to the reaction cross section. 


ly the (dp), (dn), (pn) and other reactions in- 
volving light nuclei and incident particles of med- 
ium energy, isolated resonances corresponding to 
quasi-discrete levels of a compound nucleus are 
observed in a number of cases. ! However, the 
angular distributions of the reaction products are 
not usually symmetric with respect to 90°, and 
have maxima which are characteristic for direct 
interaction processes. This gives a basis for the 
assumption that direct and resonance mechanisms 
for the reaction are both present simultaneously. 
Then, owing to the interference between the two 
mechanisms, an analysis of experimental data on 
the angular distributions is extremely difficult. In 
the present article, it is shown that if the energy of 
the incident particles is sufficiently large in com- 
parison with the height of the Coulomb barrier, 
then the measurement of the angular distribution at 
energies E, and Ey + ¥,, (where Ey and Ty 
are the energy and width of the isolated resonance ) 
permits us to separate the contribution of the direct 
mechanism to the differential cross section for the 
reaction. 

The reaction amplitude in the vicinity of an iso- 
lated resonance of a compound nucleus can be 
written in the form 


| Sy ia. 
m A 
fa = — xe <®;| Val >, 
Gee: <®,| V; X)<X,[V;| e)> 
ir 2n he E— E past 2 ? (1) 


where ; and %¢ are the wave functions of the 
initial nl final states of the system, Va is the 
direct-interaction operator, Vi and Ve are the in- 
teractions in the initial and final states, X, is the 
wave function of the compound nucleus, and Ey and 
IT, are the energy and width of the resonance. 

For incident particle energies greater than the 
Coulomb barrier (in the region of carbon Eg 


= Ze/R ~ 3 Mev), the angular distributions of the 

direct reactions are satisfactorily described in the 

plane-wave approximation.” In this approximation, 

in the simpler case of inelastic scattering of spin- 

zero particles, the direct mechanism amplitude is 
bY 4 OL +1) Cry m 


L = 
cae P71 (Kin), 
L 


Kip = Vk? + ke , =V24me,/h, (2) 


where jj and jg are the spins of the initial and 
final nuclei, L is the transferred orbital angular 
momentum, and @ is the c.m.s. scattering angle. 
The nuclear matrix elements Fiii (Kig) of Vg 
between ®¢ and #; determine the differential 
cross section for the direct mechanism of the re- 
action: 


m 
Se 


2k.R , COS OF 


dsq 2ip +1 im K,)[° 
dQ ~ 2], 41 mht k gS Fh Kir) |". 


The resonance Syste amplitude is equal to 


= 4 P 
SESE ah Vel FY x, 9) 


thp. 


iC 


x DO NCR ipmy (3) 
where J and } are the orbital angular momenta of 
the partial waves in the incoming and outgoing 
channels, I is the spin of the resonance level of 
the See nucleus. The nuclear matrix elements 
a and Viel of Vj and Vs between 4; and ®,, 


and Xy determine the partial widths of the incom- 
ing and outgoing channels: 


L Spe ie \ =9 " 9 
Tig = Amkih | 0j,, |", Vier = Ammglgh VO ade 


The direct and resonance mechanism amplitudes 
in stripping reactions are of similar form (see, 
for example, reference 3). 

The interference term in the differential cross 


section, as seen from (2) and (3), contains the fac- 
tor 
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PL+ltApL* 91 2d 
Re i Fy ip Pig ig t 
ly 153 Se Ht 


oe 


Owing to the law of conservation of parity, the sum 
L+1+2 is always even, regardless of the spin of 
the particles taking part in the reaction. There- 
fore the interference term close to Ey has the 
form 


Sn ; j t Spam 
NE = if = 5. = : y! gt ~ 
a ies tk Gay aTya 2} 85%) A, 
Lin 
ee ee. (4) 
aS Bar Ue 


where we have introduced the notation 
ine is a ie ak 
Pj; i,0i,10j,1 = A+ iB, 


and an (6) are real functions of the scattering 
angle. The term Jj, containing A, vanishes for 
E = E,, its absolute value attains a maximum at 
|E -Ey| = %, I, and changes sign upon passing 
through resonance. The term J3, containing B, 
depends on the energy in the same way as the res- 
onance cross section 
ds, G, (8) 


= G, (6 = G(qr— 1). 5 
dQ (EE) 4Y?/4 ? (9) (x ) ( ) 


For incident particles of medium energy, the ex- 
perimentally observed resonance widths in light 
nuclei are of the order 10 — 100 kev. In the region 
far from the reaction threshold, the direct mech- 
anism cross section dgg/dQ varies appreciably 
over intervals of the order of 1—2 Mev and is 
practically constant within the limits of the reso- 
nance width. Denoting 


J (E; 9) = dog/dQ + do, /dQ +- doin: | dQ, 


we readily obtain from formulas (4) and (5) 
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da, dO (Ea ye (eT; Oe tee 
: ” (6) 
Hence the proposed method of measurement of the 
angular distributions makes it possible to separate 
the contribution of the direct mechanism to the re- 
action cross section from the compound nucleus 
formation mechanism. 
It is also of interest to determine the sum 
doy /dQ + Js = HX,(6@), characterizing the contribu- 
tion from the compound nucleus formation mechan- 
ism to the angular distribution. According to (4) 
and (5), 


HA (0) == 25 (BE; Oy ts (Ener + 0; 8) = (a 0). 


Since part of the interference term uy occurs in 
Ay(@), then #,-(6) is not symmetric with respect 
to 90° if B +0. If B= 0; then Hy (0) = Ay (1 — 6), 
since in this case #,(6) = (doy/dQ)|E = Ey. If 
this condition is fulfilled, analysis of the angular 
distribution permits one to determine the spin of 
the resonance level of the compound nucleus. 


‘1, Ajzenberg-Selove and T. Lauritsen, Nuclear 
Phys. 11, No. 1 (1959). 

2S. Butler, Nuclear Stripping Reactions, Horo- 
witz Publications, Sydney, 1957. 

3A. G. Sitenko, Usp. Fiz. Nauk 67, 377 (1959), 
Soviet Phys,-Uspekhi 2, 195 (1959). 


Translated by E. Marquit 
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Anisotropy of superconductors is taken into account within the framework of the Gor’kov 
method.! The electron-phonon interaction is not considered small, but the smallness of the 


sound velocity in comparison with the Fermi velocity is explicitly taken into account. 


It is 


shown that the low-temperature region T « Tg is divided into two regions in which the be- 
havior of the sound attenuation as a function of direction and temperature is significantly 


different. 


tors possessing Fermi surfaces of the ‘‘corrugated”’ type. 


Sound absorption exhibits some peculiarities at low temperatures in semiconduc- 


The problem of the possibility 


of determining the energy gap from data on the attenuation of ultrasound is analyzed. 


1. INTRODUCTION 


Recentiy several works have appeared which 
are devoted to the study of the effects of anisotropy 
in superconductors. There is first the theoretical 
work of Khalatnikov,’ which is devoted to the aniso- 
tropy of heat conduction, and the experimental re- 
searches on the measurement of heat capacity,° 
heat conduction‘ and ultrasonic absorption.°® 

The natural purpose of the experimental re- 
searches was the determination of the energy gap 
A as a function of direction. However, as theory 
shows,’ at temperatures T much less than the 
transition temperature Te, the thermal conductiv- 
ity is determined only by the minimum value of the 
energy gap, while a significant anisotropy in the 
thermal conductivity arises only in the case in 
which there are two minima for A (in opposite di- 
rections ). Therefore, information on A obtained 
from experimental data on thermal conductivity is 
very limited. 

So far as research on the measurement of ultra- 
sonic absorption is concerned,°*’® the authors there- 
in, in their treatment of the experimental data, 
made use of the formula for the ratio ag/ay, in- 
troduced by Bardeen, Cooper and Schrieffer (de- 
noted below as BCS) for the isotropic case 
(Qg, @y — absorption coefficients of ultrasound in 
the superconducting and normal states, respec- 
tively ): 


Os/On = 2f(BA), y= (esr al) a; B= 1/T .(1) 


As will be shown in our work, Eq. (1) is not 
valid in the anisotropic case. The quantity f(BA) 
appears in the correct formula; it is averaged with 


some weight of very complicated form along the 
line (on the Fermi surface) on which the Fermi 
velocity is perpendicular to the direction of sound 
propagation. Therefore, experiments on the ultra- 
sonic attenuation generally give incomplete infor- 
mation on the function A(n), although the results 
are much more fruitful than the measurements of 
thermal conductivity. 

Moreover, Eq. (1) at low temperatures does not 
reflect a number of peculiarities which are proper- 
ties of the anisotropic superconductors. Although 
the ultrasonic absorption in a given direction ac- 
tually falls off exponentially with temperature, it 
is shown that the exponent, generally speaking, 
depends on the direction. At very low tempera- 
tures (see Sec. 4), the exponent does not depend on 
the direction but then the absorption has anomalies 
along certain directions. 

Finally, the approximation made in the work of 
BCS (the smallness of the interaction constant be- 
tween electrons ) is found to be insufficient for the 
correct description of sound absorption in the re- 
gion of low temperatures. In this connection, we 
shall construct a theory in which the quantity c/vp 
is used as a small parameter (c— sound velocity, 
vr — velocity of the electron on the Fermi surface ). 


2. THE ELECTRON-PHONON INTERACTION 
GREEN’S FUNCTION 


We shall limit ourselves to consideration of the 
interaction of electrons with phonons, which we 
shall describe by a Hamiltonian of the Frdhlich 


ie 
= > 1, (P. 4) aa, , 5%, + Herm. conj. 9 
sa (2) 
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where ap» ap) are the creation and annihilation op- 
erators of electrons and holes with momentum p: 
bSq is the creation operator of a phonon with mo- 
mentum q and polarization s(s = 1, 2, 3); 

Yg(P, 4) is the matrix element of the energy of 
interaction. For sufficiently small q(q « Po ~ T/a, 
where a is the lattice constant) Ys (p,q) can be 
represented in the form* 


Ys (P, 4) = 8, (4) & (P), 2 (q) = nA, (n) w? (q) / p,, 
n= q/q. (3) 

Here, w(q) — frequency of a phonon with momen- 
tum q and polarization s; Ag(n) — nondimensional 
function of the interaction. As usual, ws (q) 
= Cs(n)q, where cg(n) — sound velocity, go(p) 

— some dimensionless function which describes 
the anisotropy of the interaction. 


Following Matsubara,® we introduce the Green’s 
function (more precisely, tensor) of the phonons: 


Ds(q, t — t’) = i <T bs (q,t ) bs (q, v’)> Bs (p) Bsr (q), (4) 
where < A> denotes the trace of e~f(H-HN)A and 
CED) = eb. (ple 4, 8) (pt), = e"b" (p) e_ 


As Gor’kov has shown,! in the case of a super- 
conductor the electrons are described by two 
Green’s functions G and F, which we shall define 
as: 


G(p, t— v’) = i <Tza (p, t) a" (p, v’)> go (Pp), (5) 
F (p, t— t’) = <N |e? (4 ©) Ta* (p, t) a* (— p, 0’) |N 


+ 2> go (p). (6) 


In Eq. (6), < N|, |N+2> are the microcanoni- 
cal states with N and N+ 2 particles, correspond- 
ing to the given temperature. 

In what follows we shall transform from the 
‘‘time’”’? representation of the functions, D, G, F 
[Eqs. (4), (5), (6)] to the ‘‘representation of imag- 
inary frequencies,’’ developed in references 9 and 
10. We shall use for construction of the functions 
Dgs’(4, iwn), G(p, inn), and F(p, inn) (where 
wn = 2nTT, Nn = (2n + 1)7T), a diagram technique 
in which the ‘‘zero’’ Green’s functions correspond 
to the lines: 

Do, =6..D,, D,(q, i@,) = 282 (a) 02 (a) / lo? (q) + oF], 
(7) 

G (p, ima ) = Bo (P)/ (Ep — inn), (8) 

F° (p,tm,) = 0, (9) 


where, as usual, 


*It would have been more accurate to write y,s(p, q) in the 
form of a sum of products of the type (3), which would have 
greatly complicated the calculations without changing the 
results. 


= 


Sav (Pp — p..). (10) 
Here vp is considered to be dependent on the di- 
rection; the Fermi surface Ep = 0 represents 
some arbitrary surface in momentum space. For 
a given choice of ‘‘zero’’ Green’s functions, the 
elementary vertex in the diagram corresponds to 
the factor -i. 

We introduce the polarization operator II in the 
usual way: 

Ds = Dyy+ 5} DoT Drs. (11) 

It is obvious that in our definition of the Green’s 
functions (4) and (7) — (9) the operator Il,, does 
not depend on the indices r, r’: 


Np = Tl. (12) 


Substituting (12) in (11), and solving the com- 
plete set of equations relative to Dgg’, we get 


Dss = 8s5'Ds +D;,DsI/ (1 — Dil), D = DID. (13) 


The frequency and damping of the acoustic vibra- 
tions are determined by the poles w= w.(q) of 
the functions Dgg’(q, w), which are analytically 
continued with discrete imaginary values w = iw), 
in the complex plane w. We recall that Dgg’(q, w) 
should be analytic in the upper half-plane of w; 

the poles wg(q) should located in the lower half- 
plane close to the real axis. Obviously, the poles 
Dgg’(G, w) coincide with the roots of the equation 


[SD ges 0: (14) 


We emphasize that the poles D, are not the poles 
Dgg’ (for Il # 0). 

The Dyson equations for the functions D, G, F 
can be found in the work of the author." In the 
equations described there [Eqs. (3) — (8)] obvious 
changes should be made corresponding to the 
transition from integration over the frequency to 
summation, and also corresponding to summation 
over the polarizations. 

It can be shown (compare reference 12) that in 
the regions of interest to us (w ~ cq) the com- 
plete vertex part IT, can be replaced by unity, with 
accuracy up to a small quantity ~ c/vp, and I, 
by zero. 

This makes it possible to apply the method de- 
veloped by Migdal for the solution of the Dyson 
equations 12 (see also reference 13). However, we 
have a direct interest only in the attenuation of the 
ultrasound. Therefore we shall not be concerned 
here with the exact solution of the Dyson equations, 
but shall note only some properties of G and F, 
which are necessary in what follows. We write 
down the Dyson equations for G and F: 
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G (p) = Gy (p) + [Go (p) 21 (p) G (0) 


— Gy (p) 22 (p) F (p)] gy * (Pp), (15) 
Tp) == (Gay) a0 (aap) 2 (p) 
+ Go (— p) 2 (p) G(p)] g5* (p), (16) 


where p is the 4-vector (p, inn). The operators 
of the ‘‘self energy’’ Z,, 2» in the given approxi- 
mation are determined by the diagrams of Fig. 1, 
where the smooth lines correspond to the complete 
Green’s functions. 

First we note that the values Ep >A play a 
role in X;, and therefore 2,(p) has practically the 
same value as ina normal metal. Furthermore, 
for values of T of interest to us (below the de- 
generacy temperature) the function 2,(p) is al- 
most independent of T, and we can replace it by 
the value at zero temperature. We now introduce 
the function Gpy(p) 


Gy (Pp) = Go (p) [1 — gp (P) Go (p) 21 (p)*. = (17) 


The function Gyq( p) is identical with that found 
by Migdal” for the normal metal (naturally, with 
account of anisotropy and replacement of 7 for 
inn). In reference 12 it was shown (the proof and 
result are only slightly changed upon considera- 
tion of anisotropy ) that Gy (P) has the form 


Gm’ (p) = (& —@ (m; n)) go (p), n= p/p, 


where g(n, 7) is an odd function of n, while 
Im ¢ « Re ¢ both for 7 « w) and for 7 > uy( wy 
— Debye frequency ) [the factor g) 1p) is, of 
course, absent in reference 12]. 

Solving the system (15), (16) with account of the 
definition (17), we obtain 


(18) 


un ve 
ies ee aaa OF 
De 4) 
Ie ? = ( i 20 
(P, 1) 200 eo —@inn) |e +o(mm)) © (p), (20) 


where 


dir WE EY 2) aU pera a epy epee eel 


(21) 
while the dependence of =, on |p| and 7 can be 
neglected. 


The energy of the electron in the superconductor 
is determined by the roots of the equation 


p(n) = e&. (22) 


Vo Ly POKROV Sl 


Seog oa 


BiG. Z 


We denote the solution of this equation by €p. 
Equation (22) reduces to a certain renormalization 
of the quantities &p and £, (we emphasize that 
the renormalization of £) and 2 is the same). 
Therefore, we can write Eqs. (19), (20) in the form 


cn =(p2 aia le@ +40. 0, 


\ 
ern 


1 4 
F (p.) = 5 (Say t ea Je +8 ema) 
The functions without the index refer to the renor- 
malized quantities; A(p) (the energy gap) is the 
renormalized Z,. The functions A(p,7), B(p, 7) 
no longer have divergencies and are single-valued 
in the complex plane 7 with two cuts along the 

real axis (+A, + oo), seas However, in the approx- 
imation which we have made we have, for real 7, 
Im A= Im B= 0, while Re A and Re B are single- 
valued functions of 7. 


3. THE ATTENUATION OF THE ULTRASOUND 


We shall make a detailed study of the function 
Il (p, iw, ) which is defined by the diagram of Fig. 
2: 


1 (q, i@:) = ae S| ap (6 (p) G (p — 9) 


— F (p) F(p—Q)l. (24) 
It is convenient to go from summation over ny 
to integration by means of 


i By 
Tn 


2 
where I is a contour consisting of two straight 
lines parallel to the imaginary axis n. In integra- 
tion over 7, we deform the contour IT so that 
there remain residues at the poles 7 = + €, or in- 
tegrals over the cuts. By virtue of the remark 
made in Sec. 2, the integrals over the cuts vanish — 
in our approximation. Further, components ap- 
pear of the type 


(25)* 


4 
amr \ @pg(p) «2A (p —4q, e» —0). (26) 
The integration here is effectively carried out over 
the regions in which p ~ py, €p ~ Wy. We shall be 
interested in the values q K py, w «K wy. There- 
fore, these components contribute a real constant 


quantity to Il. The remaining component has the 
form 


~ *th= tanh. 
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TW’ (4, ion) =z Gap | peorp) {(7—p (utu’2+ oto 44°) 
1 4 Bs oa 
ea eae I (th 2 + th y) 
u*y'® + AA’ / 4ee’ _ vu’? + AA’ / 4ee’ 
x ( e+e’ —io, e+e’ + io, }- (27) 


Here the unprimed quantities have the argument p 
and the primed ones the argument p - q. In order 
to go from the function (27), which is defined at the 
discrete values w= iwWn, to the function II’(q, Ww), 
which is analytic in the upper hair-plane of w, it 
is necessary to replace iwn by w + i6 everywhere 
in (14). Then we find Re II’, Im II’ by assuming 
w tobe real. For the reason given in the study of 
(26) we can regard Re II’ as a constant. Im II has 
the form 


Im I= 


Tap \ EP SY Ff) (wu + o%0'@ 42") (6(e—e’—a) 


6(e—e’ +)) 4 (th S oth e) [(we"? +255) 


xX d(e +e’ —o)—(ue? +7 a7) (e+ e’ +0). 

(28) 
The components in (28) which are proportional to 
6(€ + €’ + w) are brought about by processes of 
decay of the phonon into an electron-hole pair, and 
only make a non-zero contribution to the damping 
of the phonons above the threshold" wtp, = 2A (wth 
~ 101'Y— 10" cps). We shall be interested in much 
lower frequencies for which the damping is deter- 
mined by components with 6(€ —€’ + w). 

We first note that both components are equal. 
Further, under our assumptions, we set A=A’, 
u=u’, v=v’, and ¢€ =e’ [of course, this is im- 
possible to do in arguments of 6 functions and in 
f(Be’)]. Equation (28) then takes the form 


4ee’ 


Im 1 = ge \d* pe? (p) £5 If (Fe —Ba) 


— f (Be)] 6 (e — &’ — a). (29) 
The functions f(Be), f(Be — Bw) limit the integra- 
tion over é in (29) to the region  ~ A. We then 
make the additional assumption that vq <«<A (for 
real phonons, this corresponds to frequencies 
w< 10"). Then, in the important region of inte- 
gration, € > vq, and € — e’ canbe put in the 
form 

oe gt = vq Efe. (30) 
Substituting (30) in (29), and neglecting the small 
ee ~c/v, we get 


ImIl = gar \ ap = (f (Ge — Be) — f (Ge) g* (va). (31) 


oe 


We transform in the integral (31) to integration 
over & and over the surface = const. Making 


use of the fact that the integration over ¢ is lim- 
ited to the region £ = const, which is small in 
comparison with , we can transform the integral 


(21) in the following way: 
2 
= Gary ae & (n) 8 (cos ») | de (f (Be — Ba)—f (Be)), 
(32) 

where x is the angle between the direction of the 
Fermi velocity and the direction of propagation of 
the sound. If w « T (this case exists in real ex- 
periments ), then we obtain 


Im Tl = poe -g-\ FF (BA) g? (n) 8 (cos y). 


Im II 


oe (33) 
We note that for real phonons (w ~ cq) the 
ratio Im II/Re II is of the order (c/v)e~PA, 
where we choose for A the minimum value of 
A(p) on the line cos y = 0. 
Equation (14), which determines the ultrasonic 
dispersion, has the form 
2 gy Ag (1) oF? a) 1 
UO 0 (q)—o? Rell 


The first term on the right side of (34) reduces to 
the finite renormalization of the sound velocity, 
while the second corresponds to the damping. In 
view of its smallness, it is evident that the damp- 
ing can be written in the form 


Im II 
* (Re It)?" 


(34) 


as (q) = Im as (q) = vs (m) ws (q) Im I, (35) 


where vg(0) is some function of the direction that 
has not been measured experimentally. 

Equations (35) and (33) show that the damping of 
the sound has a clearly expressed anisotropy. 

We can eliminate the function vg(n) by consid- 
ering the ratio of the damping of the sound in the 
superconductor (35) to the corresponding value 
Q@y(qQ) in the normal metal, since the formula for 
Qy(qQ) is identical with (35) if we set f(BA) = % 
in Eq. (33) for Im II. The formula obtained by 
elimination of vg(n) is the analogue of Eq. (1) for 
the silo case: 


zt = 27 (0A)>m 
<q = |S a(n’) 8 (cos Ho (nt) |\F8 


4" 92 (n’)6 (cosy). (36) 


Unfortunately, a second unmeasurable function 
g*(n), which enters into (36), does not permit us 
to draw any conclusions about A(n). 


4. ULTRASONIC ABSORPTION IN THE REGION 
OF LOW TEMPERATURES 


Let us now consider the region of low tempera- 
tures BA «< 1. We can carry out integration in 
Eq. (29) over &, obtaining 
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hon 10 == 


Boct ( do g*A = (oe ad : 
(250)? i) v4, | cos? x | oe | co ( Up COSY 

(37) 
Here the integration is not extended over the re- 
gion cos x < C/vp. We transform to integration 
over the stereographic projection of the Fermi 


surface, where we use x as the polar angle: 


do = K-* (x, 9) 2 (cos ¥) dy, (38) 


where K(x, g) is the Gaussian curvature of the 
Fermi surface. Let (x 9, gp) be the point at which 
A(x, g) has an absolute minimum, equal to Ap, 
and cos Xj ~ 1. Then (Xo, go) is a stationary 
point of the integrand of (37), the contribution of 
which I, in Im II is determined by the equation 


A rt C2 —'/, : 
Ao ea (1 oe Cost 


PA aA 
~ 0 (cos x)? 0g? 


POE 1 
Amp g Kot, | cos* Xo | 


I 


( OPA ay 
0 (cos x) OW , 
In Eq. (39), all the functions are taken at the point 
of the minimum (Xx; Go). 

Because of the smallness of c/vp the region of 
small cos x can make a relatively large contribu- 
tion to the integral (37). For the investigation of 
the contribution of I, in Im II from this region, it 
is convenient to introduce the variable u = c/vp 
x cos x. We have 


pA, (39) 


2m 


Bo \ 
4n?q o 
0 CUP ia 


= 


The equation determining the saddle point has 
the form 


BAu , 4 OA G -/, 
(4 — u2)2 ae. — Boles) opu® (1 ul") 40, (41) 


We shall consider the last component on the 
right side of (41) to be small (below, we shall ex- 
plain when this is valid). Then Eq. (41) has the 
solution u= (BA Navies The condition under which 
the approximations we have made are valid has 
the form (BA)*”? c/vp « 1. In this approximation, 
I, reduces to the form 

on 


Ve 
0 


t oO 
i= 2 
Kot 


aes —BA 
2e 4nq e a 


(42) 


Here all the functions are evaluated for cos x 
= 0. The integration over gy in (42) can also be 
carried out in explicit form by making use of the 
large quantity BA: 

i 4 o g 
4 V 2es 9 Kv, 


(BAc) "*exp(—BA™), (48) 
where A™) ig the minimum value of A on the cir- 
cle cos x = 0 perpendicular to the direction n; 
oA, is the value of the derivative 9’A/ay? at the 
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minimum point on the circle. From (39) and (43), 
we get 


I,/Ty = (v?/c2 V BA) exp {—B(A™ — A,)}. (44) 


Let us consider two limiting cases. 

1. Let 1,/l) > 1 in (44). For the majority of 
‘‘nure’’? superconductors, only this case is amen- 
able to experimental investigation at the present 
time (since the attainable values of BA have the 
order of ~ 10). We note that the condition 
(BA)? c/vp « 1 is presumed to be satisfied be- 
forehand. 

With the aid of (35) and (43) we obtain 


as ~ os (q) V T/T exp (— A™/T). (45) 
Equation (45) shows that ag increases expo- 
nentially with temperature, while the exponent de- 
pends on the direction. This conclusion is con- 
firmed by experimental data given in references 

5 and 6. 

We proceed to the problem of establishing A(n) 
from the known function a,(q). For simplicity, 
we consider the case of azimuthal symmetry of 
A(n). Let the direction corresponding to the min- 
imum of A(n) coincide with the axis of symmetry, 
and A() increase monotonically from the pole to 
the equator. Then the following formula clearly 
holds: 


A(8) = A (n/2 — 9). (46) 


Thus in this case the experimental measurements 
make it possible to establish A() completely and 
uniquely. 

However, in the case in which some finite angle 
3% corresponds to the minimum of A() on the 
sphere, the values of A(#) [and, consequently, 
Inag(#)] for the angles » > 7/2 — ) will be iden- 
tical and Eq. (46) makes it possible to establish 
A(#) only for the angles » > 9) (the symmetry 
J <= 7 — $ is presumed everywhere). In particu- 
lar, for #9 = 7/2, we can only establish the values 
of the minimum of A). 

The situation considered above is obviously 
typical in the sense that in the establishment of 
A(n) according to ag(q) ‘‘white spots’’ appear on 
the sphere. Detailed analysis of the different pos- 
sibilities which arise in the absence of azimuthal 
symmetry, the presence of certain minima of 
A(n), etc., will be given in a separate communica- 
tion. 

2. Let I, /l) « 1 in (44). Making use of (35) 
and (43), we get 


as (q) = Avs (n) ws (q) (c/v,)? e-84* >} | cos*X%| (47) 


where x is the angle between the direction q and 
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the velocity at the minimum point of A, A isa 
constant of the order of unity (the summation is 
extended over all points of absolute minimum of 
A). In the derivation of Eq. (47), it was assumed 
that the coincidence of the values of A(n) and the 
different points of the minimum is not accidental 
but a consequence of the symmetry. 

The behavior of ag predicted by Eq. (47) is 
substantially different from the first case. We 
turn our attention to the anomalous behavior of 
Q@, according to the directions corresponding to 
the small cos y.* 

It is interesting that for Nb, the transition tem- 
perature of which is about 8°K, the region for the 
second case is perhaps experimentally attainable 
at the present time and Eq. (47) can be checked 
experimentally. 

Up to now we have assumed that the stereo- 
graphic projection of the Fermi surface is an en- 
tire sphere. However, for open Fermi surfaces 
the stereographic projection is only part of a 
sphere. For surfaces of the ‘‘corrugated’’ type 
(see reference 14), the unoccupied part of the 
sphere can include large regions. If the sound is 
propagated in a direction perpendicular to the 
‘‘unoccupied”’ region, then cos x does not have 
small values on the Fermi surface and consequently 
the ultrasonic attenuation is described by Eq. (47). 

We emphasize that in the given range of direc- 
tions the ultrasonic attenuation is described by 


*Of course, cos y may not be set equal to zero, since the 
condition |cos | 2 c/vg must be fulfilled. 


Eq. (47) under the condition BA > 1, i.e., for tem- 
peratures much higher than required by the con- 
dition of the second case. 
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A condition that must be satisfied by the complex electric permittivity of a medium with 
spatial dispersion, and that generalizes the Kramers-Kronig formulas, is derived by re- 
quiring satisfaction of the causality principle in a form following from the theory of rela- 
tivity. The conditions obtained, in contrast to the Kramers-Kronig formulas, not only re- 
late the real and imaginary parts of the permittivity to each other but also impose restric- 


tions on each of them separately. 


As is known, the complex dielectric permittivity 
€(w) of a medium, as a function of w, must sat- 
isfy the integral equation 


e(o)-1=7;-P \ 
(here P indicates that the integral at the point 
¢ =w is to be interpreted as the principal value; 
Oy is the conductivity at w=0). This equation is 
equivalent to equations for the real and imaginary 
parts of €(w) that are known as the Kramers- 
Kronig formulas (cf., for example, reference 1, 
Sec. 62). If instead of the complex permittivity 
we use the complex conductivity 0(w) = -—iwx 
(€(w)—1)/47, then instead of (1) we get for 
a(w) the equation 


SOS ge (1) 


C—o 


c(@)=—P | Sa, (2) 


which can also be written in the form 


s(0) =z \ (o+n)—s(o—m}@, 


u| ’ 
| - (2’) 


equivalent to (2). On setting o = 0’ —o”, we get 
from (2) the Kramers-Kronig formulas 
ieee , has 
c(y=— TP \ eS a, og pp| ea. 


eta 


One of the functions, o’(w) or o”(w), may be 
given; then the other is determined by (3). It must 
be remembered that either of the equations (3) im- 
plies the other as a consequence. 

These formulas are obtained from a condition 
imposed by the principle of causality. Namely, 
since the field is the cause of the current, the 
linear integral operator that connects the total 


current j(t) with the field E(t) must have the 
form 


foe) 


i(0 =\S(WE¢—D dr, 


ed 


0 

where the integration extends only over instants 
of time t—7 preceding the instant t. Accordingly, 
the complex conductivity o(w), which relates the 
current and the field [j = o(w)E] when the field 
varies according to the factor eiwt, is expressed 
by the one-sided Fourier integral (between limits 
0 and ~) 


AOE \ S (1) ef* dr. (4) 
0 

Equation (2) or (2’) is the condition that the 
Fourier transform s(t) of the function o(w) van- 
ish for negative T, so that the Fourier expansion 
of o(w) may be a one-sided integral (cf., for ex- 
ample, reference 2, Secs. 5.1—5.4). 

In a medium with spatial dispersion, the current 
at a given point is determined by the field not just 
at that point but at neighboring points as well. The 
relation between the current and the field in this 
case is expressed by an integral both over time 
and over space. In this case the requirement im- 
posed by the causality principle, with attention to 
the requirements of the theory of relativity, leads 
to the result that in this integral the integration 
must be extended over the region inside a cone of 
light facing the past. For our purpose it is suffi- 
cient to consider the case in which the field de- 
pends only on the coordinate x. Then for a homo- 
geneous medium the requirement mentioned clearly 
leads to the following expression relating the cur- 
rent to the field: 

co vc 


(t,x) =\de | Sixt) Et — 2, x—)a8. 
0 


~T 
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Here the unit of time has been so chosen that c = Ile 


On setting E (t,x) = exp[—i(wt + kx )], we get 
j=o(w,k)E, with the complex conductivity 
o(w,k) =\e "de | S(z, 8) elds. (5) 
0 =e. 

From the fulfillment of this necessary condition of 
relativity theory it follows, in particular, that the 
leading wave front is propagated with the speed of 
light. This conclusion is quite natural, since now 
the equations of electrodynamics (including even 
the equation that relates the current to the field ) 
satisfy the requirements of relativity theory. An 
analytic proof of this conclusion is also quite 
simple. (This conclusion, obviously, is correct 
also for media without spatial dispersion, when 
the causality requirement is fulfilled in the form 
indicated above; and it implies that in the limit 
a(w)—-0 as w—~,) 

As is known,*** the complex conductivity of iso- 
tropic media, which we are here considering, is 
described by a tensor of the form 


5 Osi Nas ee R,R; ; b 
Si) = tl te ® Ea S (®, Ne Be S (o, )e 


Although we have not explicitly taken account of 
this circumstance, we obviously may consider 
separately transverse and longitudinal waves; 

thus the quantity 0(w, k) may be either the trans- 
verse conductivity ot or the longitudinal one o!. 
The conductivity o(w,k) depends only on the ab- 
solute value k of the vector k.* Furthermore, 
since the function S(7T,é&) is real, the real part 

of o(w,k) is an even function of w, and the 
imaginary part is an odd function. 

It is obvious that for fixed k, the conductivity 
a(w,k), Eq. (5), as a function of w can be ex- 
pressed as a semi-infinite Fourier integral over 
7, and reduces to the form (4) if we set 


S(t) =) S(z,8) e%% de. 
Therefore o(w,k) as a function of w must (for 
arbitrary fixed k) satisfy Eq. (2’), i.e., 


o(o,k) =£| {o(o4+4, 2) —c(o— a} (6) 
6 


*It is not difficult to show that the possibility of express- 
ing the function o(w, k) in the form (5) is equivalent to the 
possibility of expressing it in the form of an integral over 
space: - 

o (w, k) =| ettde | Q (x, r) et adr. 
0 r<t 


where 
O(t, r) = (1/2mr)dS(t,r)/0r. 
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We may, however, write a more general equa- 
tion for o(w,k) if we notice that Eq. (5) preserves 
its form when the variables 7 and & undergo a 
Lorentz transformation (with transformation of 
the scale of both variables). In fact, under this 
transformation the light cone is transformed into 
itself. At the same time o goes over into a func- 
tion of variables w’ and k’, related to w and k 
also by a Lorentz transformation (inverse to the 
transformation of Tt and £é): 


@ = 7 (o' — BR’), k= 7(k'—Bo'), [Bl<4. (7) 


From this it follows that o(y(w’—£k’), y(k’—Bw’)), 
as a function of w’ (for fixed k’), will also sat- 
isfy condition (6), i.e., 


a (y (o' — BR’), 7 (k’ — Bo’)) 


= aq \(o (1 (0! +m! — Be), 1 (k’ —Bo’ —Bn’) 


, , / , fi t} d d 
— 9 (1 (o’ — 1 — BR’), 7 (k’ — Bo’ + Bn’))} T>. 
By transforming now to the variables w and k 
and setting n = yn’, we get 


co 


6(@, i= =| {s(o 4 


0 


yn, k—Bn)—s(@ n, e+ 8n)) 2, 
(8) 


where £ has an arbitrary value in the interval 
[s| <1. 

We shall now show that in order that o0(w,k) 
may be expressible in the form of a Fourier inte- 
gral (5) extended over the quadrant | é| <7, itis 
sufficient that condition (8) be satisfied for B =+1 
and for 8 =-—1. For this purpose we find the 
Fourier transform of a function 0(w,k) satisfying 
condition (8). 

This will be 

S(t, 8)= 75 | | etert (a, b) do dk. 

Here T and é may take all values from —~ to 
+o, Oninserting o(w,k) from (8), changing the 
order of integration, and making the transforma- 
tion of variables w + 7 = w,, k F Bn = ky, we get 


4 rs aa 
S(,%) = sa \ sin (t : BE) n dy 
0 
a i: e— (@it-+-R15) (0) (@1, ky) dw, dk,. 


By noting that 
\ sinay a = > sen a, 
0 


we get 
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S(t, §) =S (tv, §) sgn (v — 6) 


a S (x, 8) [1 —sgn (x — 88)] = 0. (9) 


Hence it is clear that S(7,£) can be different from 


zero only where 7-—#é is positive. 

This means that for fixed 8 the function S(T, &) 
can be different from zero to the right of the 
straight line = 7/8 (in the unshaded half-plane 
in the figure). When £ varies from —1 to +1, this 
straight line rotates clockwise, taking all positions 


between the straight lines £ =—7 and  =7 (which 


bound the quadrant of interest to us, |&|< 7). It 
is clear that from condition (9) merely for B= -—1 


and B=+1 it follows that S(7,é) is different from 


zero only in this quadrant; and this means that the 
Fourier expansion of o(w,k) has the form (5). 
Satisfaction of condition (8) for 8 =+1 and for 
B= -1 is thus sufficient. Since (5) follows from 
this, satisfaction of condition (8) for other values 
of B (|B| <1) is a consequence of satisfaction of 
it for B=+1 andfor B=-1. 

The complex conductivity o(w,k), which is of 
interest to us, is an even function of k. It is easy 
to show that for an even function, the conditions 
(8) written for B =+1 and for B = —1 coincide. 
Therefore our function o(w,k) needs to satisfy 
a single condition, which is obtained from (8) by 
setting 8B =1. If we now go over to the usual units 
of time, k must be replaced by kc; then on trans- 
forming (8) to a form analogous to (2), we get 


1 (es) 
6 (o,k) =>—P \ 


—oo 


SATB C—O) yp 
= @) 


2 (10) 


It is sufficient that o(w,k) satisfy this condition 
for B =1; then o(w,k) will satisfy it for arbitrary 
BU Bs 1). 

Equation (10) gives the generalization of the 
Kramers-Kronig formulas for a medium with 
spatial dispersion. As c ~~, (10) becomes 
usual Kramers-Kronig equation (2). 

It is necessary, however, to pay attention to the 
following important difference in the conditions 
imposed on o(w,k). In the usual case, without 
spatial dispersion, one of the functions, o’(w) or 
o”(w) (o =o’ —io”), may be specified arbitrarily, 
whereas the other is determined by a Kramers- 
Kronig formula. The two formulas (3), relating 
o’(w) and o”(w), are not independent, one being 
a consequence of the other (for example, substi- 
tution in the first formula of o”(w) from the sec- 
ond leads to an equality containing only o’(w) and 
satisfied identically). Whereas o(w) is expressed 
in the form of the semi-infinite Fourier integral 
(4), o’(w) and o”(w) are expressed in the form 
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of the general Fourier integral, extended from 
—o to +, but their Fourier transforms can be 
expressed in terms of each other in a known 
fashion: 


3! (0) aes | S(etrdr, 


6” (w) = ae \ s(t) e "sont at, 


S(]— ty) = S(t) 

In contrast to this, condition (10) not only re- 
lates the real and imaginary parts of o(w,k), 
but also imposes restrictions on each of them 
separately. For since [by (5)] o(w,k) is ex- 
pressed by a Fourier integral extended only over 
the single quadrant |&|< 7 therefore o’(w,k) 
and o”(w,k) will be expressed by Fourier inte- 
grals extended only over two quadrants (|| < T 
and the one opposite it), and not over the whole 
(é,7) plane. This imposes a condition on each 
of the functions o’(w,k) and o”(w,k). 

It is still necessary to add the following. Where- 
as the longitudinal conductivity of ( w,k) must al- 
ways satisfy condition (10), the transverse conduc- 
tivity ot (w, k) satisfies this condition only for a 
nonmagnetic medium; more accurately, for a me- 
dium whose static magnetic permeability is unity. 
In the general case we have*4 


at(@, ky orn (1 d i, (11) 


® ~ B(@,R) 


where u(w,k) is the magnetic permeability, de- 
pendent on w and k. Whereas ot (w,k), describing 
the electrical properties of the medium, has no 
singularity at w = 0, the function ot(w,k), as is 
clear from (11), has a singular point (pole) there 
if 2 (Ok) 21. 
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To generalize Eq. (10) to this case, it is neces- 
sary to proceed in the following manner. 

The quantity 0j/8t will be related to the field E 
by an integral operator of the same type as that 
relating j to E; and, clearly, this operator will 
also satisfy the requirements of relativistic caus- 
ality. For a monochromatic plane transverse wave 


Oj/0t = — iwot (a, k) E. 
Consequently wot(w,k) must satisfy an equation 


of the form (10) (since wot no longer has a singu- 
lar point at w =0), i.e., the equation 


fee) 


Soe tof (, A+B (E—)/c) 
wot (o, k) siseyls \ 5 dt. (12) 
Hence after some transformations we get 
1 r ot . aa / " 
o(, k) =z P | (C e786 «)/c) dt 
er ; 
Tita ® \ o(t,k +2 (C0) ab. (13) 


= 8.5) 


Here the integrals are to be interpreted as princi- 
pal values at the points ¢=0 and ¢=w. From 
(12) we get 

—P \ of (é, = £ (€—0)) dg = lim w’ of (0’, k—£o), 


w’=0 
—oo 


and from (11) we find 
lim w’ot/o’, & — Be ) 
é. 


w’=0 \ 


=—i(e—S ole (1— raga): 


On substituting this value in (13), we get 
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a ; 
of(w, k)= =P (3 Girt oe dt 
i (ke — Bo)? n 
© ( (0, & — aol (14) 


In closing, it should be indicated how the con- 
clusions deduced above carry over to an anisotropic 
medium, with spatial dispersion described by a 
complex conductivity tensor oi; ( w,k) whose com- 
ponents depend both on the absolute value of k and 
on the direction of the vector k. It is easy to show 
that the requirements of relativistic causality im- 
pose restrictions not on the dependence of jj on 
the direction of k, but only on its dependence on 
the absolute value k. Thus in this case each com- 
ponent Ojj, asa function of w and k, satisfies the 
previous equation (10) [or, in the general case, 
(14)]. 

I thank V. P. Silin and N. N. Meiman for fruit- 
ful discussion. 
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A study is made of Raman scattering of x rays in crystals accompanied by the formation of 
excitons, i.e., ‘‘normal’’ electromagnetic waves in the given crystal. The plasmons (longi- 
tudinal plasma waves) in metals and dielectrics are a special case of excitons. The meas- 
urement of the energy of the scattered x-ray photons at various scattering angles may be 

an effective method of determining the energy of the excitons as a function of the wave vector. 


ie As is well known, the excitons occurring in op- 
tical studies are nothing but the ‘‘normal’’ electro- 
magnetic waves propagated in the given medium.!~4 
Hence, the determination of the exciton energy 

fiw (k) as a function of the wave vector k is equiv- 
alent to measuring the refractive index n of the 
crystal for waves of frequency w propagated in 

the direction of k. 

However, for a number of reasons, it is difficult 
to work in optics with values of n & 10, that is, 
with k = 27/A = 2m/A 210° cm7!. (Here A = 21¢e/w 
is the wavelength in vacuo; we assume for esti- 
mates in the optical region that \ ~ 5 x 107° cm; 

A is the wavelength in the given substance.) Cor- 
respondingly, it is difficult to determine one of the 
fundamental characteristics of excitons, the func- 
tion w(k), when k 21—3x108cm™!. In particu- 
lar, no one has yet given by optical methods a 
proof at all convincing of the existence of a ‘‘new’’ 
type of waves in crystals in the vicinity of absorp- 
tion lines.°»® (The ‘“‘new’’ waves merely amount to 
the fact that, when we take into account the spatial 
dispersion at the given frequency w in the given 
direction, we find that not two, but a larger number 
of ‘‘normal’’ electromagnetic waves can be propa- 
gated. For further detail, see references 6 and 7.) 

In view of the above, the use of non-optical 
methods to determine the function w(k) is of 
great interest. If the exciton has a character es- 
sentially related to the vibrations of ions, as is 
the case in ionic crystals for the so-called optical 
vibrations,* an effective method of investigation 


*Of course, a terminology in which every type of electro- 
magnetic wave in the medium (or photon in the medium) is 
called an exciton may sometimes be inconvenient. We shall, 
however, use it here. We shall also, refer to the so-called 
plasmons, i.e., longitudinal electromagnetic, or more pre- 
cisely, ‘‘electric’’ waves, as excitons. For more detail on the 
relation between the theory of excitons and crystal electrody- 
namics, see reference 8. 


may be the study of inelastic neutron scattering.® 
We note that this method is especially effective in 
the study of acoustic lattice vibrations. However, 
in the case of excitons of the ‘‘electronic’’ type, 
weakly bound to the lattice vibrations, we may rely 
on other methods: the measurement of discrete en- 
ergy losses during passage of electrons through 
thin films, and the study of Raman (inelastic ) 
scattering of x rays in crystals. It is the latter 
phenomenon which we shall consider here. 

2. Obviously, the topic here is the measurement 
of the frequency w% of x rays scattered at an angle 
6 by a crystal, with generation of an exciton. (The 
frequency of the incident radiation is wp»; 6 is the 
angle between the wave vectors of the scattered and 
incident waves kj and k).) From the conservation 
laws we have (neglecting the absorption of excitons, 
which will lead to a smearing of the pattern ) 

® =0,—o,, k= k —k,, 


2A sin (6/2) = (2A/n (o)) sin (8/2) = A, = 2xc/w,, (1) 


where, in deriving the latter expression, we have 
taken into account the fact that n(w)) = 1, and 
WK wyo.* 

Because of the crystal anisotropy, the frequency 
«® will depend, in general, for a given angle @ and 
crystal orientation, on the azimuth angle as well 
(i.e., on the direction of the vector k for the given 
6). In addition, of course, the frequencies w (k) 
differ for excitons of differing types, e.g., of dif- 
ferent polarization. If we assume Ay~ 1-34, 
and choose the lowest attainable angles (6 ~ 10’),T 
then A ~ (3—10) x 107% em; for 9 ~ 1°— 3°, we 
already find that A ~ 2 x 10-’—2 x 10-8 cm), or 
k = 2m/d ~ 3 x 10°—3 x 10? cem7, 


*With regard to radiation scattered in the vicinity of a 
Bragg maximum, see below. 

The authors are grateful to V. V. Shmidt for information 
on the experimental limitations. 
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Typical energy values for excitons lie within 
the limits iw ~ 0.1—10 ev. We may point out 
for comparison that in scattering by free electrons 
hw © (fw) /2mc? ) 6*tiw,. Thus, if 9 = 1° and Xo 
~ 3A, then the energy loss of the x-ray photon 
hw ~ 4x10 ev. The resolving power of x-ray 
spectroscopic apparatus in energy terms is at 
most only ~ 0.3 ev (at Ay ~ 3A); this limits 
considerably the possibilities of the method, but 
still, when hw 2 0.5—1 ev, we may hope to ob- 
tain valuable information on the function w (k), 
provided that the intensity of the Raman scatter- 
ing is sufficient.* 

3. The physical picture is especially clear in 
the limiting case in which the frequency of the 
x-rays is large in comparison with all character- 
istic frequencies of the medium. In this case, as 
is known (see, e.g., reference 11), the effective 
coherent-scattering cross-section for unpolar- 
ized radiation is given by the formula 


0 


doors 8 | \No (r) ek dr |” dQ, (2) 


where N,(r) is the time-average electron density, 
ry = e?/mc’, and dQ = sin @dédg. 

We may obtain this result by the quantum- 
mechanical approach by taking the expression 
(e2/2mc?) No(r) A’*(r) for the interaction energy 
in the Hamiltonian in this problem. Here, A is 
the vector potential of the radiation field. 

In the study of Raman scattering with the par- 
ticipation of an electromagnetic wave in the me- 
dium (an exciton), we can no longer consider the 
concentration N(r) to be fixed, and we write 


N (rt) = No (r) +N’ (0); 
4neN’ (r) = div E; = —i(kj) Ejyexp [i(o;t—kr)]. (3) 


Here Bj(r) = jE} exp [i (wjt-k-r)] is the electric 
field in the ‘‘normal’’ wave (exciton) of type j 
being studied (the unit vector j defines the polari- 
zation of the wave).1 The energy of this wave can 
~__ *From the quantum viewpoint, the well-known thermal dif- 
fuse scattering of x-rays is Raman (inelastic, incoherent) 
scattering involving phonons. Raman scattering involving the 
lattice (or the ions) will not be considered below. For excitons 
having tiw < 0.1 ev, the frequency shift may be measured by 
means of the Méssbauer effect.*° 

+The ‘“‘normal’’ waves used here, with E®= const, are the 
solutions of the field equations in which the dielectric-con- 
stant tensor €j(w, k) is introduced. For wavelengths com- 
parable with the lattice parameter of the crystal, such a treat- 
ment is no longer accurate, since for the ‘‘normal’’ waves in 
the crystal, the amplitudes E$ are periodic functions of r. 
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be represented in the form of the energy of an 
oscillator 


a; (k) EE; V = (pj p; + 03 4; 47) = 2039) 4; = hol, (4) 


where the last result is obtained by quantization 
(2 =0,1,2,...); V is the volume of the crystal, 
and the coefficient a(k) can be calculated from 
a consideration of the energy of the system. 

The energy of interaction with the x rays is 
now equal to [See Eqs. (3) and (4)]: 


Sa 1N,() +N" (NAP 
e2 é (kj) 9,0), V2 i(w;t—kr 
= inet Nel) — “ane 75, 8 FA 


If 7 > 1, the problem becomes classical, and is 
reduced to the scattering of transverse electromag- 
netic waves (x rays) by waves having a longitudi- 
nal field component (e.g., in an isotropic plasma 
only plasma waves are of interest, whereas in a 
magnetoactive plasma all waves are in general re- 
sponsible for the scattering’»!*). Crystals in an 
initial equilibrium state contain practically no ex- 
citons, and thus, we must consider the transition 
from the state 1 = 0 to the state 1=1 [see Eq. 
(4)]. The matrix element for such a transition is 


(0) q,e°* |1) = Vi / 20. 


Here we need not solve the x-ray scattering prob- 
lem anew, since by starting with Eq. (5) with qj 
= 0, we can derive Eq. (2), while the calculation 
with qj 0 is essentially the same. 

Thus by using Eqs. (2) and (5) together, we find 
the cross section for the Raman scattering: 
i= 2 + aus i) (ki)? Vho; 12 


(Ame)? a; 


z Pa 


2 2 
r? 4V re i) (kj)? 
4na; mor, 


(6) 


red 


where wh = (A47e2/m) Np is the ‘‘plasma frequency, 
and Ny is the mean electron density. 

For incoherent scattering by free electrons, we 
have in Eq. (2): 


(with the period of the lattice). By writing the field in the 
“normal’’ wave in the form 


E;= EM, (r) exp [i (@; ¢ — kr)], 


where Ej) is a periodic function of r (with the lattice pe- 
riodicity), we can calculate the Raman scattering in a way 
analogous to that used in the body of this article. The very 
important qualitative difference which eae here is the ap- 
peararnice of Raman scattering with k, —k,=k+b, where b is 
an integer reciprocal-lattice vector. The authors are grateful 
to L. V. Keldysh for a discussion of this question. 
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|\No (r) ek dr r =WN,V, 


since N(r) = > 6(r—rj,). Hence, the ratio of the 
k - 

cross-section in Eq. (6) to the cross-section for 

scattering by free-electrons do» is equal to 


ts (“e.) (— =) 
= : : 
mc oF, 


where 7 is the angle between k and j, and Eq. (1) 
has been used: 


do, (kj)? ho; sin? (9/2) cos? 


mwa; 
/ 


Pek) 


do 4 ; 2 
ATG mo, 


k® = (2@o/c)® sin? (6/2). 


In the propagation of waves along corresponding 
symmetry axes, or in any direction in cubic crys- 
tals (neglecting spatial dispersion®), the ‘‘normal”’ 
waves are divided into transverse and longitudinal 
waves. For transverse waves, k:j=0, and thus 
in the present approximation, no Raman scatter- 
ing will arise [see Eqs. (6) — (7)]. 

Longitudinal waves (for which dog ~ 0) are 
commonly called plasma waves (plasmons), since 
they are analogous to the longitudinal waves in an 
isotropic plasma. For plasma waves in a gas of 
free electrons, neglecting spatial dispersion (this 
means that w > vik’, where vy) is some mean 
electron velocity), wj = Wp, and aj = Ym (see, 
e.g., reference 7). However, in the case of any 
given optically-isotropic medium (metals, dielec- 
trics) having sufficiently weak absorption in the 
given frequency range, we find for long longitudi- 
nal (plasma) waves 


e (w) = 0, aj = (o;/4n) (de/do) «,, 


where ¢€(w) is the dielectric constant of the me- 
dium, and de/dw is evaluated for w = w; (for free 
electrons, «€ =1- wh ioen 

In the case of free electrons, we have 


doy, p/do, = Nk?/2mw,) = 2 (hw,/mc2) (@,/«,) sin? (8/2). (8) 


Equation (8) is equivalent to the corresponding 
formula derived in the classical calculation of scat- 
tering by a plasma wave N’ exp [i (Wot —ker)] 
having an amplitude 


(N’| = VikN,/2mo,V. 


The wave amplitude has this value if we set E*EV/ 
27 = hwp. 

If 0 ~ 3°, Hwy) ~ 5x 10% ev (Ay~ 3A), and wp 
~ 10 ev, the ratio dok,p /doy ~ 10-*. Obviously, it 
follows that the intensity of the Raman scattering 
is sufficient for reliable measurement, provided 
that the actual values of the coefficients 1/a; and 
cos? # in Eq. (7) are not much smaller than the 
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values used in deriving Eq. (8): 1/aj = 27, and 
cos? y=. 

4. In order to take into account the role of bound 
electrons and to specify the type of exciton consid- 
ered, we shall study the model of a molecular crys- 
tal. In this case, the operator H’ for the interac- 
tion with the radiation field can be written as a 
sum! 


fe HY ie H”). (9) 


HO ssisaraagglticae Ali) ads (9a) 
H® — "oy Aare 
ic a a) a) 
NG, lng 


In Eqs. (9a) and (9b) eye is the radius vector of 
the i-th electron belonging to the na-th molecule, 
Bae is its momentum (n is an integral lattice 
vector, and q@ is the number of the molecule in 
the Unit cell @ = 1, 2). 

The operator H“) gives the contribution to the 
intensity of Raman scattering of x-ray photons 
with formation of excitons only via transitions be- 
tween intermediate states. It is easily seen that 
in calculating this contribution, the only appreci- 
able interaction can be that of the x-ray photons 
with the strongly-bound electrons, whose binding 
energies are of the order of the x-ray photon 
energy. 

The process of Raman scattering of x-ray quanta 
by individual atoms with production of plasmons has 
already been studied by Sobel’man and Feinberg,'? 
who took into account the intermediate states of the 
K electrons.* It follows from the formula for the 
ratio 0k,p/d) given in reference 13 that intermedi- 
ate states of the K electrons may contribute appre- 
ciably to the Raman-scattering cross section only 
in case that the energy of the x-ray photon is very 
near to the binding energy |€)| of the K electron. 
In this energy range, however, difficulties may 
arise in the observation of Raman scattering, owing 
to the nearness of the absorption edge. However, if 
|fiwo—|€o|| ~ wy the contribution to the cross 
section calculated in reference 13 turns out to be 
small (0, )/o)< 107") in comparison with the 
contribution due to direct transitions effected by 
the perturbation H”), [ Thus, it follows from Eq. 
(8) given above that o, )/o) ~ 1.] Hence, we shall 
limit ourselves below to calculating this fundamen- 


*We note that reference 13 also considers the excitation 
of a plasmon upon absorption of an x-ray quantum. Of course, 
such a process may also involve the generation of an exciton 
of a more general type. However, in studies of x-ray absorp- 
tion there is practically no opportunity to distinguish the ex- 
citons in terms of their momenta. 
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tal contribution, in complete agreement with the 
calculations given in Sec. 3, having in mind an en- 
ergy range of x ray quanta sufficiently distant 
from the absorption edge. 

The vector potential of the x ray radiation 
field has the following form:'4 


one oe 
ie) jy Be Vqe 


where lgj (j= 1,2) are unit vectors defining the 
transverse polarization of the photons (qj), and 

qj; and ag; are operators for the production and 
destruction of the photons (qj). Substitution of 
Eq. (10) into (9b) leads to a quadratic form with 
respect to the operators for production and de- 
struction of photons. However, in this expression 
only the terms proportional to Ac JAK hj’ give non- 
zero contributions to the cross section of the proc- 
ess being studied. If j and j’ denote the polari- 
zation of the x-ray quantum before and after scat- 
tering, the perturbation operator which we must 
take into account is: 


aj (qj ef ++ aye tr ), (10) 


HO (Koj, ki) 


2e° th K’ 
~~ meV 2 Ak, j a Ki oe ik mane — exp {i (Ky — kK Se 
The function 

F (n, a) = 5) exp {i (ko — kj, r)} (12) 


depends on the coordinates of the electrons of the 
molecule (na) with respect to the lattice point at 
which this molecule is situated. 

In order to calculate the value of the cross sec- 
tion, we must know the wave function of the elec- 
trons of the crystal in the ground state as well as 
in the excited state accompanying the presence of 
the exciton. Neglecting retardation, which is not 
very substantial here,* these wave functions have 
the following form in the Heitler-London approxi- 
mation (the weak effect of intermolecular ex- 
change of electrons is not taken inte account 
below): 


D, s li Pna? 
na 


®, (k) = <2 By (ky EXP (ikts) Dag! 
oF. = he lI Pina (13) 


mh+ne 


Here, yp is the number of the exciton Wear k is 
the wave vector of the exciton, and gy? and ot are 


*Exciton states corresponding to sufficiently high quasi- 
momentum values (see Sec. 1) exhibit basically the expected 
properties of excitons derived without taking retardation into 


account.’ 
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the wave functions of the molecules in the ground 
state and in the f-th excited state (for more de- 
tail, see reference 15). 

The matrix element of operator (11), as con- 
structed from the functions of the initial and final 
states, is equal to 


Cees O Wi We risk 
2e* wh (Ix; Ls 2 
= Bop. (k) Fma(n, «) € kk tae 
mcV V per Oe meee et 
a ikrmg}. (14) 
where 
ng (, a) =(®,| F (n,a) | Oh). (15) 
However, since [see Eq. (13)], 
Fmp (n,a) —e oe | F(n,2) lof > Sno, mp = Fa Ona, mB, (16) 


(here 6x,y = 0 if x #y, and dx,y =1 if x=y), 
we find that 


key Ol HK yaa kD 


Derm (Ihe j Le, P) 


meV V kok, : N 2)Ban CH) Fe Oy ce eu) 


where b is an integer reciprocal-lattice vector. 
The Raman-scattering cross section has the 
form (see reference 14): 


do, = (20V / fic) | kj; O| H™ | ko j’s pw, Ky — Ko) |? pe’, (18) 


where the number of final states per unit energy 
interval is 

= (ky)? (2n)-8 V (dko/de’) dQ = (ko)? (20)-8 (V/fic) AQ; 
Here we have taken into account the fact that «’ 
= hkjc = hw). Hence, upon substituting Eq. (17) 
into (18), summing over the polarization j’, and 
averaging over the polarization j, we find that 


ke bs 2 
Tepe teh PRESEN Tae era are) Ub) 


Ro 2 


If the wavelength of the exciton is large in com- 
parison with the molecular dimensions, then for 
b = 0:* 


*Processes with b 0 and k < b will give rise to inelas- 
tically scattered photons concentrated in the neighborhoods of 
the Bragg maxima (of course, it is assumed that the crystal is 
properly oriented). However, since in such cases the change 
in the wave vector of the photons is great, the quantities |Fal 
[see Eqs. (12) and (16)] will be considerably lower than in the 
case b = 0. In addition, since the quantities |Fa| decrease 
with increasing |b|, the largest cross section will be found in 
the neighborhood of the first Bragg maximum (the smallest 
value of |b|). From the standpoint of observing scattering 
near the Bragg maxima, “oosely-packed”’ crystals, in which 
the lattice parameter is considerably greater than the dimen- 
sions of the molecules, are of interest. 
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Fy= i (Py (k) k)/e; (20) 


Here 


Pai) Ban (Kee 


is the amplitude of the dipole moment correspond- 
ing to the exciton state wk, and 


Pel = \ 972 Pao Gh A, 


where Pyq is the dipole-moment operator of the 
molecule na. 

Thus, 
(r2/ 2e?A) (Ri, / Ro) (1 + cos’8) V | P.(k) |? R?cos?VdQ, 

(21) 

where A is the unit-cell volume, and W is the 
angle between the vectors P.,(k) and k. 

Upon applying Eq. (21) as before, we find that 

on 16x ( Mo )( a4 pals sine : eos? Yi, 


dso ko] \ @2/\ me? A 
p 


do, => 


doy =+1r5(1 +cos?6)N,VdQ, @, =4ne*N/m. (22) 

It follows from Eqs. (21) and (22) that the calcu- 
lated cross-section is proportional to the oscillator 
strength of the transition in the molecule. Among 
molecular crystals, the most intense dipole transi- 
tions are exhibited by anthracene (the second elec- 
tronic transition’), for which |P,,|/e ~3 x 107° 
cm. In this case, assuming that A x 125 x come. 
em’, @ ~ 3°, cos? w= 4, kh/ky = 1, and Wo /Wp 
~ 5 xX 10%, we find that do, /doy x 4 x 107%. At 
@ ~ 30°, the ratio dog /doy ~ 4 x 1071. 

It follows from a comparison of Eqs. (22) and (7) 
that for Frenkel’ excitons the quantity aj [see also 
Eq. (4)] is inversely proportional to the square of 
the matrix element of the dipole-moment operator. 
Also, aj becomes infinite for those excitons which 
cannot be excited by light in the dipole approxima- 
tion. In the latter case, according to Eq. (6), do, 
— 0; in the present approximation this is due to 
the vanishing of the amplitude of the electric field 
[see Eq. (4) for aj — oo |, 
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Of course, Eq. (22) can be derived by first find- 
ing the dielectric-constant tensor €4j(, k) for our 
model and then calculating the coefficient aj enter- 
ing into Eqs. (4) and (6). 
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A phenomenological derivation, based upon conservation laws, of the equations of vortex mo- 
tion in He II is presented, with dissipative processes taken into account. 


ly analyzing the oscillations of a stack of discs in 
rotating He II, Hall‘ introduced elastic forces for 
the vortex filaments in order to explain the exper- 
imental results. L. D. Landau advanced the idea 
that these forces may be derived phenomenolog- 
ically with the aid, as usual, of conservation laws. 
Such a derivation is all the more to be desired in 
that it also permits the derivation, in a wholly rig- 
orous manner, of the dissipative terms, which, 
Hall! felt could not be expressed in closed form 
through the velocity of motion of the liquid. * 

A paper has recently been published by Mama- 
ladze and Matinyan, ° in which the problem of the 
oscillations of a single disc in rotating He II has 
been solved. The equations used therein, however, 
are incomplete, in that for w= curl vg = 0 the 
mutual friction forces no longer depend upon the 
difference Vy — Vg alone, as assumed in reference 
33 

In the present paper a complete system of hy- 
drodynamic equations is derived for He II in which 
vortical motion of the superfluid component is 
taking place, with dissipative processes taken into 
account. 

Let us consider He II in the case of a non-van- 
ishing curl of the superfluid velocity. The funda- 
mental distinction between the motion under con- 
sideration and the curl-free case lies in the de- 
pendence of the internal energy «€ of the liquid upon 
the absolute value of the curl of the velocity. This 
dependence may be expressed in the differential 
form: 


(1)7 


de = Ado, @ = |rot-v; |. 


The coefficient A, as follows from a microscopic 
treatment of the vortex filaments, is given by 


*While the present paper was being prepared for publication, 


there appeared a review by Hall,” in which he has derived, by 


less general means, an expression analogous to ours for the mu- 
tual friction force. His final result, however, differs from ours, 


evidently as a result of a mathematical error of his. 
Trot = curl. 


i == Oe a In& , 
m a 
where pg is the superfluid component density, m 
is the mass of the He® atom, and R/a is the ratio 
of the distance between vortices to the effective 
radius of a vortex. 

We shall henceforth follow the standard method, 
proceeding from the conservation laws. 

In the momentum flux tensor Ij, and in the 
energy flux Q there appear additional terms which 
we shall designate mj, and q. The mass current 
vector j, which equals the momentum per unit 
volume of the liquid, can, as usual, be defined in 
such a way that the continuity equation retains its 
form. Taking this into account, the equations for 
conservation of mass, energy, and momentum will 
be 


dp/at + div j = 0, (2) 
OEfot + div (Q, + q) = 0. (3) 
Oj. 

af + ay, (tk + mn) = 0, (4) 


where p is the density of the liquid, and E is the 
energy per unit volume of the He II. The latter 
can, with the aid of a Galilean transformation, be 
expressed as an internal energy € of the liquid in 
a reference system moving with the superfluid 
component velocity Vg: 

E==pv? +pvs+e, (5)* 
where p is the momentum of the liquid per unit 
volume in this same system. The total momentum 
per unit volume, in the stationary coordinate sys- 
tem, is also expressed in terms of p: 

11D <> ps: (6) 
The internal energy € obeys a thermodynamic 
identity which must take into account the previously- 
indicated (1) change in the energy of the liquid due 
to the vortex motion: 


Hee TiS ido “(va V. cD) cae) 


*pv or (p, v) = p-v- 
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where S and T are the entropy and temperature, 
u is the chemical potential, and vy is the normal 
component velocity. 

We shall take the undisturbed momentum flux 
tensor and energy flux in the form!: 


Q, = (tv + = 02) § + STVn + Vn (Vn P), (8) 

9 

Tk = 0Usi Usk => Usi Pk ae Unk Pi = porr, ( ) 
where p is the pressure: 


p=—eé& + TS Ula (Vie Vs; P). (10) 


We thus include all of the dissipative processes in 
q and 7k. 

In addition to the conservation equations (2) 
— (4), the system of hydronamic equations includes 
the equation of motion of the superfluid component 
and the entropy growth equation. Taking into ac- 
count the additional terms arising from the vortex 
motion, we have 


Ov; / Ot + (vs V) Vs + Vp =f, (11) 


OS/dt + div Sv, = RIT, (12) 


where the quantities f and R are to be determined 
(R is the dissipative function). 

In order to determine the form of the unknown 
functions let us differentiate the left- and right- 
hand parts of (5) with respect to time. Substituting 
the time derivatives from (2), (4), and (11), we ob- 
tain 


= — div Q, — div (xv,) +7 (S + div S vy) 
ae MO +. Ani 0w/0x;-++ Tp OUn:/OXh, 
+ (j—PVn, f+ [, Va — vs), (13) 
where 
(\Vn)i = Min Unk. 
Introducing the notation v= w/w and substituting 
into (13) the expression 
Ao = Av rot vs = Avrot {f --[, Va — Vs]} — Av rot [wvp], 
(14)* 
we obtain, after certain transformations which 
separate out the terms having the form of diverg- 
ences: 
E + div (Q, + (an) + M[¥, f+ [0, Va — Voll} 
=T(S + div Svnj) + (ap —AO8;n + 0; Op/O) OU pd OXn 
+(f + [o, Via — Vs], j) — PV» + rot Ay). (15) 
Comparing this expression with the equations for 


conservation of energy (3) and entropy growth (12), 
we find 


q = (Xvn) + Aly, f+ [@, Va — Vs], (16) 


*[@val = @ x vn; [@, Va — Vs] = @ X (Vp — Vg) 


R = — (sin — AWS, + AW; Op/O) OVpi/OXR 
—(f-+ [w, vn —Vs], j —PVn +rot Ay). (iz) 
Requiring that the dissipative function be a pos- 
itive definite quadratic form, we obtain from (17) 
the most general expressions for the vector terms 


f = —[w, Vz —Vs] + «[w, j —PVa + rot Ay] 
+ B[y[w, j —pv, + rot Ay¥]] — ry (w,j — PVn + rot Ay) 
(18) 
(B, y = 0, as a consequence of the condition R = 0), 
and for the tensor terms 


tr, = NOS ;p = AQ; @;/@ + Tik- (19) 


Tj, appears as a viscous stress tensor and must be 
expressed in general form with the aid of the 
viscosity tensor Njklm: 


Tih = Ninym O0nt!OXm- (20) 


When vortical motion takes place in the liquid, with 
w assuming a specific orientation, the viscosity 
tensor may in principle contain additional terms, 
as compared with the vortex-free case. In pre- 
cisely this way the momentum of relative motion 
p - which in vortex-free flow is directed, due to 
the isotropy of the liquid, along the relative veloc- 
ity 

P = Pn (Vn — Vs) » (21) 


where py is the normal density - may now have as 
well a component along the second, distinct direc- 
tion Ww. 

In principle, transfer of entropy and momentum 
by the vortices is also possible. 

All of these phenomena, however, are quadratic 
effects and are extremely small. In particular, as 
in the absence of vortical motion, the tensor njkJm 
reduces to the coefficients of first and second vis- 
cosity (which are independent of w). The thermal 
conductivity coefficient also remains unchanged, as 
do the dissipative gradient terms in the superfluid- 
ity equation (in our derivation, f is determined 
accurate to the gradient terms ). 


Substituting into the right-hand part of (18) the 
expression 


j—PVn =P+ P(Vs — Vn) = —Ps (Vn — Vs), (22) 


which is obtained with the aid of Eq. (21), we may 
transform f into the form 


T= —p,*[wrot Av] — (1 + ap.) [w, Va — Vs — p; rot Ay] 


— Bpes[¥[w, vr» — vs —p,trot Ay]] 
+ 7Ps¥(@, Vn — Vs — prot Ay). (23) 


Let us now write out the superfluidity equation 


DERIVATION OF EQUATIONS OF VORTEX MOTION IN He II 


Ov/0t + (vs V) v5 -+ Vu = — pt [m rot Ay] 
oy B’ps [w, Vn — Vs — a4 rot Ay] 
— Bps[¥[W, Va — Ve —p,t rot Ay] 


+ YP, ¥(M, Vn — Vs — 9,1 rot Ay), (24) 


where f’pg represents 1+ apg. The first term on 


the right coincides with that derived by Hall in 
reference 1. The remaining three terms describe 


the mutual friction force. For the case of straight- 


line vortices v = w/w = const., from which it is 
easy to derive the relation between the coefficients 
B and £’ and the coefficients of Hall and Vinen: 


B= Bp,/pp., B’ = +-B’p,/ pp,. 
In the case of transverse deflections of the vor- 
tices, the mutual friction includes additional terms 
in curl Av. Under certain conditions these may 
play a predominant role. 
The term having the coefficient y represents a 


longitudinal (along w) mutual friction force which, 


it appears, may arise when the direction of the 
individual vortex filaments deviates from the di- 
rection of the mean curl of the velocity w; for ex- 
ample, in the presence of thermal oscillations. In 
view of the smallness of these effects, however, 
the coefficient y is evidently extremely small by 
comparison with 8 and f£’. The increments to the 
momentum flux tensor resulting from the vortex 
motion have the form 


Nin = MOd;n — A; Op/@ (25) 


and lead to renormalization of the pressure to the 
value Aw, and to the appearance of a term 
—)wjw, /w, which may be interpreted as the vor- 
tex filament tension. 

Let us now consider the change in the energy 
flux. Substituting into Eq. (16) 7, from (25) we 
obtain 


q = Aly,f + [vs 0]. (26) 


This expression is especially easy to interpret in 
the absence of any longitudinal component of 

f(y =0). In this case we obtain from (24), taking 
the curl of both sides 


= rot{f +[v.w]}= rot [vz 0], 


which has the form of a transport equation for the 
vector w, with a velocity 


(27) 


v= Vs—— rot Ay + 8’p, (Vn — Vs — rot Ay) 
s 
4 
— Bps E Va— Vs— pe av, 


This may be called the velocity of movement of 
the vortex filaments (and is accurate to terms 
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parallel to the vector w, which is adequate in the 
absence of longitudinal friction). 

Thus, as follows from (27), the energy flux may 
be written in the form 


) 
q=o +Iv[ve v1], 


which represents energy transport by the vortices 
in a direction perpendicular to w. 

Finally, we shall consider the boundary condi- 
tions which must be obeyed by the superfluid com- 
ponent at the surface of a solid and at a free sur- 
face as the normal component velocity falls to 
zero. We shall limit our treatment to the vortices 
terminating at the surface. 

It is clear that in the case of a free surface the 
tangential components of the tension in the liquid 
must be zero; i.e., (™N), = 0, whence wy: w; = 0. 
The vortices are thus perpendicular to the free 
surface of the liquid (N is the normal vector). 

In the case of a very rough surface the velocity 
of the vortices at the surface must coincide with 
that of the surface itself. 

In the event of vortex slippage, however, inten- 
sive energy dissipation must take place, as ob- 
served by Hall.! 

The mechanical energy of the vortex motion 
dissipated at the surface is numerically equal to 
the difference between the energy flux directed 
toward the surface and the mechanical energy ac- 
tually transferred to the surface, the latter being 
equal to the work done by the tension forces as the 
wall moves at a velocity u= vy | surface: 


—Emech= aN — (su) N, (28) 


Here, the vector (tu) is determined in accordance 
with (13), and N is the normal vector external to 
the liquid. 

Substituting q and 7, from (25) and (26), after 
interchanging the order of the factors in the mixed 
vector product 


— PB inech= NE =e [Vs — U, w], [Ny]), (29) 
from which it follows that 
f+ [v,;—u, ©] | sur = C[No] + C’ [[Ny] o]. (30) 


From the qualitative microscopic treatment we 
obtain the values for the coefficients ¢ and ¢’: 


OB = O/B. = e,hi p mid, (31) 


where d is the mean size of the surface irregu- 


larities. 
The boundary condition (30) may be rewritten 
in terms of the vortex velocity (for y = 0): 


vi—u = 6 [¥ [Nv] +0 [NY], (32) 
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which for ¢’ = 0 agrees with the boundary condi- 
tion employed by Hall.* ‘Lhe transitionss2,0c 4.70 
and ¢£, ¢’ ~ © correspond to transitions to an ab- 
solutely rough surface and to a free surface, re- 
spectively. 

We shall now write down the complete system 
of equations for an incompressible fluid. Let us 
determine the p appearing in the superfluidity 
equation. Making use of the thermodynamic iden- 
tity (7) and the definition of p (10) we find, if we 
take into account the fact that A is weakly depend- 
ent upon w, 


w= p (p, T) — (pal2p) (Vn — vs)? + Ao/p. 


Moreover, introducing the renormalized pressure 
Pp =p +Aw, as follows from (25), we have, finally 


pw = pw (po — do, T) 4 “e (Vn — Vs)? 


Ht (Po, TIE (Vn — Vs)”. (33) 

The full system of equations of motion for an 
incompressible liquid (div v, = div vg = 0) con- 
sists of the superfluidity equation (24), in which 
Vu must be replaced by pg = pgp/p, and the equa- 
tion of motion of the normal component (obtained 
from the momentum conservation equation ): 


Pn [Ov,,/ot = (vnV) Val aan VDPn a. nAVn 
— Bopspnp?[o[¥, Va — Vs — Ap rot ¥]] 


— = B’p.p,0! [w, Vr — Vs —Apzt rot ¥], 


Pn = PPnl P, (34) 
under the boundary conditions 

Vn |sur = Usur , (vs —u, N)sur = 0, 

f+ [u—vg, wo] = C[Nw] + 6’ [[Ny] o]. (35) 


It is possible, using the hydrodynamic equations 
thus obtained, to compute the moment of the forces 
acting upon a disc oscillating in rotating He II. 

If the frequency of the disc oscillations is rep- 
resented by ©, and the angular frequency of rota- 
tion of the liquid by w », then, with accuracy out to 
Ben) /pQ, the motion of the normal component 
will not influence the motion of the superfluid. It 
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also turns out that, to the same degree of accuracy, 
the change in the moment of the forces acting on 
the disc on the part of the normal component 
nB/A ~ ¥3) of the moment of the forces due to vor- 
tex tension. We shall now present the expression 
for the moment of the forces acting on a disc ata 
distance I below the free surface of the liquid 
(these calculations were carried out to the accu- 
racy indicated above): 

Ny . Nz \ 
(C + if) MViQ2 1+ — if) Ny/Q /’ 

(36)* 


AM = Mg = aonR*hoo (7— 


where 
N; = k; tg kil 


Q— 20 ae 

acer te +t eke 
, G65 7 . Be, 

= iV iy (1 +i), 


Q@) is the amplitude of disc oscillations, and R is 
the radius of the disc. In this approximation, Eq. 
(36) agrees, for the condition 1 ~ ~ with that ob- 
tained by Mamaladze and Matinyan® (it would be 
improper to take into consideration the higher de- 
gree of precision indicated in reference 3, in view 
of the incompleteness of the equations used there- 
in). 

In conclusion, the authors express their deep 
gratitude to Academician L. D. Landau for his 
consideration of the problem under review and for 
his valued advice. 
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The law is obtained for the transformation of many-particle Green’s functions under changes 
of gauge. General identities of the type of Ward’s identity follow from this law. 


1. INTRODUCTION 


The paper by Landau and Khalatnikov! on the laws 


of gauge transformation of the Green’s functions 
<Ty (x) g(y)> and <TY(x)@(y)A,(u)> has 
been followed by a number of papers connected 
with this question.2~5 

The present paper proves a general theorem 
which establishes the law of gauge transformation 
for Green’s functions with an arbitrary number of 
operators of arbitrary charged and neutral fields, 
without choosing a specific form of the interaction. 

The laws of gauge transformations are deter- 
mined only by the transformation properties of 
the Heisenberg operators under changes of gauge, 
independent of special forms of the interactions. 

In electrodynamics the law of transformation 
of somewhat differently defined many-particle 
Green’s functions has been derived recently by 
Okubo.* His proof, however, is valid only in elec- 
trodynamics and is connected with the expansion 
of the Green’s functions in perturbation-theory 
series. 

By means of the law for gauge transformations 
of Green’s functions one can give a derivation of 
identities of the type of the Ward identity which is 
independent of gauge and is the most general and 
natural proof of these relations. This has also 
been done for the connection between the vertex 
part and the one-particle Green’s function (cf. ref- 
erences 4 and 5). This method is used here to ob- 
tain general identities connecting many-particle 
Green’s functions, and some concrete examples 
of identities of the Ward type are presented. 


2. DEFINITIONS OF THE GREEN’S FUNCTIONS 


We present the definitions of the many-particle 
Green’s functions for which we shall consider the 
laws of gauge transformations. The Green’s func- 
tion without photon ends is defined as the vacuum 
expectation value of the T product, 


Gynt e 
= (TP)= <Tpy(x"). «pal x") pi(y")---Pal(y")Xa(Z4)...>, (1) 


where ~(x) and g(y) are operators for arbitrary 
lepton, meson, and baryon charged fields, which 
transform under gauge transformation by the law 


p(x) = exp [Ze A(x)]}p(x),  9'(y) = ely) exp [— ie A(y)], 
(2) 
and x(z) are operators of arbitrary neutral fields 
other than the electromagnetic field. 
We introduce the Green’s functions that include 
electromagnetic-field operators Ay (u) in the 


following way: 
Gil 


-1 1 1 
Nera be ena kale Pugatran 


. u) = (TWA, (yu) d, 
Bg Iie) (3) 
= (TWA), (u') Ap, (w2)) — KTV) <TAy, (2) Ary (02)) (4) 


1 it 
A aes me ce 


Ginna (rake oy Unni cre wer ay LL ane u™) 
= (TY¥A,, (w’) Au, (4)... Aug, (4)? 
= > Gui ee ahr Maha (TAs (w/) Ay, (u")> 


k>l 

avi » Gury ty Py eae PRA Hej ad Rp Be Pp Ba 
i>j>h>! 

x (TAy, (u’) Ap; (W/) Au, EO RU tas 8 (5) 

These expressions can be obtained formally by 


means of functional differentiation with respect to 
an external current: 


Giugno pa eae, 2! con Coan i) 
= OF TW) (6) 


m ? 
BJ, (wt) BJ, (uw)... 84, (u™) |, 


where the functional derivative is defined by the 
rule (Schwinger® ) 


= <TWA, (u)) — <TY> <A, W)), (7) 


and for J = 0 the vacuum expectation value of an 
odd number of factors A, (u) goes to zero. 
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The Green’s functions defined by the formulas 
(3) — (5) transform more simply under changes of 
gauge than do vacuum expectation values, and for 
the present functions one gets the natural general- 
ization of Ward’s identity. In perturbation theory 
this definition corresponds to the omission of dia- 
grams that contain unconnected parts in which 
there are only photon external ends. 


3. THE TRANSFORMATION OF THE GREEN’S 
FUNCTIONS UNDER CHANGES OF GAUGE 


Let us express the Green’s function (5) in an 
arbitrary gauge in terms of the Green’s function 
in the true gauge of Landau and Khalatnikov (L.K.), 
in which by definition the photon Green’s function 
has no longitudinal part and the commutator of 
electromagnetic-field operators at equal times 
is zero.° 

The change from the Heisenberg operators 77, 
gy", x7, and Ajj in the L.K. gauge to the operators 
Y, Y, X, and A, in an arbitrary gauge is made 
according to the rules 


*p (x) = exp LieA (x)] ¥ (x), @ (y) = o*(y) exp [— ieA (y)I, 
%(2) =x (2, Aya) = Ai (~) + 0A (udu, (8) 
where A(x) is a suitably chosen Hermitian oper- 


ator, which can be represented in the form! 


A(x) = \ dk) (k2) (aye + aze-***) (9) 


(ax and aj are creation and annihilation operators). 


We may assume that the operator A acts ina 
different Hilbert space from that in which the oper- 
ators ~’, o", xy’, and Al, act,!»> and thus com- 
mutes with them. We note also that when we change 
to a gauge in which the equal-time commutators of 
the electromagnetic fields are zero by definition 
(we shall call these true gauges) the choice of A 
is restricted by the condition® 

[A (x,0), A (0)] = 0. (10) 


Then the photon Green’s function in an arbitrary 
true gauge can be expressed in the following way: 


Diy (ut — uw?) = (TA, (uw) Ay (u?)> = «TAG (uw) AY (v2) 


+ 25 <TA(u) A(u)> = | dtgexp (ig(ut —u2)) 


ais 


x [qb uv — quqr) de (GQ?) + Qugudr (q?)). (11) 


Let us now find the transformation law for the 
Green’s function (1). According to what has been 
said, 


G (ide We, iy iiete Beets) 


ad (2 Us 2) <T exp (ie®)s; (12) 
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where 


® =A(t) +... +A(e) —A(Y) —..-—A (y’). 18) 


Owing to the choice of the operator A(x) in the 

form (9) the expression <T exp(ie®)> can be 
calculated by means of Wick’s theorem, and fur- 
thermore the theorem can be applied directly to 
6, since @ depends linearly on A. Thus 


<T exp (ieD)> = 


(ie)?" 
| ea | 


-> 


1!) <T2)*® = exp (—45 (TO), (14) 


and the transformation law for G is of the form 


G = exp (ep) G’, (15) 
p=e(t.. gp.) = —ZKTO 
= 5 D) KTA (x) A (y)) 
t,f=1 
—= KT K. (34) (IP) rer GAY Ay) I (16) 


The Green’s function G, in an arbitrary 
gauge is expressed in terms of the Green’s function 
in the L.K. gauge according to the law 


Gye. = = exp (e 1) 1G Bea-+ Pep =e te % Py, G ‘i Ot Sot ae liad ge foie 


=] 
m 


| Pe ye i 
=a 
( e) cas Puy, Pur, Gia ay, Wry Preg—1Pre+ 1m aa 
Te>™=1 
m 


> 


um (ie) k Py, Pup: -+Pp, 
ey eee it ; : 
* Gye Pr Pry 1° Shy eres iby pb Pm Vipiiers 
a (ie) Du Oyo Pim} , (17) 
where 
Pn, = Pp 3S a, Se ey ook eS 
br = Pr, ( y LOG aul ® » 
On ; 
= =>) CTE A (x) — AWD. (18) 


For ie utiran we note that we can represent the 
definition (6) of the many-particle Green’s func- 
tions in the form 


EGP 
J, (42) 8S, (u2)... 6 


=H (ae +a) 


6/7 ia aut 
ant br Ou 


CT exp lie + ia ‘ 
atu’) 
x TY) > 2 D>), 


cr exp [ix y A (u')| » 


Gusden-tn = 6 


TL 
Le tu) 


(19) 


J™=0, a=0 
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where the functional derivative 6/ dJj, is defined 
by the rule (7) with A, replaced by Als and acts 
only on <TW7>. We note that as long as JT and 
the parameter a are not set equal to zero the op- 
erator 6/dJ/ + (ia)*8/au, gives A,(u) in the 
form of the sum A+ 8A/du,,, according to the 
rule (7), in which we have only to replace the av- 
erage <T...> by the average 


(T ... exp [ia ZA (u!)])/<T exp [ia SA (u!)]). 
After calculations analogous to Eq. (14) we get 


<T exp [ie® + ia dA (u’)]> 
<T exp [iaZA (u’)]> 


= exp lee — ae > (TOA (u!)> 
a (20) 
Differentiation of the last expression obviously 
gives 
a . cp fetp —ae St (T@A (ut 
a Ou bias oul: ma E P mE > ‘ : C )> | 


k l=1 


a2=0 


SEAN , 9 
= (ie) Py,Pu,---Py, exp (ep). (21) 
Since 
Onaelnian 
Cer © ) = ‘ 2 : 13 R (22) 
Aa (u3) OJ), (earn es Son (u*) ees 
Ca sm 
i ic r = 
eee) #4 Gah) SE BTR 
Ripe on a 
I Ves) z Tv T tear 
bo =f BJ ON ie OS sn Ou, 
“Se5 ling = 
; 42 Tt Tt Tt T. Tv 
Pee AF tere epg ee enol il. 2e7e 
2 4 m pee 
Sc ee eet men Go eee, (23) 
me oft ees eal 7 


the transformation law (17) follows from the ex- 
pression (19). 

We shall make two comments. First, we note 
that Eq. (17) can also be proved without the func- 
tional differentiation (6), (7) by the method of 
mathematical induction, if we use the definition (5) 
of the Green’s functions. Second, we emphasize 
that in the proof of the theorem essential use has 
been made of the definition (9), which enables us 
to apply Wick’s theorem directly to the operators 
A. If we renounce this definition, the law in ques- 
tion is not true. For example, if we set* 


(24) 
where A,(x) and A,(x) are Hermitian operators 


*This is a purely illustrative example, since after such a 
transformation the commutator of the electromagnetic-field 
operators is no longer a c number. 
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of the form (9) that act in different Hilbert spaces, 
and take for simplicity 


TA,(x)AV(y) 1 = <TA2(x)Ao(y)>2 = F(x — y), (25) 


then the transformation law of the one-particle 
Green’s function is 


<T (bx) 4 ()> = <TH (x) O2(y){1 + 2 F(0) 


SC) ae (26) 


In this connection we note that the derivation of 
the law (15) for <TW(x)%(y)> from group- 
theory arguments in the paper of Evans, Feldman. 
and Matthews? is erroneous, since the infinitesi- 
mal transition operator has been found only from 
a special (L.K.) gauge, and not from an arbitrary 
gauge. Therefore the passage from Kq. (3.15) to 
Kq. (3.16) in reference 5 is illegitimate, in spite 
of the fact that gauge transformations actually do 
form a Lie group. Thus in the example just given 
Eq. (3.15) holds and Eq. (3.16) does not. Equation 
(3.16) holds only in the case of operators A(x) of 
the form (9), but to establish it one actually needs 
to know the final result. 


4, GENERAL IDENTITIES OF THE WARD TYPE 
In the L.K. gauge 


= 


oO 


ar Gumi nee = (() (27) 
lake 
in consequence of the Lorentz condition® 
OA. 
ie —_ 4 (28) 
pe 
and the fact that for ty = ty = tz = ty =ty 
[w* (x), Ag (u)] = [p* (y), Ap (= [x @, Ag (4)! 
= 1A) (@), A, @)=0. (29) 


Calculating the divergence of both sides of Eq. (17) 
and using Eq. (27), we get general identities in an 
arbitrary gauge: 

Op, 
Cava = le a Gr, Pep — Pre qe Pm? 


7 27; J, 
r [ee Ne r 
Ou, Ou, 


(30) 


In the special case of the Feynman gauge they 
take the form 


== Gi picket ape a ric Oya es [D. (u’ — x!) 


Br 1=1 


\ ja 
—D, (ur or y')) Gory say alee aC hh 


4 \ ERX dk 
DiG) a one Wee aaa (31) 


since the change from the L.K. gauge to the Feyn- 
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man gauge is accomplished by means of a A(x) 
for which 
dk 


=p IG Tee) 
(TA (x) A(Y)) = (Qa)! \ ed 
If we now apply to Eq. (31) the d’Alembertian oper- 


ator Or, we get 


bin = ey 


Oo SAFE 
say ey es 


Pape 


(Cit —— &) 


(33) 


F 
‘)| Gee eae +1°°° Pm * 


—d(uv—y 


With suitable definitions of the higher vertex 
parts the identities (30) lead to gauge-independent 
general Ward identities for processes with arbi- 
trary numbers of charged and neutral particles 
and of photons. This derivation of the Ward iden- 
tities is based only on the laws of gauge transfor- 
mation of the fields, and assumes absolutely no 
knowledge of the concrete forms of the interac- 
tions or of their renormalizability. 

As an example let us consider the case of a 
single charged particle [W =7~(x)#(y)] and m 
photons. Taking as the definition of the vertex 
part Dy ju... the formula 
Gee iy ei) == (28) ek 
x | dptdp*dg ... dg™ exp (ip'x — ip*y 


ml 


+ idg’u') 6 G = pay) @' | 
t=1 


x Il De : (q') S° (p}) ir ave (ppg: ; q") ise (p?) (34) 
j=1 

(S° is the exact one-particle Green’s function of 

the charged particle), we get from Eq. (30) after 

dividing through by q?-dy(q?-) and by all of the 


© UWe 
Djijvj(4 ye 


Supa) Wlenauip ace Auge (P) 
= ‘Sa (p') Pench rar Vie 
a a Oo Ge ee OU ee eg) S (p? — q’) 
eS (pi a q’) Ds Aenea ea, 
OOD Gio 1002 apa GC eG) 5 fe), (35) 
where 
pi— p+ dig =0. 


1=1 


For m =1 we can write this identity in the form 


S* (p*) @.Ty (pt, pt 4g, q) S (pe gq) = S* (vp) — Sp 4 Q). 


(35a) 


OGIEVETSKII and I. 


V. POLUBARINOV 


Let us also consider the case of two charged 
particles and examine the connections between the 
processes 


Ts Pree OU ea mae = 90) um” 4 


Introducing the standard definitions 
G Ge ay) Shae \ dp' dp? dp? dp* 
ip?x? — ip®y! — ip*y’) 
p*, p*), 


Fig ee Age e\ dp" dp® dp* dp* dq 


xiexp (iptxt + 
Xb (ph EP a= PS py ew? 
Gia 


xexp (iptx? ip®y' 


+ iqu)d (p' + p? + q— p®— p*) Div (q) S (p") 
el Ap fap 2g) eS ate), 


Cio x ipty? 
A® (p?) 
(36) 


where S°(p) and A°(p) are the exact one-particle 
Green’s functions of the proton and the 7 meson, 
we arrive at the identity 


Sip) & (py gale (bo PP oS ek ee 
=G6(p', p?, pp —@) +6) pe — a P) 
— G(p', p?-+q. p®, p*)— G(p' +4, p?. p®, p*), (37) 


where p' +p? +q=p* +p*. 

The identities (35), which are a direct general- 
ization of Ward’s identity, were found by Fradkin,? 
who obtained them as a consequence of the 
Schwinger system of equations for the Green’s 
functions in electrodynamics, i.e., by the use of 
a concrete form of renormalizable interaction. 
Quite recently identities of the form (35) have 
been derived by Kazes’ by means of perturbation 
theory. 

The identity (33) in the Feynman gauge is di- 
rectly related to an identity for the coefficient 
functions of perturbation theory obtained by Bo- 
golyubov and Shirkov® in quantum electrodynamics. 

The generalized Ward identity (35a), also for- 
mulated by Green,’ has also been proved without 
perturbation theory by Takahashi! by means of 
the formula (33) in the Feynman gauge, which he 
derived for m=1. A gauge-independent deriva- 
tion of this identity in electrodynamics has been 
given by Okubo‘ by the method of Caianello, which 
is closely connected with perturbation theory. 
Finally, Evans, Feldman, and Matthews® have ob- 
tained this same identity as a consequence of a 
law for gauge transformations of the Green’s 
functions! 


<Tp(x)p(y)> and <Trp(x)¥(y) Ag(u)>. 


which does not require any reference to the con- 
crete form of the interaction. 
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In conclusion we express our gratitude to 
M. A. Markov, Ya. A. Smorodinskii, and Chou 
Kuang-Chao for helpful discussions. 
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A simple analytic expression for the angular distribution of fission fragments is derived in 
the case of small anisotropy. The effect of the initial nuclear spin is discussed. 


In reference 1, a method was suggested for the 
calculation of the angular distribution of fission 
fragments and analytic expressions for the angular 
distribution were obtained for a target nucleus of a 
given spin. In the case of a Gaussian distribution 
of the probability of fission with the value of the 
projection K of the angular momentum J of the 
compound nucleus in the direction of fission 


a (K) = exp (— K?/2K@) (1) 


the angular distribution of the fragments depends 
weakly on the initial spin; the spin-dependent terms 
in the angular distribution are of the order TCL KG 
(where J, is the initial spin, J is the orbital angu- 
lar momentum of the neutron), while the basic term 
dependent on the angle is of the order 7k. The 
dependence of the total probability of decay of the 
compound nucleus IT; on the value of the angular 
momentum of the nucleus also leads to corrections 
of the second order in the angular distribution. 
This effect also leads to an additional weak depend- 
ence of the anisotropy on the initial spin. In the 
case of a small anisotropy in the angular distribu- 
tion and a weak dependence of Ty on J, one can 
obtain an analytic expression for the angular dis- 
tribution in which the dependence of Ty on J is 
taken into account. 

The overall width of the compound nucleus 
state is the sum of the radiation, neutron, and 
fission widths. The first is usually negligibly 
small, while the dependence of [Ty and I¢ on the 
angular momentum can be determined with the aid 
of statistical theory: 


Tr, (J) = Pn (0) exp [— @; — a) J (J +1), 
Ty (J) & (27 + 1) T; (0) exp (a: — a) JJ +1)1 
u 


(2) 


se SSG OOK 2 
K=-J 

In (2) and (3), a =°/2%T, where ¥ is the moment 

of inertia of the nucleus and T is the nuclear tem- 

perature. The subscript i indicates quantities re- 


ferring to the initial compound nucleus and f, to 
the compound nucleus state after the emission of 
the neutron; the asterisk indicates quantities re- 
ferring to the deformed ‘‘transition’’ nucleus. The 
constant ‘7 | appearing in the expression ay 
= 7/2 4*T* is the moment of inertia of the transi- 
tion nucleus with respect to the axis of symmetry. 
In the remaining cases, the moment of inertia is 
equal to the moment of inertia of a spherical nu- 
cleus 4 9 = 2AmR?/5. 

Expanding [,(J) and I'¢(J) into a series, we 
obtain 


y(t) = TJ) /Te (/) 


—~ 0 


> 1; 


[1 gS Sed) Say ele) 


where 
g = yO @;—a)) ae Yf) CK), 4 = Te (OT; (0), 


17) = T; O)/Ps (0). 


This expression for yf(J) should be inserted into 
the general expression for the angular distribution 
of the fragments, which, for fixed values of I, of 
the channel spin S =Jy + y and of J has the form! 
Wiss (9) = 


2J +4 DAs : 
FO+H 2 (CK) GIRLY tn (OV, 


ay (K) = 17 (J) a (A). 


The overall angular distribution of the fragments 
is given by the expression 


(5) 


> CPSs e, 


1SJ 


Wi) = Wiss(8) | (6) 

1SJ 

where ¢] is the neutron sticking coefficient, which 

is assumed to be independent of J and S. Inserting 
Eqs. (5) and (4) into (6), we sum over J, for which 

we use the following formulas for the summation 

of the Clebsch-Gordan coefficients: 


>. |e 
= 0) 


1+S 


a 


J=|l - S| 


|K—m|<S 


JK 
Ae |K—m|>S 


Sulm 


and! 
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[+S 


ea Cee ere Se +4) = mu, 
v=0—"S| : 
IMI<S, |m[<l 
huwiissS& Alans b* 
After summing over J, we obtain 
Ws(8) = >) Wiss (8) =C >) '¥im(8) 2 
J m= -T1 
mt+S 
x 2 dt+ql+14+s(s+y 
Ke=m-—S 
— 2m(K — m)]}a(K), (7) 


where the constant C does not depend on 7 and S. 
For @(K), we use the expansion 


iQ zaailte IK (2K2)rs- ly K4 (2K)? sos «| (8) 


An arbitrary coefficient n is introduced into 
formula (8) in order to take into account the possi- 
bility that the distribution a@(K) deviates from a 
Gaussian one at large values of K. The term with 
K* leads to corrections of the second order. The 
correction to the angular distribution, as a result 
of the dependence of yf on J is small — of the 
order q/2K? —, i.e., it is a small quantity of the 
second order [q and (2K?)"! are of the same 
order ]. Taking this into account, we obtain from 
(6), (7), and (8), after simple calculations: 


A (8) = [o; (8) —o; (90°) }/o; (90°) = (2/4K2){ [1 + (S/6K2) 
+9 (L/P — P +4 S%)\cos*é + (n/2K2)| 2 2” (1 — sin*8) 


+ [?(S? + 1/5) cos? @]}, (9) 
where 


P= D204 1 Gl (i+ Hal 212! ely ees (10) 
vs 


l 
is the mean square angular momentum transferred 
to the nucleus by the neutron; U and 1” are the 
analogous mean values of the quantities (iy? 
and 1(2 —1)(1+ 2), and S?=(Jy + %)? + %. In 
(9), we have discarded third-order terms. In the 
first order in /°/2K%, the angular distribution does 
not depend on the spin of the target nucleus. The 
change inthe anisotropy of the angular + distribution, 
when the quantity S? is changed to AS° is 
AsA (0°) =} Ko {(1 — 3n)/6Ko +5 QAS*. (11) 

According to the experimental data,’ there is a 
small systematic difference in the value of the 
anisotropy for the nuclei U”?°, U?**, and Pu???, 


A yas (0°) ae Ayes (0°) ae ue(0°) = Apu» (0°) = 0.02 — 0.03. 


It is natural to interpret this as an effect of the 
initial spin. For the three nuclei, the values of 


AS? are equal to 7 and 8 units. For a theoretical 
estimate of AsA (0°), we set Tf = T* =T in (4), 
The quantity 1/4 — 1/41 is equal to ¥ > (1.2z 
a 5.62"), where %¥) is the moment of inertia for a 
spherical nucleus, and z = 1 — (Z°A NTE Vee 
For T = 0.3 Mev, y,{” = Yer ~ 0.5, and a value of 
#9 Corresponding to a rigid body, we obtain q 
~ 0.01. The parameter 12/4K% is determined di- 
rectly from the experimental value of the anisot- 
ropy, Since in a first approximation it is simply 
the same value. For neutrons of energy 3 — 5 
Mev, we have P/4K? 0.12, Ke = Te 
From (10) we find that the experimental value of 
the difference AA (0°) for 7 = 1 [i.e. for a Gaus- 
sian @(K)] would correspond to q four to five 
times the thermodynamical value, which is unlikely. 
Another possible effect is a cutoff in the distribution 
a@(K), in comparison with the Gaussian one, for 
large K, which is natural to expect in view of the 
finite size of the nucleus (see also ref. 1). The 
coefficient 7 should then be less than unity or 
negative. Then 7 © 0 would correspond to the 
experimental value of AA(0°) for the above-men- 
tioned thermodynamical value of q. 

A rough estimate of the highest possible value 
Kmax can be obtained by equating the rotational 
energy of the nucleus 


Eg) ea Ke 


and the excitation energy of the transition nucleus 
E*. In this way, we obtain 


K max © {(E*/T*) -2K2}", 


For E* © 2 — 3 Mev, we have Kmax © nK, where 
the factor n is several units. This value of Kmax 
is in agreement with 7 © 0, since for 7 * 0 the 
distribution @(K) vanishes when K & V 2K. 
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Griffin for valuable discussions. 
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We have applied the diagram technique developed in reference 5 to the evaluation of the high- 
frequency conductivity. We obtain exciton states with large radii which occur near the thresh- 
old for the direct transition, whatever the position of the band extrema. We determine the ex- 
citon absorption spectrum and show that the fine structure of the exciton absorption lines is 


connected with a Doppler shift. 


1. CLASSIFICATION OF THE DIRECT TRANSI- 
TIONS 


te absorption spectrum connected with the ex- 
citation of large radius excitons is a set of lines 
near the red limit of the main absorption of the 
crystal. The structure of the exciton states is 
connected in an essential way with the character 
of the interband transition responsible for the 
main absorption. The character of the interband 
transition is in turn determined by the relative 
position of the energy surfaces of the valence 
band and the conduction band in the Brillouin 
zone. The transitions that occur without the par- 
ticipation of phonons (direct transitions) are 
usually considered for the case (case a) where 
the extrema of the valence band and of the conduc- 
tion band lie in the same point in momentum space. 
A number of authors!~? have considered the exci- 
ton states accompanying such a direct transition. 
In the case when the energy maximum of the 
valence band and the minimum of the conduction 
band are in different points of p-space (case b), 
one usually only pays attention to the indirect tran- 
sitions that involve the participation of a phonon.! 
The exciton spectrum accompanying a direct tran- 
sition of this latter type is of some interest. The 
absorption coefficient connected with the main 


transition is an increasing function of the frequency. 


The initial section of this curve is determined in 
case b by the indirect transition. The absorption 
coefficient is relatively small in this section. It 
increases steeply near the frequency w, at which 
the direct transition becomes possible. The exci- 
ton absorption spectrum due to the direct transi- 


tion will lie in the region of the indirect transition. 
It is the purpose of the present paper to study ex- 
citon states of this latter type. 

The direct transition proceeds in case b from 
a point on the slope of the energy surface of the 
valence band to a point on the slope of the energy 
surface of the conduction band in such a way that 
these points correspond to the same wave vector 
apart from the small wave vector of the light. It 
is clear that such a transition occurs first at a 
frequency w» corresponding to the minimum value 
for the difference between the energies in the bands 
at the same electron wave vector. Because of the 
crystal symmetry there will be in p-space several 
such completely identical threshold points for the 
direct*transition Kiya... ij, « = 

We shall show that an exciton is formed near 
each threshold point for a direct transition Kj. 
These excitons are equivalent, and their spectra 
are the same if we neglect the wave vector of the 
light. Each of them, however, is formed by the 
absorption of light by an electron which has a 
non-vanishing average velocity vj = 9€p / ap | p=Ki- 
It is clear that such an electron perceives the 
light with a Doppler shift Awj = k*vj where « is 
the wave vector of the light. Since the velocities 
of the electrons in the different points Kj are in 
different directions, the exciton absorption line 
will be split into several components correspond- 
ing to the excitons in the different points Kj, while 
the position of these components will depend on the 
orientation of the wave vector of the light with re- 
spect to the crystal axes. This effect is specific 
for the exciton absorption spectrum. 
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DISPERSION: OF THE HIGH- PREQUENCY EXCITON CONDUCTIVITY 


2. THE DIAGRAM TECHNIQUE FOR THE EVAL- 
UATION OF THE HIGH-FREQUENCY ELEC- 
TRON CONDUCTIVITY OF THE CRYSTAL 


We construct the solution of the problem by 
using the simple model of an electron gas located 
in a periodic field, and we assume that the interac- 
tion between the electrons is sufficiently weak so 
that the effective interaction energy can be as- 
sumed to be much less than the width of the for- 
bidden band. A phenomenological approach of 
this kind is the usual one in the theory of the Mott 
excitons.‘~3 

We consider a system of electrons in the peri- 
odic field of the lattice which fills the valence band. 
The Hamiltonian H of the system is of the form 
lg = SOS ia 


le—Vakyva=nOs a. 

= <~jp jp ip’ 
ip 

U= = UE iP. . a Cig Gi Mie 2 Fp 


hve2 
[yisPs> JaPs — > sella 
fiPr, fep eyey YTPt 


¥,/l,m 


re re, 


Y+TPaPe+b,, Lie 
X (Pri Pa, ¥) Ugg, (Po: Pas — 1); 


Tjj, (Pas Bs, ¥) = \ e*Ap7 (x) Win, (X) dx. (1) 
v 


‘Here ajp and ajp are respectively the creation and 
the annihilation operators of an electron in a state 
in the j-th band with a quasi-momentum p, which 
is described by a Bloch wave function Yjp(X); €jp 
is the energy of this state; V is the normalizing 
volume; V) the volume of the elementary cell in 
the crystal; by, and by are vectors which are mul- 
tiples of the reciprocal lattice vector; the summa- 
tion in the equation for U is over all the encoun- 
tered band numbers and quasi-momenta. The quan 
tity € is the dielectric constant, which decreases 
the electron-electron interaction; we assume it to 
be a scalar for the sake of simplicity, although one 
can easily generalize the final result to the case 
where e¢€ is a tensor. 

We use Eq. (4a) of reference 5 to find a correc- 
tion to the single-particle density matrix fjp,j’p’ 
which is proportional to the intensity of the applied 
electrical field E,,(x,t) = E,(k,S) exp (ik +x + St), 
where s =—iw+v, kK and w are the wave vector 
and the frequency of the light, and v is an adia- 
batic parameter (in the final equations v — 0). 
We have, indeed, 


Tip, ey (2) 


oe 
= BK sje" >, GER Te 
ik, i’k’ 


“(s, B)\ ec ju (acenedxi (2a) 
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Gi (Se) 2 \ ex ac\ da sp let exp |= foes | Qinet af 
x exp i= ee) Clik’ ) (2b) 
Gn OD ow 
= (2/20) lap, (8) P Pings (X) — Pings (0) Babs, (0), (2c) 


Z = Sp e fH, ens 
ture in energy units. 


, T is the absolute tempera- 


To evaluate the function Gieuaes B) we use 


a diagram technique. The feature of our case is 
that we have chosen the Bloch wave functions as 
the single-electron states. It is clear that in that 
case each line corresponds to the combination of 
the indices j and p. The vertex describing the 
electron-electron interaction is drawn in Fig. 1; 
it corresponds to the factor 

= (tit) » ( i a sl jz, (Pi, Ps, Ps — Pi + bn) 


ald Ps — pit By) 


x ep (Po, Pa, P2— Pu an Din) One 


FP2—Ps—Ps, Djp,—d,, + 


“iP foes a 


FIG. 1 


The absolute magnitude of the quasi-momentum 
of any line is less than half a reciprocal lattice 
vector. Because of this, the quantity by, —by, is 
less than a reciprocal lattice vector. It is clear 
that a factor 1 —Njp OF Njp; where jp is a Fermi 
function, will correspond to a line. We shall con- 
sider the case T < hw; then Djp = 0, if j is an 
index of an unfilled band, and Bin = if j is the 
index of a filled band. 

We consider successively different approxi- 
mations of perturbation theory. In Fig. 2 we give 
the zeroth order term. This diagram corresponds 
to the expression 


877,629 pk’ Oxp’ 0 (0 Sa tee ip) [s Ap” (Ejp — allie 


FIG. 2 
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The index j refers to a filled band and the index 
j’ to an empty band. 

Since the frequency of the light is close to the 
threshold frequency w, for a direct transition, 
the dominant zeroth order term will be the one 
where the index j is the same as the index v, re- 
ferring to the valence band and when the index j’ 
is the same as the index c referring to the con- 
duction band. For that term the denominator is 
a minimum. The threshold frequency for a direct 
transition is given by wy = Min (€cp.« — €vp)- 
From the condition 


0 


; | et 
Bp, \eeot« — Eup) sales) 0 


we can determine the momentum Kj(Kk) of the 
electrons which undergo a direct transition at the 
absorption threshold. It will be clear that only the 
two above-mentioned bands will be important. We 
introduce the notation 


yen (ip (X))ek, ok’dX = Ok, k’tx Ju (k’, x), 


ju (KC, 2) = \ 0 (jp (errs, ow dX. 
Ve 
One sees easily that 


ves (X) up, cp’ x= Op’, pe fy (p, g). 


(3) 


We have not considered here the possibility of an 
Umklapp process for which k’ + k—k’ =b (b is 
the reciprocal lattice vector), since the limits be- 
tween which kK can vary are limited to a very small 
region of order k near the edge of the Brillouin 
zone and the corresponding integral over k’ will 
be small. 


3. ELIMINATION OF SINGULAR DIAGRAMS 


Some first-order diagrams are drawn in Fig. 3. 
We note a characteristic singularity of the diagram 
3a. To do this we write down the contribution 
J{)(y) to the average current density of the sys- 
tem in the point y: 


JD” (y) = 2) fee, ev’ (iv (Yop, cv (4a) 
pp’ 
Here 
: AER eg 
Ki ae= yer, (DSO ke, (4b) 
and j,(p,&) is defined by Eq. (3b); 
a) Pian E,, (x, 8) e* Ok, kip 
hike h t ; A 
Dp, cp (i ) ps pa Bo — Snpe SHE (Eo — E,,/)/h 
red bs 4me*e1 
x Is cay (Ecp’ == Eup) | : Vw —p+o,pl 
X(p, k’, k’ =) ae b,) Vcc (k, p’, k — p’ — Dn) One, Pina? 
(4c) 
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The most important term in Eq. (4a) is, when we 
take (4b) and (4c) into account, the term with bm 
= bn = 0, in which there occurs an integral of the 
type 

dk’ d ; as —1 
\ aaah (k’, p) [s a key (Eck? — exK’)| 


i 1 
oN E = — (Ecp+x = eon) . 
The denominator in the integrand has at w = w9 
the form 


s + ih (ecppx — Ep) = V — Hap [p —K; (x)]a [p — Kz (x) Ia 


if p is near Kj(x); A(k’, p) is a function which is 
finite for k’ = p = Kj(«). It is clear that the inte- 
gral diverges logarithmically as » — 0. The terms 
connected with Umklapp processes for which b,, 
or by are different from zero are finite and small, 
since we have assumed that the reciprocal of the 
dielectric constant is sufficiently small. We shall 
therefore not consider Umklapp processes in the 
following, and put bm = bp = 0 at each vertex. 
Similarly we shall not take into account the dia- 
grams of Figs. 3b and 3c. In these diagrams there 
is no divergence near the points Kj(k): in diagram 
3b the denominator corresponding to the last sec- 
tion on the right does not tend to zero, while in dia- 
gram 3c the interaction matrix element does not 
tend to infinity. 

Turning to higher-order approximations in the 
perturbation theory, we shall retain only those 
terms which have the largest singularity for a 
given power of the small parameter ¢~!. Such 
terms are drawn in Fig. 4a. Other terms, even 
though they diverge for «~! « 1, can be neglected 
in comparison with the ones taken into account. 
One can, for instance, neglect the diagram of Fig. 
5 in comparison with the diagram 4a, since it has 
an extra small factor e€~? for the same degree of 
divergence. 


ease +- 

wh tt BY 
uf p at K= loa = —+ 
Deere p a i = lly sd 
- ——— WZ 

pry 


DISPERSION OF THE HIGH-FREQUENCY EXCITON CONDUCTIVITY 


FIG. 5 


All diagrams of Fig. 4a have a common factor 
corresponding to the horizontal section on the left 
so that it is convenient to introduce instead of the 


sum of the diagrams ares (s,o) a quantity ae (s) 
such that 


4 aaa 
1) Sek. 


Gp (s, 6) = oS): (5) 


We write down for the function see (s) the 


equation depicted in Fig. 4b 


Fie. (8). = Sup [s + i? (Ber — Epp) } -2 


—(ih)> 2 Fete 4s) a Tee (P +1, P, 7) 


MeL PoP + 1,7) Is 5 7 (cp — Eap)| (6) 


One should note that the interaction matrix ele- 
ment has in that equation the opposite sign, because 
of the intersection on the line v. The potential en- 
ergy term in Eq. (6) describes therefore an attrac- 
tion. When e~! «1 only small momentum trans- 
fers y are important in Eq. (6). 

The quantities [gg and Iyy are equal to unity 
for small y. If we take this into account and also 
the fact that p’ =p+kx and k=k’+k we can write 
Eq. (6) in the form 


(— ihs + Epix — &up) R (p, k’) 


4me? <\e71 


Rip +7; Kk) = — tks, uv, (7) 
Rips bore (8) 


We hy already pointed out that the difference 
Ecp+k — is a minimum in a few points Kj(K). 
The sole R(p,k’) can be seen to be large for 
large radius excitons only when p and k’ are little 
different from Kj(k). We shall find the function 
R(p,k’) in the neighborhood of the point Kj(xk ) 
= Kj +A, Kj = Ki(0). In that region Eq. (7) is of 
the form 


a ths + €ex; +r+u— Sek; +4 + z een dp, ie (2ep+x— eon) roe 
x (p —Ki—)v (0 —Ki— Mo} B (P, k) 
_ ae eae aa 


We use the fact that xk and the quantity A which 
is proportional to kK are small, and expand the ki- 
netic energy (the sum within the square brackets ) 


“R(p +, kK) = — ib, w- (9) 
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in Eq. (9), retaining no terms beyond those quad- 
ratic in kK and p—Kj. Equation (9) then becomes 


(— ths + Eo + vin += Magh*xang +ipaph? (p — Ki— Na 
x (p — K:—A)g} R(p, k’) 
1 4te*e-1 ; . 
Lay RP +4 k) = — ify, w, ey) 
ng 
Eo = hay, ha = — [(me* + my") me" Ja, Xp, 
=i Fi =H \ th = = = = 
Mag = Im, (mo* Jeli) Tig loa, ap = (1m¢" Ts My" Jas, 
(11) 
where 
5 { Pep» ef 1 Oe, 
(m ——— : My —— 
(Me™ Jap dp, Ops poK; (m, ae h? Op, Ops |p=K 
; 1 OE op 4 98, 
vt = = up . (12) 
a h OP, p=K; h Op, p=K; 


One checks easily that the solution of Eq. (10) is 
of the form 


R(p, k’) 
{4 pee @, (k’ — Ki—A) 


| s+i(o, + vx) 1 Di Kaan 
= eh 
1 <1 Pn (P — K;—4) 9, (k’ — K;—4) ; 
n L n L F ,k’ ~ at ite 
| 72 s+ti(@ + v') e ai 
{ n n (13) 


In all other cases R vanishes. In (13) Hhwy = Ey 
+ ¥, Maigh’k akg + €y and the wave function ¢y(q) 
of the n-th exciton state satisfies the equation 


1 4me? e} 
» 2 V 
ae 


Ja4aPn (q) wn (q — ¥) = €n9n (q) (14) 


Wag: a 
7 - 
with eigenvalue €y. 

If we take the Fourier transform of Eq. (14) we 
arrive at the normal Schrédinger equation, in coor- 
dinate representation, describing the internal mo- 
tion of the exciton. gy(q) turns out then to be the 
Fourier component of the normalized wave function 
Qy(xr) in coordinate representation: 


gn (a) =(e%Gn (dr, Vin) Pdr = 1. (15) 


4. THE HIGH-FREQUENCY CONDUCTIVITY AND 
THE ABSORPTION COEFFICIENT 


Using Eqs. (13), (8), (5), (2a) and equations 
similar to (4a) and (4b), we find the high-frequency 
conductivity Tyy (Ks w) 
chanel Cont) ee 
K; —4) 9, (k’ —K; 
s+i(o,+ v'x) 


tp = Nee ee 
rae jn(k’, »)j. (P, *)- 


(16) 


x Dy | ap dk’ 


iat 
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For allowed transitions, when j,, (Kj, 0) = 0, 
the expression for o,,, can be simplified, since 
o(p—Kj-A) is different from zero for large 
radius excitons only in a small region of p-space 
near the point Kj +”. One can then neglect the k’ 
dependence of the quantity ip (k’, K), and remove 
it from under the integral sign at the point Kj. 
The exciton high-frequency polarizability 


Xyy (Ks @) = Oy, (K; w)/iw is then of the form 
2 be \Ki)oeo OK) 
») =— >) sie See al co 
Xvv. (x, )) h < Gn (0) ya (@— on v!x) au ivy ? 


" / 


Pe (Ky) = \ ther (pea Pex (Fr) dr. (17) 


e 
2 


Vo 


This expression has the same form as the equation 
for the polarizability of a gas, with this difference 
that the quantity |@,(0) |? plays the part of the 
concentration of the gas, so that the average dis- 
tance between the ‘‘gas molecules’’ is equal to 

the exciton radius. 

If we take relaxation processes into account we 
are led to a finite value of v in Eq. (17). v is then 
the reciprocal of the relaxation time. One obtains 
easily from Eq. (17) in that case an estimate for an 
expression for the exciton polarizability yj; in one 
of the exciton absorption lines 


%1 ~ (@o/¥) (Ta'te)*, (18) 


where r, is a quantity of the order of the inter- 
atomic distance and re the exciton radius. 


He (%, 0) = FEO 2)! Gn (0) ? I . 
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If yy = (47)-te one must solve a dispersion 
equation to find « as a function of w and take 
the exciton polarizability into account. The pic- 
ture of the propagation of light through the crystal 
becomes then complicated (see references 6 and 7). 
In the present paper we restricted ourselves to the 
case xj « (4r)-'e. In that case x = (w/c) ee 
One obtains easily from Eq. (17) the absorption 
coefficient %x(K, w) for an electromagnetic wave 
which is polarized along the x axis 


15% 2 
Voce 


- . (19) 


7, (OO aE vx) 
As before, we have assumed here that « > 1. 

The authors express their sincere gratitude to 
L. E. Gurevich and V. I. Perel’ for many discus- 
sions of this paper. 
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The relations between all quantities characterizing polarization effects in the scattering of 
different and identical particles of spin ¥% are derived ina relativistically covariant form. 


Tue relations between polarization effects in the 
scattering of spin iE particles were obtained in non- 
relativistic form by Puzikov, Ryndin, and Smoro- 
dinskii! and Baz’.” It is of interest to obtain 
these relations for the relativistic case. 

1. We consider the scattering of two different 
particles of momenta P and p, masses M and m, 


and polarization 4-vectors Zu and é,, respectively. 


The state of polarization of a relativistic parti- 
cle of spin ye is described by the matrix of 
density® 


p= F(1 +0§) qn. 


Here of = o,éy; % = iysyu; éy is the polarization 
4-vector, and n “) is the operator of the projec- 
tion on a state of positive energy. The formulas 
for the different polarization effects can be 
written in the form 


sd/d2 ~ R =SpL, ZR = Sp{2L}, 


ER = Sp {o*L}, Z)6’*R = Sp {Z,o0°L}, (1) 
where 
L=A’NAA (1 + 3Z) AA (1 + of) XADA’. 
Here A is determined by the expression for the 
matrix element 
Miz = U (P’) u (p’) A u (p) U (P), 

AS tw A wl, A= MIP, bh m— ip. 
The upper case letters and subscripts refer to the 
first particle, the lower case letters and super- 
scripts refer to the second particle; the final 
state is indicated by the prime. 

We rewrite formulas (1) in somewhat different 
form, so that the polarization coefficients are 
separated: 

R=r+sZ, +8 +42Z,8, 
ZR= tm, 2, +t Ze" 


vp p. 
BR= ft + grZ, + hee + PZ, EP, 
ZBER = us + GL, + HEP + ae Ee 


vu 


(2) 


It is clear in which experiments these polarization 
coefficients are measured. 

Since we have in mind interactions in which 
parity is conserved, we use, instead of the invari- 
ance of the scattering amplitude with respect to 
time reversal, the equivalent invariance with re- 
spect to charge conjugation: 


Ax(p,-0 1 PP’ =.CcA? (— 9p, p= PP) eC) 


Here T denotes the transpose with respect to the 
spinor indices of both particles. Inserting (3) into 
the explicit expression for the polarization coeffi- 
cients obtained from (1) and (2), we find the 
relations 


by ape SO Sif, ele, 
a I) Perea es a — ba 

De ed peak te xe. (4) 

Moreover, we impose the following conditions on 


some of the coefficients: 


Muy a M9 hee 7 hee, ye a Dit (5) 


The sign ~ over the letter denotes the substitution 


a2 —p, PSP” (6) 


<a 


In particular, the result obtained earlier 
by Bilenkii and Ryndin‘ follows from formulas (4): 


Cf pe, (7) 


Su = li, 
In fact, the most general form of the expression 


for each of these pseudovectors has the form NuF, 
where 


Nu = ituno(p + py (P +P) (0 — Pes 


and F is a function only of invariants. Since 
neither N, nor F change under the substitution 
(6), we obtain formula (7) from (4). 

2. The interaction between particles can some- 
times be of the type in which the scattering ampli- 
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tude is an invariant under charge conjugation with 
respect to only one of the particles, i.e., 


A (py 2, P, P') = BCA’ (p.p, —P5 —P)C™ (8) 


Here |*| = — 1, t denotes the transpose with re- 
spect to the spinor indices of the first particle. 
A similar situation is encountered, for example, 
when we consider the scattering of electrons by 
protons in the first Born approximation for the 
electromagnetic field,» where B = — 1.* 

In this case, if we insert (8) in the formulas for 
the polarization coefficients, we find the following 
relations: 


Ae Mere 
d’ =n, go ul (9) 


Moreover, the demand (8) imposes a number of 
conditions on the coefficients: 


PS Py = Uy 
, p- p 


P= 


(10) 


Here the bar above the letter denotes the substitu- 
tion p = — y’; the tilde denotes the substitution P 
= —-—P’, 

Relations (9), however, bear a character differ- 
ent from (4). Since the invariants change when we 
make the substitution P == — P’, then we can find, 
say nf, only if the analytic expression for de is 
known. 

We note that the expression for the polarization 
effects in the scattering of electrons by protons?! 
satisfies the demands (4), (5), (9), and (10). 

3. If the particles are identical, then the scat- 
tering amplitude possesses definite symmetry 
properties, namely: 


Ags (p, p'» P, P’) = — AS (p, P’, P, p’), 
Av’ (p, p’, P, P’) = Ge ee en aD) 


This leads to the following auxiliary relations be- 
tween the coefficients: 


Su. = co, = hae ito = joe. 
= — = 
Ves 


Bo ae ee pay Pp 
Ny, Seek quan = L480 Cyn, = Xe 5 


(11) 


life, == fe 


) 
ie ze 


ne = heb, 


(12) 


*Edwards and Matthews® call such an invariance property 
for B = 1 crossing symmetry for fermions. 


a8 — 7B aa af == a8 
tf = ie, Uy one Cc etl Yay 


GuaeVve PRO LOY 


Here = under the letter denotes the substitution P 
= p and P’= pf’, and ~ denotes the substitution Pp’ 
== p’. 


The following conditions are also imposed on the 
coefficients: 


vB 
ih 8 oe Eby L? hye ys 
Cr = Ce, fP = FP, Le = l,, Gs = q\ , 
aB aye Bape y aB pe 13 
ty = ls ) Oyee— URRY Vie ait (13) 


Here the bar under the letter denotes the substi- 
[uhnoya Ieee jo 
Some of the relations (11) are simply equalities: 


Shake 


lhe = pee 


The reasoning is the same as in the derivation of 
equalities (7). 

What was said above concerning relations (9) 
applies to relations (12), since the invariants change 
when we make the substitution P’= p’. 
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The residual pairing forces acting between a neutron and proton in the nucleus are deter- 
mined. The energies, eigenfunctions and transition probabilities in the nuclei T12%and Bi2!0 


are found and compared with experiment. 


1. INTRODUCTION 


ise paper is devoted to the determination of the 
residual forces which act between a neutron and a 
proton in their motion in the self-consistent field 
of the nucleus. The most convenient nuclei for this 
purpose are those whose nucleon configurations 
differ from doubly closed shells by the presence 
of two holes or two ‘‘additional’’ nucleons. In the 
region of heavy nuclei, T12% and Bi?! are of this 
type. 

At first glance it might seem that in a heavy 
nucleus the neutron and proton, being in different 
shells, interact weakly with one another. However 
one can convince oneself that this is not so by com- 
paring the 8 decay energies of the nuclei T12"" and 
T12% or the nuclei Pb? and Pb*!°, In the T1207 — 
Pb?” g decay, an energy of 1400 kev is liberated. 
This energy is made up of the difference in the 
energy levels of the proton and neutron in the 
nuclei, and of the mass difference which is 780 
kev. The £ decay energy of Tl?" differs from 
that for T12% by the difference between the bind- 
ing energies €pp of a neutron-proton pair and €yy 
for a neutron-neutron pair. If we assume that the 
neutron-proton interaction is small, i.e., npn“ €nn> 
then the 6 decay energies of Tl? and T1?% should 
differ by approximately 700 kev. The observed dif- 
ference in B decay energy is only 70 kev. Conse- 
quently €np © €nn, and the neutron-proton inter= 
action is of the same order as the neutron-neutron 
interaction. Similarly, from a consideration of the 
Pb?!0 _- pi219 g decay it follows that the binding 
of the n-p pair in Bi?! is also not less than 700 
kev. For this reason an investigation of the n-p 
interaction in the Tl? and Bi?!? nuclei was made 
by the same method which was used for studying 
the n-n forces in Pb?",! 

The motion of the external nucleons is described 
by the potential 
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V= Di Ve (+ Di Vs) +V, (1,2) (1) 
LAPP t=],2 
Here 
; h 2 1,8, OV (r;) 
Vc (1) =YV (7 ) Kh ( OME) ! or, 
Vo 
V (r2) — 4+ exp {a (r;— ro)} (2)* 


is the diffuse single particle central potential for 
the i-th external particle, whose parameters were 
determined in reference 2; 


ag (7;) >, Gigs Wood (3), QP.) 
p- 


Vs (i) = (3) 
is the potential for the quadrupole interaction of the 
i-th external particle with the particles of the core; 


(4) 


(in which mg and 7 are the single and triplet pro- 
jection operators) is the potential of the residual 
pairing interaction between neutron and proton. 
The parameter p corresponds to the effective 
radius of interaction of the nuclear forces, while 
Vg and vy determine the depth of the singlet and 
triplet forces.! 

Using the potential (1), we calculated the spec- 
trum of excited states for the Tl? and Bi?!” nu- 
clei, in order to determine the parameters of the 
pairing interaction. 


Vp(1, 2) = — exp{— (1, — re)?/p?} (ogy + vt) 


2. SPECTRUM OF 112% 


To calculate the spectrum of Tl? we used the 


single-particle levels and the corresponding wave 
functions for the nuclei Pb?" and TI", A good 

determination of the levels of Pb?”’ was made in 

reference 2. For T12"", the binding energy of the 
proton in the ground s4/. state is known. The lo- 
cation of the first excited d3,. level can be deter- 
mined by tracing this level in all the Tl isotopes, 


*]i5; = ly * Si. 
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from which one sees that for Tl?" the d3/2 level 
should lie at ~ 150 kev. The levels which follow 
are determined by solving the Schrodinger equa- 
tion with the potential Vc in the form (2); in par- 
ticular, the d5/. level turns out to be at a height of 
1150 kev, while the other levels are higher. 

The experimental spectrum for 712% has been 
studied in detail by Rusinov et al.2 The spectrum 
is characterized by the occurrence of narrow 
doublets. 

Turning to the theoretical interpretation of the 
spectrum of 712%, we should remark that if we 
omit the n-p interaction it is impossible to ex- 
plain the sequence of levels, even forgetting about 
the binding energy of pairs. It is therefore neces- 
sary to solve the Schrédinger equation with the 
complete potential (1). The method of solution 
was described earlier.* Briefly, it reduces to the 
diagonalization of the energy matrices calculated 
for definite total angular momentum and parity. 
As basis functions we use linear combinations of 
products of single particle functions for the neu- 
tron and proton, and a wave function describing 
the quadrupole oscillations of the core, 


1 


(Gis lojo)J, NR; IM). (5) 


From the diagonalization of the energy matrix, 
we get the sequence of the energy levels of the nu- 
cleus which have a given spin and parity, and also 
the coefficients cl (1,j,, l.j2, J; NR) of the linear 
combinations of the basis functions (5), which de- 
termine the corresponding wave functions Wy: 


— Delian loja, J; NR)\(Lit, laje)J; NR; 1M) (6) 


[The summation in (6) extends over all variables 
except I and M.] The degree of the energy matrix 
is limited by the requirement that the energies and 
wave functions of the low-lying levels be deter- 
mined to sufficient accuracy. Comparison of the 
results of the calculation with the experimental 
spectrum enables us to determine the optimum 
values of the parameters in the potential. 
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As it turns out, the doublets in the 712% spec- 


trum are especially sensitive to the parameters 

vt and vg, which makes the determination of these 
parameters easier. For the parameters hw and 
C, on which the ory depend, and also for p, we 
took the values obtained from analysis of the pyc’ 
spectrum, since these parameters cannot be very 
different for neighboring nuclei. 

In Table I we give the energy levels calculated 
for fixed values of the parameters vt and Vg, 
omitting the interaction of the nucleons with the 
nuclear surface. From this table we see that 
there are three doublets in the Tl? spectrum. 

As we see from Table II, variation of the param- 
eters vy and vg, and including the interaction of 
the nucleons with the core, leads to different doub- 
let separations and different splittings of the doub- 
lets themselves, but does not mix them. Thus 
there is no question that there is an excited level 
with I= 1° near the ground state. 

Figure 1 shows the level scheme of T as 
obtained with the parameters vt = 22 Mev and 
Vg = 27 Mev, values which were determined from 
the energy splitting of the second doublet (40 kev) 
and the binding energy of the pair in the ground 
state. For these same values of the parameters 
vz and vg, we calculated the wave functions of the 
doublets, i.e., the coefficients cl (1454, lejg, J; NR), 
which are given in Table III. The theoretical level 
scheme is in quite good agreement with the experi- 
mental data, and one could obtain even better agree- 
ment with experiment, for example, by reducing the 
parameter p by 3—5%. But since the energies of 
the single particle levels are not known exactly, 
the calculation was not pursued to obtain better 
agreement with the experimental doublet separa- 
tions. 

Using these wave functions for the T12% levels, 
we calculated the reduced probabilities B(A) for 
y transitions; the results are shown in Table V. 
For the electric transitions 27 — 07 and 27 — 17 
the theoretical values of B(E2) are in good agree- 
ment with the experimental data. From this it fol- 
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Table I. Energy levels of Tl?" (in Mev) calculated for vt = 20 
and vg = 20, including only pairing interaction 
eee 


f=0- 


{=14= p= oie die Os 
Naser |*DeOf] niaat {0 ana [POON ont [PORE ng 
level | particle | ice eericle eiedcke ne oe ceey. ee poms 
fecnis of level (overs of level levers of level 1 1 of level 
j levels 

4 0.00 —0.520 ] 0.00 —0,500 | 0.150 —-0,280 | 0.570 0,210 

2 1,070 0,460 0.4150 —(), 340 0.570 0.180 0,720 0,510 

3 1.720 4.040 0,920 0.200 0.720 0,370 1,070 0,590 
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Table II. Energy levels of T12° and Bi2! for different values 


of the parameters in the interaction potential* 
T [206 


B j2t0 
Number | 
Pea Pape ke x Number ? 
tore | t= 6 4 | i | bh heya J —0= ) {he ee f= 
eee 
0, = 20, 0, = 20, ha = 3, C = 1000 | v, = 20, v, = 20, hw — 3, C = 4000 
4 | —0,770 | —0.840 | —0, 462 0,010 1 0,970 0,690 0,590 0,620 
- 0.350 —0.490 | —0,060} 0.300 2 | 2,600 | —0.790 | —0.540) —0.270 
5) 0.980; 0.100] 0.190! 0.510 3 | 2,890} 0,310 0,520 0.570 
0, = 20, 0, = 25, hw = 3, C = 1000 } ¥, = 20, 0, = 30, hw = 3, C = 1000 
4 | —0,900 | —0,950 | —0,580 | —0.100 4 —0,970 | —1.010] —0.750,; —0,760 
2 0,190 | —0, 630 —0.040 0,340 2 2.400 | —0,810 | —0.560 —(),290 
3) 0.820 0.240 0.050} 0.400 3 2,900} 0.0501 0.400 0.450 
0, = 25, v, = 35, ho = 3, C = 1000 v, = 20, 0, = 20, ho=3, C = 2000 
al —0(.£00 |] —0,880 | —0.570 | —0.010 1 —0.840 | —0.560 | —0,500 | —0,.5140 
2 0,190 | —0.490 | —0.025 0,370 2 2,600 | —0,670 | —0.460 | —0.200 
3 0.820] 0.390 0,060 0,430 |} 3 Ay fG0i| Oxs20 0,920 0,580 
v, = 20, 0, = 35, ho = 3, C = 1000 vy = 20, 0, = 35, ha =3, C= 2000 
4 _0.770 —0.970 | —0.490 | —0.140 1 —0.840 {/ —0,910 | —0.680 } —0,650 
2 0,350 | —0,600 | —0.031 0,330 2 2.400 | —0,680 | —0.470 | —0,230 
3 0.880 | —0.110 0,170 0,370 3 2,760 0,060} 0.410 0.450 
v, = 20, 0, = 20, hoa =3, C= 2000 
4 —0,650 | —0.660 | —0.380} 0,110 
2 0.340 |—0.410} 0.420} 0.450 
3 4.000 0,120 0.280 0.550 


*The energy is measured from the ground single particle 0 level (all values 
are in Mev). 


Table III. Expansion coefficients of eigenfunctions 


of T12% levels 


1 | 


c! (iijay tafe, J; NR) 


} 


Pry St/,9 0; 00 Pays ds), 0; od Fey, 
0.953 102 


Puy» S11 13 00} Pay» ds, 1; 


0.914 
—0.030 
Pry,» Sj,» 1; 12 
—0 006 
—0 166 
Psy,» dy, Ze 00 
0.898 
0.379 
Pry Sij,5 4; 12 

132 

—0,033 
fej,» $1» 35 00 

0,859 


0.314 

Pry ds), AA 2, 
—0 ,034 
0,148 


00 


0,034 
0.899 


Pry, dy, 1; £2) 


—0.135 
0.114 
fs, 51), 2; 00 
0,279 


0.877 
Pry» Ay, AAD 
0.065 
—0.0941 


day 05 00} py.» dy, 25 12) faye Sy,» 23 12 
0.134 vi 159 0,194 
Psy,» S19 1; 00 oj,» 4 » As, 1; 00 Psy, ds), 1; 00 Foy,» ds), dyes 00 
0.008 —0.260 0.093 0,103 
0.247 0.410 0.251 0,019 
Pr, ds), 2; 12 fsj, Sij, ee [s;,» Si) 3; 12 
Oma 0.086 ORM TT 
0.409 0.024 —0,026 
fs, ’ oun 12300; Psy,» ds), Za (0 sj,» dsy,, 2; 00 Pry,» St, 0; 12 
.209 —0,101 0.039 0,142 
0° 504 0,013 0.072 0.061 
Pry, ds), 2; 12 fs), Sy) 242 fej,» Si,» 8; 42 
0.131 0.047 —0,03 
| —0,004 0,136 —0.107 
Prajyr yy» 35 00} Pajyr dep» 3; 00} Foy Ayn 35 00) Pry» Sqn 45 12 
0.034 0.267 166 0.199 
0.289 0 0,015 0.068 
Fe 242) fey es ae 
0.038 0,160 
0.104 —0.055 


lows that the values of the parameters hw and C 
were chosen correctly. 


The magnetic transitions 1” — 07 


and e—-"1> 
are forbidden on the single particle model (d3/2 


— S4/2)s and the reduced probabilities for M1 


transitions differ from zero only because of the 
But nevertheless the 


admixture of other states. 
theoretical value of B(M1) is found to be 10? 


times as great as the experimental value. Varia- 
tion of the parameters vt and vg within reason- 
able limits enables us to reduce the value of 
B(M1), but by no more than an order of mag- 
nitude. With the same values of vt and vg with 
which the theoretical values of B(M1) agree 
with experiment, one cannot obtain either the ob- 
served spectrum or the binding energy of a pair. 
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FIG. 1. Level schemes of Tl? and Bi?*° for the following 
parameter values: Tl’ for vy = 22, vg = 27, fiw = 3, C = 1000; 


Bi? for vy = 20, vg = 35, fiw = 3, C = 1000 (all values in Mev). 


Consequently, on this point there is disagreement 
with the results of reference 3. 


3. SPECTRUM OF Bi?!° 


The nucleon configurations in Bi2!° are a com- 


bination of the single particle levels of Pb? and 
Bi2%, The multiplets found are characterized by 
a high degree of degeneracy, which is lifted when 
the interactions Vg and Vp are included. When 
this is done, there is a splitting and mixing of 
levels. Our problem consists in determining 
parameters which give agreement with the ex- 
perimental spectrum. 
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First one must make sure that the 1~ level lies 
lower than the 0~ level. Under the influence of 
both Vg and Vp, the 0° level is pushed farthest 
down of all the levels in the multiplet (So/as hop ). 
This is a general result, valid for any values of 
the parameters of the potential. From this it 
follows that the 1~ level belongs to some other 
multiplet, namely the multiplet (i442, Dgs2). But 
in order to become the ground state, the 1” level 
must be pushed down 800 kev more than the 07 
level, which is impossible for any reasonable 
values of the parameters vt and Vg. 

The 17 level may be lowest, if the single par- 
ticle level ij. is lower in Bi??? than in Pb?%, 
Here we should recall one property of the ij4/> 
level.” It appears that the ijy72 level is very sen- 
sitive to changes in the diffuseness parameter a 
in the potential Vc. Increasing the parameter a 
by 0.1 pushes the ij4/2 level down by 0.5 Mev, 
whereas the other levels are practically not 
shifted. Therefore one can assume that when a 
proton is added to Pb?” to form the Bi?! nucleus, 
there is a slight change in the diffuseness of the 
boundary of the potential for the neutron, as a re- 
sult of which the ijy, level approaches the go> 
level. In these computations the iy472 single par- 
ticle level of Pb? was pushed down by 0.500 Mey. 


Table IV. Expansion coefficients of eigenfunctions 
of Bi?! levels 


e! (Liu Unies Js NR) 

Bo Aay,s 9; 00 So,» Aap,s 2; 12 datjys Paps 2; 12 
Oy 0,966 as 299 0.032 

Br,» Pap,» 1; 00 Yitj, Moy, 1; 00 8s,» fay 1; 00 83), Ay), 4; 12 8s), fy), 2; 12 
1 —O0 ,237 0.934 0.019 —(),062 0.020 
19 0.934 : 0.238 0.043 0,166 0.006 

8), Moy, Bp ily lisy,» hy, 1B ae dass Ae,» up tN iy hs), op 
44 0.038 —0,083 0.178 —0,163 
1, —0,193 ; —0 044 0.053 —0.017 

8 , Asy,, 2; 00 Livy.» Ass 2; 00 8) hj,» 2; 00 8, he, Pp Ye 8&5), he), Ste 
21 —0.490 0.840 —0,017 —0,082 0.016 

8, Asy,s Aas Ne, Lips As,» 22 dy, As), Osme, hy, he), 4; 12 
21 0.0 0.070 0,094 0.160 

8y,: As), 9; 00 bai, As), 9; 00 bits. fry, 9; 00 8,5 he),, UG WV §o),> hs,» a2 
91 0.967 0 0.006 —0.042 ) 

j ' , 0.042 0 

oy,» he), Oe ae lips hy), eas) tiny, hs), ters 12) hy,» hs), Oe hy,» he), AOS a2 

91 0,249 —0,001 —().005 —0.014 —0,031 


Table V. Reduced probabilities of transitions for levels of T120 


Type of = 

transi- Transition 
tion single particle collective total experiment 
2, 21> 01 0,266-101 0.659 - 1011 ibe 2 7 +4011 
E2 23> 1 0.196 - 1022 0.981 -41011 oe ‘on 3 ce 
M1 to—> 4, } 2,43-1012 — 2.13-1012 0.17-4110 
Mi to — Oy 1.89-1022 — 1,89-10%2 0.33- 1010 


FORCES AND PAIR CORRELATIONS 


Of the levels with larger values of the spin I, 
the one which is pushed farthest down is the I = 97 
level; this is also a general result, independent of 
choice of parameters. 

In Fig. 1 is shown the theoretical level scheme 
of Bi’, calculated for the parameter values vt 
= 20 Mev and vg = 35 Mev which correspond to 
the experimentally measured energy difference 
between the levels I= 1; and I= 0j, and also to 
the binding energy of the neutron-proton pair in 
the ground state as found from tk: Pb2!? — pj210 
B decay. The existence of a second I= 1) level 
near the I= 9 level is not in contradiction with ex- 
periment, since this level would be difficult to de- 
tect because of the large spin difference and the 
low energy of the y transition from the I = 9~ 
level to the I= 1, level. 

Using the wave functions for the various states 
of Bi?!° which were found from diagonalization of 
the energy matrix, we calculated the probability 
of M1 transition from the I= 07 level to the level 
with I= 1;. In Table VI we give the reduced and 
total probabilities of M1 transition as a function 


Table VI. Probability of transition between 
levels 0; — 1; for different assumptions 
concerning the composition of the 1; level 


Character of 1; level 


Pure iis hy, state 
Pure Bo, hy, state 
Mixed state, found in this work 


The mixture 


of the character of the I= 1; level. 
of the multiplets (iztyas hg ) and (Zoras hg/2 ) used 
here corresponds to the optimum parameter val- 


ues. From Table VI we see that the probability 

of this transition is very sensitive to the compo- 
sition of the mixture. An exact experimental de- 
termination of the probability of the M1 transition 
would make it possible to determine the character 
of the I= 1; level. It should be mentioned that if 
the parameter C is doubled (so that C = 2000 
Mev) the energy spectrum is not changed, but the 
binding energy of the pair is reduced by 150 kev. 


4, GENERAL TREATMENT OF THE n-p INTER- 
ACTION 


From the calculations presented above it fol- 
lows that the effects produced by the pairing inter- 
action in the neutron-proton system differ essen- 
tially from the corresponding effects in a system 
of two identical particles. Whereas for a system 
of identical particles the main contribution to the 
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pairing interaction comes from singlet forces, in 
the n-p system the triplet forces play the main 
role. Whereas in the n-n (or p-p) system the 
ground state (0*) is separated from the other 
states by a sizable energy gap, in the n-p system 
the pairing energy for different values of I varies 
more smoothly and according to a different law. 
In addition, since there may be one or two levels 
with different spins between the I= 07 and I= 27 
levels (for example, for pic [ams eand T= 9): 
the average distance between levels is 100 — 150 
kev. 

For a qualitative treatment of the role of singlet 
and triplet interactions in the n-p system, it is 
convenient to use 6 function interactions. The op- 
erator for the pairing interaction can be written as 


Vie = Vie =f Vie = O(ry — 1To){urre + Usts]- (7) 


The general nature of the splitting of levels of 
a given inultiplet can be understood, starting from 
the treatment of the diagonal matrix elements of 
the n-p interaction, which are easily calculated 
using the algebra of irreducible tensor operators. 
For states of negative parity, which are most usual 
for heavy nuclei, the matrix elements of the triplet 
interaction V, and the singlet interaction V$, are 
equal to: 

a) for even values of the angular momentum J 


(\Vi|> =— FF ChjllT || ee? + 4 +P 
[i + D+ (— 1 Be + YP), ia) 
<1Via| 0; (9a) 


b) for odd values of the angular momentum J 


(Vib =— + oF <hir\|T || bie>? 4 (J + 17 


el, ly peel (8b) 
<|Vie|> = —4osF <hiji||T’ || bind. (9b) 
Here F is the Slater integral, and 
i aie) aly es) 
« (Qf, + Qe + YIQT + DUC H ine Ps (10) 


where the coefficients C4 wee for j= be ‘h 
. % are tabulated in the paper of de Shalit.‘ 

So orpetton: made for the case of Vg = 2vt 
show that in both case a) and case b) the depend- 
ence of the pairing energy can be described by the 
two curves shown in Fig. 2. For a multiplet of the 
type j,=1,4+ %, jig= ht ,, curve a describes 
the value of the pairing energy for even values of 
the angular momentum J, while curve b applies 
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FIG. 2. Dependence of np-interaction energy on angular 
momentum J. 


for odd J. For multiplets of the type j, =7, + th 

j. =1, + %, the reverse holds: curve a is for 

odd J and curve b for even J. From these curves 
it follows that, just as in the case of identical par- 
ticles, the level which is pushed deepest is the one 
with Jmin, but the second level can be any other, 
including the level with Jmax. 

An analysis of results obtained with forces of 
finite range shows that the general character of 
the multiplet splitting remains the same as for 6 
forces. But one finds that the coefficient of vt is 
larger, and the coefficient of vg smaller, than the 
corresponding coefficients for 6 forces. Conse- 
quently, for forces of finite range the triplet in- 
teraction predominates, even when the main con- 
tribution in the case of 6 forces comes from the 
singlet interaction. 
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In conclusion we should mention that the values 
of the parameters v; and vg for T1?% and Bi?! 
are quite close to one another, even though we are 
dealing in the first case with an interaction of 
holes and in the second with an interaction of par- 
ticles. Additional data on these nuclei will make 
it possible to fix more precisely the values of the 
interaction parameters. But it is clear even now 
that including the n-p pairing interaction gives a 
complete picture of the properties of the low-lying 
levels of odd-odd nuclei. 
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The interaction of a nonrelativistic charged particle with an electron plasma in a magnetic 
field is studied by quantum field theoretic methods. The dielectric constant, frequencies, 
and damping coefficients for the longitudinal oscillations of the plasma in the magnetic 

field are calculated to first order in e?. A general formula is obtained for the energy loss 
of a particle moving through a plasma. The case in which the particle moves with a velocity 
much greater than the mean thermal velocity of the electrons in the plasma is investigated 


in detail. 


ie It is the purpose of the present paper to study 
the interaction of a nonrelativistic charged par- 
ticle with an electron plasma in a constant uniform 
magnetic field. 

Because the Coulomb forces are long-range 
forces, the energy losses of a charged particle 
which moves through a plasma are determined by 
remote collisions as well as short-range colli- 
sions. The contribution of the short-range colli- 
sions is usually found by the pair-collision method; 
the effect of long-range collisions is generally in- 
vestigated through the use of the kinetic equation 
in conjunction with a self-consistent field. In some 
cases the plasma is regarded as an optically active 
medium and is characterized by a dielectric con- 
stant. The energy losses of a particle moving 
through a plasma in a magnetic field have been 
computed by these methods by A. Akhiezer and 
Fainberg (cf. reference 1), Kolomenskii,* and 
Sitenko and Stepanov.’ However, these methods 
do not give an accurate description of the inter- 
action of particles which are separated by dis- 
tances of the order of the Debye radius, so that 
the results are only of logarithmic accuracy. 

In the present paper the energy losses of a 
particle which passes through a plasma in a mag- 
netic field are computed by quantum field-theoret- 
ical methods. In this way we are able to obtain a 
general formula for the energy losses and, in lim- 
iting cases, to find the factors which appear in the 
argument of the logarithm.* 


*Quantum field theoretical methods have been used to study 
the interaction of a particle with a plasma (no magnetic field) 
in a paper by Larkin.* 


2. The Hamiltonian of a system of charged par- 
ticles which interact through Coulomb interaction 
with an external particle which moves through the 
system can be written in the form % + %’(t), where 
we is the basic Hamiltonian, 


H(t) = \ Jy (t, 0) ay (r, 2) dr, 


CC a Cc a ed a 


KC’ is the interaction Hamiltonian, a, is the scalar- 
potential operator and jy and Jp are operators de- 
scribing the charge density of the system and of 
the incident particle; the operators are taken in 
the interaction representation. 

Using %’(t), we form the scattering matrix 


S = T exp{—i (ae (ath... 


—Cco 


and determine the matrix elements, which couple 
the different states of the initial system, i.e., the 
medium plus the external particle. We character- 
ize these states by the quantum numbers qa and hn, 
where @ = (/, Pz, q) represents the quantum num- 
bers characterizing the incident particle in the mag- 
netic field H, while n represents the ensemble of 
quantum numbers which describe the state of the 
medium with a given energy Ey and a definite 
number of particles Np. 

We shall assume that the velocity of the inci- 
dent particle V is large (e2v-! « 1) so that its 
interaction with particles in the medium can be 
analyzed by perturbation theory. In the linear ap- 
proximation in 3’, the probability for transition 
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of the system from a state a, n toa state qa’, n’ 
is given by 


Vai (02 de omelet a) \ ar dr’ <a’ | f,(r) |a) <a| So (r’) [a> 
(2) 


x <n'| ao (r)| n> <n |a,(r’)|n'>, 
where Sq = yp, =n (v + Y,)m/M + p2,/2M is the 
energy of the incident particle, M is its mass and 
n = eH/mc is the Larmor frequency of the electron 
in the magnetic field H (Jy and 4) are operators 
in the Schrédinger representation ). 

In order to obtain the total probability for tran- 

sition of the particle from a state characterized by 
energy yp, to a state with Ey'phs we sum Eq. (2) 
over final states of the medium and average over 
initial states using the density matrix py 
=exp{B(Q2+uN—3)} (f is the reciprocal tem- 
perature, Q is the thermodynamic potential, N is 
the operator describing the number of particles, 
u. is the chemical potential); we also sum over all 
values of the variable q’ and average over all val- 
ues of the variable q. In terms of Fourier compo- 
nents we have 


(k), (8) 


VP 21 'D'z 


VPz» ee an \ ak — (k, Evp, - Cees 
where ®(k,w) and Upp, p'p: (kK) are the compo- 
nents of the Fourier functions 


® (ry — ry; ©) = > exp {8 (Q +N, — E,)} <n’ | a, (ri) |n> 


pach (ts) |’), 6( pee cE w), (4) 


soap, Mt — Fa) = B62" |g (tr) ]a> <a Jo (ra) Ja’>. (6) 
9,9 
The energy lost by the particle per unit time is 
related to W by the expression 
d gq 
— ae Evp, => > (Evp, = Ev'p',) Wp. vp’ as 


v’,P’2 


(6) 


3. We now calculate the function Upp,,v’p;, (kK). 
In this calculation we make use of the expression 
for the matrix element of the operator AED) 


<a’ | So (r) [a> = eWs- (r) Va (r), 


where the Wg(r) are the wave functions for the 
particle in the magnetic field 


Va (r) = (20) exp (ipzz + igy) py (x — q/mn) (7) 


(vy) (x) is the wave function describing an oscil- 
lator of frequency 7). 
Noting that 


©O0 


\ d& exp (iEmny) py (E a 7) (8 “1 2) 


—oo 


= exp | mn “Sh, (mn “4 : (8) 
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(L)(x) is the Laguerre polynomial ), we write 

Eq. (5) inthe form 

(mq)? 

(2s)* 
ety 


x exp \— my a L. pe x2 “1, (mn x2 + ") 


U (r) =e 


exp \i (pz — p2) z| 


? 
VP2+V'Pz 


Taking the Fourier transform we have 


Usp, vips (Kk) = emmy (20)? 8 (pe — pz — ha) Avy (Re! V 2mm), 
(9) 
where kj = Vk2 + ky, and 


Aw (a) = \ dsJo (2a Vs)Ly () Lv (yes. (10) 


In order to compute the function 4(k, w) we re- 
late it to the retarded Green’s function for a scalar 
photon in the medium 


Dt fy, tes) 
10 (¢, — te) Sp {Po [Gp (tS as ay (Fa, ts) ]}, 
G@). =) J fon a0. 


(11) 


For this purpose we use the spectral representation 
of the components of the Fourier function D 


ort teres 
D (ko) = | PRS). 


—oo 


do’, 


where 


p (k, @) = Dj [exp {8 (2 +Nn—En)} 


— exp (8 (Q + Ny — En)}} 
x <n | dp (k) | n’) <n’ | dy (k) | n) 6 
x (En — En’ 


PNa +2Np + ®) 
== (e** — 1) 2y exp {B(Q +N a — En} (n| ao (k)| 0’) 


x <n’ |do (k) | 2) 6 (En— En +0) 


(we may note that the only nonvanishing matrix 
elements for the potential ay are those between 
states with the same number of particles: Ny 

= Ny). Comparing this expression with Eq. (4) 
we obtain the following relation for @ 


® (k, o) = *"— 1) p (k,—0) 


"= 2B —Bw,\-1 
thee ei) IE UR Oye (12) 


The function D(k,w) is the analytic continua- 
tion of the temperature Green’s function % (k, ky): 
: ; 


D (k, k.) = 5 \ dv Sp {poT's ao (k, t) ap (k, 0))} (13) 
1) 
[ay(k, 7) = eT (C-uN) ay(k) e~ T(K-UN) | and is related 


to the temperature polarization operator ~ by the 
expression 
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D (k, ks) = — (kh? — ¥ (k, ka} (14) 
Introducing the dielectric constant ¢€(k, w) 
=1+x(k,w), where 
% (k, @) = —k?# (k, iw — 0), (15) 
we write Eq. (12) in the form 
Dk; 0) =k? (1 — e*)4Im ae (16) 


Substituting Eqs. (9) and (16) in Eq. (6), we ob- 
tain the following general formula for the energy 
loss of a charged particle which moves through a 
system of charged particles in a magnetic field: 


co 


d __ 2e aS odw ime 
ar Eve eae D\ gem ew (rae) 
(k, @) ? 
x in tt 98, — €y.p,—%,— 0). (i?) 


4. We now compute the electric susceptibility x 
of a plasma in a magnetic field. Equation (15) re- 
lates x to the reduced polarization operator 
P(kK,k,); this operator is calculated by means of 


graphs. In the first approximation in e? 
2 
Ah fo; ky) = “ 9 (Ti, To; Pa) G (Fe, V5 Pi—Ry), 
Ps 
pa = 4, n=0, +1, (18) 


where the Green’s function for the electron in the 
magnetic field ¥(r,, Y,, py) is of the form 


Gti, 2; ps) = 2s Giles 


Eg= €v,Pz =n(v+t+ Y,) tages and the function 
Vy(r) is given by (7) (we neglect the interaction 
between the electron spin and the magnetic field). 

Using Eq. (8), we write Green’s function for the 
electron in the form 


Wi (re), (19) 


SrerTT 


G (r:, To; Ps) = = Oe exp |imn 2* BS se (y Up aoe y:)} 


co oo 


x » \ dpzexp {ipz(z:— 22)} 
v=0 —¢o 
Sa Ne eee Ve 
x exp { my eras ae fe } 
(x1 — X2)? + (yi — Ye)? 4 
AE: {rm 2 “o,0 + ip, (20) 


Substituting (20) in (18) and taking Fourier compo- 
nents we have 


co 


x) dpzhvw' a 


2e mn 


oe (k, ky) = “eae 2 


4 
x Ade —erin sme 


Ps 


P2— 
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The summation over p, is carried out using the 
relation 


where Ng = yp, = [exp 1B (€pp, —H) ate i 
the Fermi distribution function. Taking fem 
of the relation between x and # (15), we obtain 
the final expression for the electric susceptibility 
of the electron gas in the magnetic field: 


2emyn 4 
(Cages 12 


x(k, o) = — 


oO 
i? k vp vw’, p>—k, 
CVD Nod ee é Se eet 
x ya \ Pz ee ep oy a Oe (21) 


In a weak magnetic field (ke / 2m7n > 1 or k,p/ 
2m7 > 1; p is the mean momentum of the plasma 
electrons) the summation over v and v’ is car- 
ried out by means of Eq. (A.2) of the Appendix. 
We obtain the following familiar expression for 
K (k, w) 


—_ li atk 
k— 


(22) 


G5 ==)» 


; SOL ei 4% - 
SONS Sol eey eC ereer 


where €p = p?/2m and Np = lexp 18 (ép = —yw)} +197. 


In a strong magnetic field (ke /2mn <« 1 and 
kyp/2mn « 1) we use Eq. (A.2) of the Appendix to 
compute x(k,w). In this case we have when k 
«Kp 


OF 5, dens, 
Re x(k, 0) = — pF C08  — orp sin 6, 


R? sin? 6 


ag (2mmB)"2a f { Bm He 
Im % (k, @) = 2? Ask® cos § \SXP Y ss ox hee i) 


, ese or (Bn fo H\A) 
 2mBr? [exp |e le cos 0 7% 


son EGET 


4 


mn? 


(23) 


where & is the electron Langmuir frequency 


_ @N 


Aimee 


_ 2mn 
TT aay 


ap adpztyp, 


and @ is the angle formed by the vector k and the 
magnetic field [the second equation in (23) is ob- 
tained under the assumption that the electron gas 
is nondegenerate: Bu <1; the first expression is 
obtained under the assumption that w/k > p/m]. 

The poles of the function D(k,w) determine 
the dispersion relation for the characteristic lon- 
gitudinal oscillations of the plasma. From (14) and 
(15) we have D(k, w) = —{k’e(k,w)} “1. thus we 
obtain the dispersion equation 


e(k, o) = 14% (k,o) = 0. (24) 
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The oscillation frequencies and damping factors (a is the angle between the velocity of the incident 
W = Wy. t+ iyy.. are then particle and the magnetic field), then the state of 
the incident particle can be described approxi- 
Vie = e (22? +7) + Es V (Q + 2)?=— 402n? cos?6 , mately by the momentum p. (The first condition 
r. ae : - a4 corresponds to motion of the particle along the 
ae enee ill pois ae ae magnetic field, while the second means that the 
we Metin curvature of the Larmor orbit of the particle is 
fel Mate tOnee alee sin 0 small). Using (A.1) and (A.2) we have 
ie aa erie fF: cos “| { © 2mBrP ¥. 
ei Bef Oy — 1 je a _ cst \ oe 
x lexp | a \ Soman dt /s (21) oo ue e 
m{@,5-+ 2 | ' 
ead : f aon :| hy ; (25) x \ dk \ do, Im ee 6 (or — 0) , 


a 0 
in agreement with the results obtained in refer- 


ences 5 and 6. 

5. We now find the energy losses of a particle 
which moves through a nondegenerate plasma 
(Bu <1) with a velocity V which is much larger 
than the mean thermal velocity of the electrons in 


Noting that the main contribution in this integral 
is given by the circuit around the poles of the in- 
tegrand lying in the lower half plane of the com- 
plex variable w close to the points ,¥> [cf. Eq. 
(25)] we have 


the plasma. If 7/2 <mi!/m (m! is the ion mass), OE Fe cae As ° ek eae 
then the interaction of the particle with the ions in ~ \ di i ~ QapVv \ i288 \ k \ do [oma 
the plasma can be neglected. It will be assumed Sac ae : 
that the magnetic field satisfies the inequality Bn x 6 G i ieee a cos* 6) 
<«K 1. = ° @ 

We divide the integral over k in Eq. (17) into ~ (cos ee - 


two regions: k < k, and k > kj, where k, is chosen 
so that ky KX ky Kp (ky = Ve*Nf is the reciprocal 
of the Debye radius). In calculating the contribution 
from short-range collisions (k > k,) the curvature 


(9 and » are the polar angles of the vector k). 
Finally, carrying out the integration over dk and 
do,, and neglecting terms of order p/mV, we have 


of the Larmor orbit of the incident particle can be _ 4éEy | 150) fe Oy. ba Q 
described approximately by the momentum p. \o dt Js” anv { ; (2, = oh as (3, wh 
Using Eq. (A.2) we have whee 
dE 2e c d , 1 Zs 
p = odo P { ¥ 
( dl loos \ Sls fi (a, u) = a \\8 (2) zy g (2) al, 
ASS) 0 22 
se gia ela en ey ek SLs Jute me z(4—2) 
\ \ T+ x(k, @) (on 2M ) g (2) Vicar ee 
(We assume that the unit volume in the number woe Zs 
space v, pz corresponds to the volume (2mmn)~! f(a) — = \ 2) In z te g (2) Inz de| 
in p-space). 0 - 
. e1 eqs : ' 4 pie 
The electrical susceptibility K (Kk, w) in this ‘ote a ae rela 2)? — 4? sin’ a, zo= 1 hu. 
region of wave vectors being considered is given id (27) 
by Eq. (22); noting that x is of order k?/k*®, we : 
can neglect this quantity compared with unity. Since fy(a,u) = 1 (cf. Sec. 3 of the Appendix), the 
Neglecting terms of order p/mV, we have energy loss of the particle due to long-range colli- 
sions is: 
( dE, } e2Q? . 2mMV (26) 
dik a> GARVOT Jee (_4éE 
mV by (M+ m) (eee iy ee {In — 7 (a, 2). (28) 
We now compute the contribution due to long-. : ; 
range collisions (k < k,). If one of the following Adding this expression to Eq. (26) for (—dEp/dt)¢ 
conditions is satisfied: we have 
: 2 1 Ste see n dE 202 , 
ae M max {Q, n) Chess M max {Q, n} Sa aig ~< a | ceo F( i 7 3 (29) 
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6. If the particle moves along the magnetic field 
(sin a « 1) then f(a,u) =Inv1+w and the total 
loss is given by 

_ aE, _ &Q? 2mMVv?2 
=—_1 
“at 4nV iM +m) V+” -D) 
This formula has been obtained (to within logarith- 
mic accuracy) by Sitenko and Stepanov.°* 
For a strong magnetic field (n > Q) 


ue ? sin? oS 


f(a, u) = sin? a \z + In 


(u< 1), 


and the energy-loss formula assumes the form 


x 2mMV?2 sin? o 1 Q? sina sin? a } 
(M + m) 4 4n* 4 > 
(31) 
If a heavy particle (M > m) moves perpendicu- 


larly to the magnetic field (a@ = 1/2), then 


dE, __ etQ? f 
at 4nmV 


4mV? al 
¥2oy,- #1, 
In the case of a weak magnetic field (7 « 2) 
f=(a, Q/n) =In(Q/n) and 
GE. e2Q2 


wees Z 2mMV2 
a emo (33) 


(32) 


dE, = a 
dt 4nV 


This formula agrees with the energy loss formula 
obtained by Larkin.‘ 

In conclusion the author wishes to thank A. I. 
Akhiezer for a discussion of this work. 


APPENDIX 


1. We compute the asymptote of the function 
Apy’(a) [cf. Eq. (10)] as a—0. Expanding the 
Bessel function Jy (2aVs ) ina Taylor series we 
have 


2 (1) a ok (k!) gan 


Ayy (a) = 


joe = \ ds Stemcly (s) Ly (s). 


Taking account of the fact that 


\ dse-Ly (s) Lv (s) = dw’ 


0 
and using the recurrence formula for the Laguerre 
polynomials® 
sLy (9 =—W +) bu) + 2v +1) L(9 
— vLy_-1(s 
vLv—1 (5); is 


( 
we can find the successive coefficients Aj, and 


*It has come to the author’s attention that Eq. (30) has also 
been obtained by V. Gurevich and Firsov by quantum field-theo- 
retical methods.’ 
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compute A,,,/(a) to the required degree of accu- 
racy. Keeping the first two terms we have 


Ave(a) = by + a? {((v + 1) by44, 


— (2 + 1) Sie v8y24, 97} (A.1) 


We may note that the expansion of the function 
Ayy(a) as a—0 actually reduces (for v =~ 0) 
to the quantity ap. 

2. We now investigate a sum of the form 


Dw ne 


ky (2v + 1) me + 1) 


ahi v’) for ——_—ss 1 


Using the asymptote for the Laguerre fa Bh 


exp (—)L, (8) = Jo (2 Vs Fs) + 0 (9, 
we have 
k t pe 
Aw (Fe ] — mn ede Flt) Jy (p10) Jo(pep) = MS, 


where A is the area of the triangle formed by from 
the segments kt, pt and pt; if this triangle cannot 
be formed, then A-!=0 [we use the notation p? 

= 2m7y(v + TS p= 2mn (v’ + dele Noting that 

the quantity A-! can be written in the form 


Qn 


1 , 
KS oy \ a 5 (p, apy + k,), 
0 
where ¢ is the angle between the plane vectors 
p;, and kj, we have 


Yaw (Fe aa) P v’) 


4 . , 
+t \ apie a Pp; =F k,) Je (v, v4) v+/e= py/umn, 


yep p/2mn. 


(A.2) 


3. We compute the function f,;(a@,u) [cf. Eq. (27)]. 
In the plane of the complex variable z we take a cut 
along the real axis along the segments (0,z,) and 
(Z2, Z3). The function g(z) is a single-valued ana- 
lytic function in the divided planes; we define this 
function such that g(z) >0 along the upper edge of 
the cut (0,z). The quantity f;(a@,u) can be written 
in the form 


fi, w) = sa5\ lg @ — A az, 
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where the contour C consists of the two closed 
contours C, and C, (cf. figure) and the integrand 
vanishes at infinity. Using Cauchy’s theorem we 
replace the integration over the contour C by in- 
tegration over the infinitely remote contour C’. 
Since the residue of the function [g(z)-i] is 
i[1—(z, +2, +2z3)/2] at an infinitely remote 
point, we find f,(a,u) =1. 
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General conditions for the stability of the electron distribution function for a plasma with 


respect to high-frequency plasma oscillations are deduced neglecting collisions. Free 
plasma and plasma immersed in a constant, uniform electric or magnetic field are con- 


sidered. 


le It is known that the mean free path of particles 
in a plasma and the equilibration time increase 
with rising temperature. Consequently, in investi- 
gating a high-temperature plasma (as well as a 
very rarefied one) one has to deal with particle 
distribution functions that may differ appreciably 
from the equilibrium functions. Under these cir- 
cumstances the question arises as to the stability 
of such distributions with respect to small oscilla- 
tions in the field and charge density within the 
plasma. The present paper is concerned with an 
analysis of the stability of the electron distribu- 
tion function with respect to plasma oscillations. 

The nature of the field oscillations created 
when a plasma is disturbed depends, of course, 
on the unperturbed electron distribution function. 
For example, as Landau has shown, ! in the case 
of a Maxwell distribution the field oscillations 
will be damped. But if a delta-function like term 
corresponding to the passage of an electron beam 
through the plasma is added to the Maxwell dis- 
tribution, then the field oscillations and the per- 
turbation in the original distribution function in- 
crease in time for any velocity of the beam, i.e., 
the plasma plus beam system is unstable (Akhiezer 
and Fainberg’). 

More general statements are also true, namely, 
that any distribution function, which is an arbi- 
trary even function of the velocity with a single 
maximum at zero is stable, while the super-posi- 
tion of an arbitrary even function and a delta-like 
term is unstable.*»4 

2. To establish the general conditions for the 
stability of the electron distribution function one 
need only study the behavior of the individual spa- 
tial Fourier components of both the potential 
and the perturbation f in the original electron 
distribution function F)(v) (v being the electron 
velocity). The behavior of these functions as 
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t— (t being the time) is determined by the 
singular points of their Laplace transforms Pp 
and fp (here p =iw and w is the complex fre- 
quency ). 

First we shall consider a free plasma, i.e., 
one not under the influence of external fields. In 
this case @p and fp are related by! 


f, (4) = (p + iku)™ {g (u) + ikem, f, (4)},  () 


where u is the electron velocity parallel to the 
wave vector k, f)(u) is the initial distribution 
function for u, i.e., fy(u) = J Fo(v) dv, (Vv) be- 
ing the electron velocity perpendicular to k), and 
g is the initial value for f(u,t). 

The poles of fp are the roots of the equation! 


where Wy) is the plasma frequency and the integra- 
tion is along a line parallel to the real axis and 
below all the singularities of the integrand. 

If all the roots of this equation (with respect 
to p) lie in the left half-plane, then g(t) will 
tend to zero as t-—> ©. On the other hand, the 
distribution function will undergo undamped fluc- 
tuations of constant amplitude with a frequency 
ku, which depend on the electron velocity (this 
behavior of the distribution function is due to the 
fact that fp(u) has a purely imaginary pole p 
= —iku [see Eq. (1)]. On the other hand, if at 
least one of the roots of Eq. (2) lies in the right 
half-plane, then y(t) and f(u,t) will increase 
indefinitely with time and the initial distribution 
fy(u) will be unstable. 

Thus, the necessary and sufficient condition 
for the stability of the distribution function F)(v) 
consists in there being no roots to the equation 


fy (w) du 


jee, 


eRe 
15 
R 


(2) 


? 


f (udu 
ut —— "Ss 


(3) 


G(s) =| 


—oo 
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in the upper half-plane s for arbitrary k (k > 0). 
If no such roots exist, then the function w = G(s), 
which we shall assume to be finite, maps the upper 
half plane of s into an area D which does not in- 
tersect the positive half-axis of w. This area is 
bounded by some curve K traced by the point w 
as s moves along the real axis. Thus this curve 
is situated in a finite part of the w plane and, be- 
cause of the principle of maximum modulus, en- 
closes an area D. Therefore, the curve K does 
not intersect the positive half-axis. 

In the case where Eq. (3) does have roots in 
the upper half plane, then the area D and with it 
the curve K intersect the positive half-axis. 

This intersection means that for some real 
value of s the value of 


= 


—oo 


f(u)adu 
iS 


+ ® ifo(s) (4) 


is positive, i.e., 


‘ fo(u) du a 


BS. 


fo (s) = 


The first of these conditions is fulfilled at the 
extrema of f)(u), i.e., at S = Uy, Up,...,Uy. There- 
fore, for the distribution function to be unstable it 
is necessary and sufficient that at least one of the 
following inequalities be satisfied* 


oe) 


jl fou) du 


u—u,; 


(5) 


It is easy to see that this instability criterion 
need be verified only for the minimum points of 
fy(u). Actually, when s moves along the real axis 
from —© to +, the upper half-plane of s re- 
mains on the left. Therefore, when w moves along 
curve K, the area D also remains on the left. This 
means that w either does not intersect the positive 
semi-axis at all, or intersects it at least once while 
passing from the lower to the upper half plane. The 
derivative f}(s) passes from negative to positive 
values at the same time, which is possible only in 
the vicinity of the minimum for fp)(u). 

Therefore, the stability criterion for f)(u) has 
the form 


[o-e) 


fou) du 
u—u, 
ee i 


<0) Moe) = 0, foe) 0 216) 
3. It follows directly from Eq. (6) that a distribu- 
tion function with only one maximum is stable.} 


If the distribution function f)(u) has two maxima, 


*This criterion has been established independently by 
Noerdlinger,® Penrose,® and ourselves. 
tThis stability condition was obtained by Auer.’ 
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one of which is fairly pronounced, it will be unstable. 
(This is the case when an electron beam with a 
small velocity dispersion passes through a plasma. ) 
To prove this we separate the distribution func- 
tion into two terms, fy(u) = fy(u) + f,(u), with f,(u) 
coinciding with f)(u) outside the interval (u»,, uy) 
and equal to fy(u,) inside this interval [u, is the 
minimum of f)(u) lying between the maxima uj; 
and u; and uj is the point nearest u, at which 
f)(ui) = fy(ug)]. It is evident that the contribution 
of f,(u) to the integral in (5) will be positive and 
rather large provided that uj is close to u,. In 
fact, integration by parts yields 
fy (u) du = v 


\ u — Us 
—oo 


Therefore, the integral given by (5) will be posi- 
tive at the minimum point u = u, if uj—u, is suf- 
ficiently small. Consequently, fy)(u) is unstable. 

4, We now demonstrate that an arbitrary, 
spherically symmetrical distribution function 
F)(|v|), which never becomes zero is stable.* 

Noting that 


foe) 


foe) = \ Fo(v) dvy = 2n\ Fo (V w*-+ v4) vj do, , 


6 
we have 


fo(“) = —2n uF (ul) » 


Therefore, Eq. (3) assumes the form 


uF (jul), # 
on \ ee on (7) 
and hence 
Jeli " - 
Qn \ wrote dy — 2n3isF,(|s|) = o? a 


— 00 


The imaginary part of this expression becomes 
zero when s=0. Therefore, the stability condition 
requires that 


co 


Fo (a) du,<_0, 


which is always satisfied. 

5. We now estimate the growth rate of the oscil- 
lations, i.e., the magnitude of Imw for the unstable 
distribution function, assuming that this quantity is 
sufficiently small. In this connection it is obvious 
that the curve K intersects the real half-axis of 
the plane w = G(s) at two neighboring points k? jh wi 
 *Here the distribution function can have an arbitrary num- 
ber of maxima and minima. The stability of a spherically sym- 


metrical distribution function with a single maximum has been 
demonstrated by Penrose.° 
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and kj/w% and that G(s) can be expanded in a 
Se series in the vicinity of s = Sy [where 


G(so) =kj/w? and f(s») = 0]. Thus we obtain, 
ae to quadratic terms, 
eS 20'S) 2(—k) 
(s So) G' (So) Is So) 5G" (s9) i . 


and consequently the maximum value of Im w 
= kIms is 


max Im 
== ianiebs k Im [ G'(S9) ape ({ G'(So) ie 2 (k? — ke) “4 
ee SIONS) WG") stacey) J. 


(9) 


In deriving the instability criterion for the dis- 
tribution function we have disregarded collisions 
among particles. Obviously these collisions hinder 
the development of the instability. Hence, the e- 
folding frequency of the oscillations, Im w, must 
exceed a minimum value equal to the effective col- 
lision frequency in order for the instability actually 
to occur. 

6. One can raise the question as to a general 
form for all the stable f)(u) distribution func- 
tions. Taken together, these functions allow the 
following representation. If g(é) is the Fourier 
component of f$(u), i.e., 

\ g@e™d:, 
and if the distribution function is stable, then 
g(é) can be represented in the form 


ia 


g(t) = —\ pe—*) pe) de’, (10) 


where 


and o (A) is an arbitrary, continuous, non-decreas- 
ing, bounded function.* For every such function 
there corresponds a definite stable distribution 
function. 

7. We now proceed to examine the conditions 
for the stability of the distribution function for 
electrons in a plasma immersed in constant, uni- 
form magnetic field H. Here we confine our in- 
vestigation to plasma waves for which the electric 
field is longitudinal. The dispersion equation for 
these waves has the form® 


£4 Sin?0 +- €33 cos?0 + 2e,; cosé sind = 0 , (11) 


*The representation given by (10) was found by B. Ya. 
Levin (see reference 3). 


where €j,(w,k) is the dielectric permittivity ten- 
sor for a plasma in a magnetic field and @ is the 
angle between k and H. These quantities are com- 
plicated functionals of the distribution function 
Fo(v) (see Kitsenko and Stepanov’). 

We assume that the plasma waves are long 
enough and the magnetic field H is strong enoughfor 
the inequality kv) /wy «1 to hold, here v, is the 
mean value of the electron velocity perpendicular 
to H and wy = eH/mce is the electron gyrofre- 
quency. In this case (11) assumes the form 


1 2acos? 8 i fo (u)du cw; sin? @ 
Xe —@ 204 
co 
= : s d 0, 
( Xu — O+ Oy Xu — © — OY Ji (u) du = 
—0o 


(12) 


where f)(u) is the distribution of electron velocities 
parallel to H and y=|kcos @| is the component 
of k parallel to H. 

Integrating Eq. (12) by parts one obtains 


Gu (s) = y (es 


Ue: 


gaa 


CS 


sin? 0, a 


I 252 


#) Fu) du= %, 
(13) 


— co 


where ee irae 
The necessary and sufficient condition for the 
stability of the f)(u) distribution function is that 
the roots of Eq. (13) do not lie in the upper half- 
plane. Otherwise, as was shown in Sec. 2, the 
function w = G(s) maps the real axis of s into 
a curve K that intersects the positive half-axis 
(here the passage along curve K from the lower to 
the upper half-plane corresponds to an increase in 
s). 
If s is real, then the real and imaginary parts 
of Gy(s) are 


C fla 
Re Gy (s) = cos? 0 \ oe = 
sin? u—S+ Sy 
SF 2851 ay ip ae oo du, 
2 9 s+s yy 
Im Gy (s) = x cos? Of,(s) +22 — | fi (u) du. 
S—SH 


The distribution function will be stable if the 
real part of Gy(s) isnegativefor allthe values of 
s for which Im Gy(s) = 0, i.e., 


f’ (uj) cos? 0 + (2s) [fo (Us + SH) — fo (Us — Sx)] sin? 0 = 0, 
0 


f, (u) du 
u—u, 


et 


_ 


du <0. 
(14) 
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We note that when this criterion is used, as was 
explained in Sec. 2, one need take into account only 
the roots of Eq. (14) for which 


s f s+s 
\ Im Gy (s) ds = se ud \ fy (u) du 


uj S—SH 


+ x cos? 8 [fy (8) — fo (us)! 


has a minimum. 

When @—0 and sy—0O or sy —0, the insta- 
bility condition (14) coincides with the instability 
condition in the absence of a magnetic field. There- 
fore, generally speaking, a magnetic field restricts 
the class of stable functions. 

8. We now show that an even distribution func- 
tion f)(u) with a single maximum (at u=0) is 
stable. In this case Eq. (14) has a single root 
u;= 0. Actually, for u, > 0 the inequality 


fy (ua) <0, | uy + sy | >| 41 — Sxl, 


is satisfied so that fy(u, +sq) < fy(uy—sy), and 
Eq. (14) can have no solution for uy, > 0. Because 
fy(u) is even, this statement holds true even when 
u, < 0. The stability condition now assumes the 
form 


fy (4) C 
+ SPY Fon ie 


[du <0. 


cos? 6 \ 


Obviously this inequality is satisfied, since the 
integrands are negative for arbitrary u. 

9. In conclusion we derive the stability condi- 
tion for a plasma located in a constant, uniform 
electric field Ey. Just as in the case of the mag- 
netic field, we confine ourselves to longitudinal 
plasma oscillations and assume further that Ey 
is sufficiently weak. 

ise with the equations 

a + v grad F + ~ (E, Shs 


Fy J{E}=0, (15) 


div E = 4x en, (\Fav — 1) : (16) 


where ny is the ion density, J{E} the collision 
integral, and E the electric field due to plasma 
oscillations, one can derive!” the following disper- 
sion equation for high-frequency plasma oscilla- 
tions for a sufficiently weak field Ep) 
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(17) 


~ fe (udu ieE (du 4 fo) gh 
\ Ts nk ak cout \ u—sduly—s o ! 


where f)(u) is the initial electron distribution func- 
tion and @ is the angle between k and Ep. In de- 
riving this equation we have neglected the collision 
integral, which, however, is implicitly contained in 
f), whose form depends on J {fy}. 

Integrating the second term in Eq. (17) by parts, 
separating the real and imaginary terms and mak- 
ing use of the method explained in Sec. 2, we obtain 
the following condition for the stability of the dis- 
tribution function fp(u) 


meE, 


— F cos Of, (tt) 0; (18) 


fi, (u) du 
i =—— uy 
— oo 
where uj are the roots of the equation 


ek URELL i, 
fy (4,) deta cos 8 \ ee ae => 0; 


e< 0. 
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lie theory of superconductivity!* has been de- 
veloped, as is well known, for an isotropic model 
of the metal. The present paper is devoted to an 
investigation of the effect of anisotropy on the 
properties of superconductors. 

The electron-phonon interaction is character- 
ized by the Hamiltonian 

H’= > 


k’=k+q 


g (@/ 2V)"ay-aysbq + Compl. conj. (1) 


where akg is the second-quantized amplitude, and 
g is the coupling constant, the anisotropy of which 
must be taken into account when solving the prob- 
lem under consideration. 

We start with an expression for the matrix ele- 
ment that characterizes the electron transitions in 
the metal due to the interaction between the elec- 
trons and the lattice (we disregard Umklapp proc- 
esses )? 


US ass aie (k —k’, \ grad A pa “a 
a E Aree ee (k2 — k’)| ee as ieee (2) 


The Coulomb interaction is not considered here. 
On the basis of symmetry considerations, we can 
determine the form of the integrals that enter in 
(2). We then obtain from (2) 


gj = £0 {b* 


tatey+e(k+k, 


is k’)| 


yk +k’, eq)f, 


+k’ 1 (pe 
mall ri 


where éqj is the unit vector of phonon polarization 
(j=1,2,3), q=|k’—k|, and a, b, and c are 
bag ee functions of q, which we assume 
constant in a layer hw, near the Fermi surface. 
We neglect terms that contain the unit vectors of 
the lattice, which in the case of s electrons are 
smaller than the terms written out here. 

Carrying out in the es (1) a canonical 
transformation after Bogolyubov,? we can obtain 
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an equation for the gap in the energy spectrum 

1 

A (k) = Tar 
3 


a (ae : @; (q) A (k’) dk’ 
x g?(k,k ——— eS ee 
a \ ! Ne areas V A? (k’) + &? (k’) 


(4) 


where g; is determined from (3). The substitution 
Wj (oie +é€+€’)"!~1 leads to the renormalization 
of Boj.” 


We first consider the case of a closed Fermi 
surface with a dispersion law 


E = k2/2m, + (#2 + k2)/2m, 


(ellipsoid of revolution). We assume that m,—M», 
= Am « m, and hw)/Ep « m,/Am, and take ac- 
count of the fact that b <a and c <a. We then 
solve Eq. (4) and find (for T=0) A(#) =Ay + Ay 
where 


Ay =" $S(22)'A, (F cos! ¥ — cos? $ + zs): (5) 
and Aj) is determined by 
; Am\—?2 Am\" b+ c 20 
esebrga ae [fle ee ator) ras Ge 


Oh = ty (2m_E r)” 


(3 is the angle between the z axis and the vector 
k). 

Calculation for T— Te leads to the following 
result: 
A (k, T) =A, (T)[1+ (22) °E*(Z cost 9 — cost +5) I, 


my 


where A,(T) is given by 


He a 2 
| topote(— S81 (28) 


(6’) 


or 


oP = 9.061 —F)(+ Cy T 


where Tg is determined from (6’) [A,(Tc¢) = 0]. 

We consider next the case of the simplest open 
Fermi surface — cylindrical surface with disper- 
sion law E = ki /2m. The calculation of A(k) 
leads to the following result: 


A= Ao ar Ay (Rk) Ar A, (— k2), 
hy (is) eee aN ls s + (2k? — keke max — 4B) S 


a 
ky max ka + § 


4- Skk' F In ip 


‘5k p — 8A) rl, 


LF 


: (kz) = [4h5 a8 (Rz meee Ae oan & (7) 
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We now calculate the expression for the heat 
capacity of the superconductors in the cases under 
consideration. As a result we obtain the following 
expression for the ellipsoid: 


When T= Te 
C, (T¢) = 3 b+cfAm\? 
[oR Vay = 2.4 al 1 ,4- a (=) 5 (8) 


In the low-temperature region we obtain 


Co) 1 HY thy’ —A (0) +8 V aT 
(CE Saar aD re"a (0) exp ( in ) 28’ 


A(0) =A), B=F*(S2)aQ. 09) 


a . My 


The formula is applicable at temperatures that 
satisfy the condition 


T/A (0)<(Am/m,)" (6 + ¢)/a. 


Analogous results are obtained also for a cylin- 
der. However, in the absence of a small parameter 
similar to Am/m (both for an ellipsoid and for a 
cylinder ), the variation of the gap and of the heat 
capacity near Te may be more complicated. 

It is easy to see that as T— 0 the heat capacity 
C, is determined by the smallest gap Amjn (see 
also reference 4); on the other hand, near Te it is 
determined by the average value of the gap A(0). 
Therefore Cg diminishes in the anisotropic model 
more slowly with decreasing temperature than in 
the isotropic model. This agrees with the experi- 
mental data (see references 4 and 5). Since the 
expression for Cg (and obviously also for the 
critical magnetic field H,.) contains the param- 
eters of the Fermi surface (m, and m, for an 
ellipsoid, kj py and kz ymax for a cylinder), C, 
and He are no longer universal functions of the 
temperature, as in the isotropic model, and this 
explains the difference between the experimental 
curves of C, and He, for different superconduc- 
tors. 
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I T is well known that the study of angular distri- 
butions in inelastic proton scattering is an impor- 
tant source of information about the properties of 
nuclear states and the mechanism of inelastic scat- 
tering. In such investigations, it is necessary to 
measure angular distributions of groups of particles 
with nearly the same energy; this can be done 

quite reliably by magnetic analysis. On the other 
hand, the use of a magnetic analyzer leads to a 
significant increase in the difficulty of the experi- 
ment. Therefore, in the overwhelming majority 

of experiments, the angular distributions are 
measured with scintillation spectrometers, nu- 
clear emulsions, etc.! Because of their low reso- 
lution, and because of overloading due to elastic 
protons, these techniques can measure angular 
distributions only for one or two excited states 

of the nucleus. 

The ease of field measurement? and regulation 
and the relatively high intensity of the magnetic 
analyzer described previously? enabled us to 
measure angular distributions for the six groups 
of elastic and inelastic protons from Al*’ leading 
to the excited states at 0.840, 1.014, 2.216, 2.743, 
and 3.000 Mev (the last level is, according to ref- 
erence 4, a doublet: 2.976 and 2.999 Mev) without 
excessive increase in the difficulty of the experi- 
ment. 

The protons were accelerated in the 120-cm 
cyclotron of the Moscow State University. A mon- 
ochromatic beam was obtained by placing colli- 
mating slits after the focusing magnet. The full 
energy spread of the beam was about 45 key. 

The spectrometer for analyzing the secondary 
particles was set on a rotating support. The par- 
ticle detector was a ZnS scintillation counter with 
an FEU-29 photomultiplier. 

The measured differential cross sections (in 
mb/sr) for elastic and inelastic proton scattering 
on Al*’ at 6.6 Mev are shown in the table. The ac- 
curacy of the cross sections is about 10%. 


Pew Lins 1Ontit £DILOR 
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Scattering angle in lab system 

Q, Mev l R, f 
32°49’ 48°28’ 63°04" 76°54" 90°24” | 1099107 | 124943” | 138°47° No Wesayy ie ‘ 

0.000 | 850,20 | 302.30 | 177.00 | 109, 20 | 60,50 | 38.501 44.50|65.00164 20] — = 
—(0.840 ARTS || ESE Whats 2 Vestal eel) VES Pr BVEN PL) , 5.6 
1.014] 6.93] 9.55] 10.30] 10.10] 8.88] 7.80| 7.00] 6.34 | 2 | 5.6 
—2.216 | 410.40} 12.95) 14.30) 16.00)17.70) 45,35/40.60| 9.751 8.45] 3 5.6 
2.743 Sokol 20) 2 ool id. ed) onO5i t280))44 -60| 40.50) ae 25.0 
3.000 | 12.20] 14.60] 17.80| 19.90] 20.50] 16.70] 14.05|10.20]} 9.75| 2 | 5.0 


The angular distributions of all the particle 
groups (in the center-of-mass system) have the 
characteristic features peculiar to direct interac- 
tion angular distributions. The total scattering 
cross section for the six levels is about 700 mb, 
which is larger than the cross section for com- 
pound nucleus formation (about 600 mb). This 
leads to the conclusion that direct interaction 
makes a substantial contribution in 6.6-Mev scat- 
tering. The orbital angular momenta, 1, trans- 
ferred to the nucleus, determined by comparison 
with direct interaction theory,’ are given in the 
table together with the corresponding values of 
the interaction radius R (in 10713 em). 

In conclusion, the authors express their grati- 
tude to Z. F. Kalacheva, I. V. Kretov, G. S. Tyuri- 
kov, N. S. Kirpichev, and M. Kh. Listov for aid in 
this work, and also to the crew of the cyclotron, 
particularly Yu. A. Vorob’ev, A. A. Danilov, V. P. 
Khlapov, and E. Kir’yanov, for assuring proper 
operation of the accelerator. 
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Waen combining the experimental data on the 
photoproduction of 7* mesons close to threshold! 
one finds that the square of the matrix element 
increases as the photon energy decreases. How- 
ever, very close to threshold the accuracy of the 
measurements is not good enough to draw definite 
conclusions.” 

The absence of good data on the photoproduction 
cross section close to threshold is due to the large 
experimental difficulties. Very close to threshold 
(152 —160 Mev) one cannot use liquid or gas tar- 
gets because of the energy loss of the mesons in 
the target and because of the large background. In 
this energy region one has to use thin polyethylene 
targets.° However, one then has to perform CH, 
—C difference experiments, which for large yields 
from carbon decreases the statistical accuracy of 
the results. 

We shall describe a method which allows to cir- 
cumvent these difficulties and we shall give results 
of an experimental demonstration of its feasibility. 
The method is based on the kinematical difference 
between photoproduction on hydrogen and on car- 
bon, in particular on the difference in the thresh- 
olds. The following reactions have the lowest 
thresholds: 

(1) 


(2) 
(3) 


The thresholds for these reactions are respectively 


1+ (Cat + BY, 
y+ CR n*+n+,;BY 


4 AG Sai -n+n- Be, 
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154.5, 157.7, and 169.1 Mev. The 7m” production 
threshold on hydrogen is 151.3 Mev. 

In Fig. 1 the photon energy has been plotted as 
a function of the meson energy for different direc- 
tions of the outgoing 7* meson both for production 
on hydrogen and by reaction (1). As can be seen 
from the thresholds the curves for reactions (2) 
and (3) will be still higher. 


Ey, Mev 
170 C 


165 50°. 
8a? i H 
160 IW, 
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FIG. 1. Dependence of the 
photon energy on the meson en- 
ergy at different angles of the 
outgoing meson. 


0 5 10 18 
Eq, Mev 

From Fig. 1 one sees that for a given meson 
energy and a small angle one can choose such a 
maximum photon energy in the bremsstrahlung 
spectrum, Eymax, that no photoproduction from 
carbon is possible. For example, for Ey max 
= 158 Mev mesons with 3 Mev at an angle 30° will 
have been produced exclusively on hydrogen by 
photons with an energy 153 Mev. However, under 
these conditions only the very tip of the brems- 
strahlung spectrum will be utilized. One therefore 
should increase the photon energy Eymax as far 
as possible to increase the yield from hydrogen 
while keeping the background of mesons from car- 
bon sufficiently low. Fortunately the photoproduc- 
tion from nuclei is a single nucleon process.!”® 
Thus reaction (1) is a partial and unlikely process 
of reaction (2). Accordingly quite a high energy 
Eymax can be chosen. 

In order to verify these considerations an ex- 
periment has been performed. The apparatus is 
shown schematically in Fig. 2. 

A polyethylene target of 0.0173 g/cm? was 
placed in the photon beam of the synchrotron of 
the Physics Institute of the Academy of Sciences. 
The energy was Eymax = 175 Mev. Mesons of 
energy 0.5 to 5.5 Mev emitted at 30° in the lab 


FIG. 2. Experimental 
setup. 1,5 —ionization 
chambers, 2 — magnet, 
3—target, 4—nuclear 
emulsion, 6— vacuum 
chamber. 
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system* were counted. Nuclear NIKFI-K emul- 
sions 400p thick were used as the detector. Tar- 
get and emulsions were placed in a vacuum cham- 
ber. The energy loss for mesons of average en- 
ergy in the target was ~ 0.1 Mev. 

In such an experimental arrangement in the 
nuclear emulsions both positive mesons from hy- 
drogen and carbon and negative mesons from car- 
bon will be seen. The m mesons are created in 
carbon in reactions similar to those of the 7* 
mesons, namely: 


(1a) 
(2a) 


y¥+,CP—n + 7N?, 


Y HO > 1 2 p Ope. 


The thresholds for these reactions are 157.8 
and 158.9 Mev respectively. 

The contribution of 7* mesons from carbon can 
be easily estimated from the number of observed 
m mesons since the 7*/n photoproduction ratio 
in carbon is known for the energy range of interest® 
and equals 2.7 + 0.4.+. This allows one to avoid the 
necessity of performing the rather tedious work of 
determining the yield of 7* mesons from carbon. 

The experimental results are: 


EX aoe Mews 175 250 
st~ (CH) /0* (CHa) 0, 2240.06 0.55+0.14 
m+ (CH2)/a* (He) 1.0940.03 1.26+0.05 


It follows from these data that the relative yield 
of t* mesons from carbon is (9 + 3)% of that from 
hydrogen. For comparison purposes the analogous 
quantities are given also for E,)max = 250 Mev. 
Thus one sees clearly that the proposed method 
allows to decrease the 7*-meson background from 
the carbon in the polyethylene target considerably 
and to increase the statistical accuracy of the ex- 
perimental results obtained in a given running time. 

In addition, our experimental data allow a deter- 
mination of the most probable type of the reaction. 

We now shall compare the experimental ratio 
™ (C)/m*(Hy) with a calculation for Ey max = 250 
Mev which is based on the assumption that the total 
meson yield from carbon is due to the reactions (1) 
and (2). In the determination of this ratio for reac- 
tion (2) the distribution of nucleon momenta in the 
nucleus was taken into account.’ We obtain: 


; Calculation 
Experiment Reaction (1) Reaction’ (2) 
a (C)/n* (H,): 0.24 + 0.07 0.67 + 0.17 0.34 + 0.09 


One can see from this that the results of the 
present experiment support the supposition on 
the one nucleon mechanism of t-meson production 
in nuclei. 


It should be mentioned that the suggested method 
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will be even more effective for the measurement of 
the photoproduction of mesons from deuterons 
close to threshold using heavy polyethylene. 

In conclusion the authors express their grate- 
fulness to Professor P. A. Cerenkov for his inter- 
est in the work. 


*At the energy Eymax = 175 Mev mesons at this angle 
can be produced only in reactions (1) and (2). 

tComparing the thresholds for 7+ and 77 production one 
can easily see that the ratio 7~/m* at Eymax = 175 Mev is 
Practically the same as that found at Eymax= 250 Mev.°® 
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ly the work of Gierula et al.! it was shown that 
the angular distribution of secondary particles 
from nuclear interactions with primary energy 
>10" ev has a significant anisotropy and that 
besides the anisotropy, characterized by o > 0.6, 
there is a structure with two maxima. This re- 
sult was confirmed in reference 2.* 

We would like to point out that the interactions 
produced by charged particles (p) have, on the 
average, a greater anisotropy than those with 
neutral (n) primaries. We show in the figure 
the distribution of values of log (Y¢, tan @],) sepa- 
rately for the groups with p primaries (solid 
curve) and n primaries (dashed curve). The first 
group includes 19 cases with <yce > = 54, pre- 
dominantly from the literature. In the n interac- 
tions there are 13 cases with <yg > = 44. We 
determined the anisotropy with the aid of o as in 
reference 1; for the group p we have o = 0.82, 
and for the n distribution we obtained o = 0.64. 


log (Y, tan Oy) 
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A similar result was obtained for lower energy 
interactions investigated in our laboratory. A group 
of 45 p interactions with <yc > =8 has o=0.6 
while a group of 11 n interactions with <yg > 
= 8.3 has o = 0.5. 

We think that the smaller interaction anisotropy 
is not due to inaccuracy in the determination of the 
axis, because the distribution of particles in a wide 
cone, which is not very sensitive to the choice of 
axis, reveals this effect even better than that ina 
narrow cone. Finally, the random character of 
the choice of individual events from the literature 
could have affected our results as shown in the 
figure to some extent, but in the low energy p and 
n groups, the method of selection has practically 
no effect; they were obtained by scanning the same 
volume of emulsion. 

We think that the average anisotropy in the p 
group is increased by the contribution of interac- 
tions produced by mesons, while the n group con- 
sists of interactions produced only by neutrons. 

A more detailed analysis will be published in the 
Czechoslovakian Physics Journal. 


*The authors thank Professor J. Gierula for sending this 
preprint. 


! Gierula, Miesowicz, and Zielinski, Nuovo 
cimento 18, 102 (1960). 
2 Gierula, Haskin, and Lohman, preprint. 
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Consecutive interactions of heavy nuclei, and 
interactions in a beam of their several fragmenta- 
tion products (‘‘parallel interactions’’) are inter- 
actions of particles having an identical energy per 
nucleon, and their investigation may therefore 
yield information on possible asymmetries in the 
angular distribution of the particles produced. 

We summarize here preliminary results ob- 
tained in a stack of nuclear emulsions irradiated 
during the 1955 Po-valley expedition. We have, 
so far, found six pairs of consecutive or parallel 
interactions of heavy nuclei. Their characteris- 
tics are shown in the table. Nh denotes the number 
of evaporation tracks, Z is the charge of the inci- 
dent nucleus, Z; are the charges of the fragmenta- 
tion products, ye is determined from the relation 
log Ye = log cot 6j, ny and n, are the number of 
particles in the narrow and wide cone, respec- 
tively, divided by ye, and nj and nj are the num- 
ber of particles in the cones divided by yo, where 
Yo = (12) ¥?. 

It should be noted that the values of yg in sepa- 


157 rate interactions of a pair differ considerably in 
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*The angular distribution of particles for the case 203b has been kindly re- 
ported to us by Dr. E. Fenyves from Budapest. The events 203a and 203b are de- 


scribed in reference 1. 
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the majority of cases. In the case 208a and b 
(see figure), and cases 9 and 227, the difference 
is even greater than three times the statistical 
fluctuations. Since the energy per nucleon in the 
laboratory system should be identical for both in- 
cident nuclei, this difference in the values of ye 
is the consequence of non-identical effective 
masses of the interacting nuclei M, and M, if 
we assume that they interact as one body. In the 
event 208a and b, and for a simplifying assump- 
tion M,(a)/M,(a) = M,(b)/M,(b), we find that 
the ratio of the effective masses is equal to the 
ratio of ye(a)/yce(b) = 9. This corresponds to a 
small Np and a large Z for the case 208a, but 
to a large Np anda small Z for the case 208b. 
However, the ratio of the effective masses in the 
case under consideration is unusually large, so 
that it is difficult to use the hydrodynamical model? 
represented by the solid curves in the integral dis- 
tributions shown in the figure (upper part). 

Using the values of yc, we obtain, as a rule, 
a smaller ratio than when using yc, but the for- 
ward-backward symmetry in the number of 
emitted particles (nj:nj or nj:nj respectively ) 
increases, especially in cases with a large aniso- 


tropy. Such an asymmetry is observed in the inter- 


actions 208a, 9, 191, and others. Evidently, the 
number of emitted particles is proportional to the 
effective masses of the interacting particles. 

A more detailed analysis will be published in 
the Czechoslovak Journal of Physics. 


1G, Bicz6, G. Bozéki, E. Fenyves, E. Gombosi, 
J. Pernegr, and J. Sedlak, Internationale Arbeits- 
tagung ueber die Physik hoher Energien, Weimar, 
1960, p. 85. 

2G. A. Milekhin, JETP 35, 1185 (1958), Soviet 
Phys. JETP 8, 829 (1959). 


Translated by H. Kasha 
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SQUND ABSORPTION IN ROCHELLE SALT 
CLOSE TO ITS LOWER CURIE POINT 


O. A. SHUSTIN, T. S. VELICHKINA, K. N. BARAN- 
SKII, and I. A. YAKOVLEV 


Moscow State University 
Submitted to JETP editor January 18, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 979-980 
(March, 1961) 


[Ne we have previously reported,! there is an 
anomalously large absorption of transverse elas- 
tic waves in Rochelle salt at temperatures close 
to its upper Curie point (@ = 24°C); these waves 
are propagated along the crystallographic z axis 
and are polarized along the y axis. (The ferro- 
electric axis of the crystal is directed along x.) 
Such a sound absorption is the consequence of an 
increase in the relaxation time which is character- 
istic of the process of establishing the state of 
thermodynamic equilibrium in a crystal which is 
undergoing a second-order phase transition (see 
below). With the aim of generalizing the result 
given in reference 1, we carried out measure- 
ments of the absorption of a wave of given polari- 
zation and frequency pv = w/2m = 5 Mc/sec in 
Rochelle salt near its lower Curie point (0 
=-—18°C). The results of these measurements 
are given in the drawing by the curve 1 — 1; the 
temperature T of the crystal is plotted along the 
ayscissa and the values of the amplitude absorp- 
tion coefficient x in cm™ along the ordinate. 
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The theory of this phenomenon was developed 

by Landau (see reference 2) who showed that* 
2 2 tf, mA? & 

nt OE (a [1 + ee oe) Yb error) 
) (1) 
where (near the lower Curie point) « =€x= ArC/ 
(®—-T) for T<@ and €=€x= 2nC/(T-—@) for 
T >@ is the dielectric constant of the Rochelle 
salt, p is its density, u =Mzyzy is the shear elas- 
tic coefficient for constant induction Dy; A= Ax zy 
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is the piezoelectric constant of the crystal, y is 


the coefficient in the kinetic equation 9Dx /8t = ya’/ 
aDx, & is the thermodynamic potential of the crys- 


tal, which is represented by a function of Dy and 
the shear stress ozy (on this decomposition of 4, 
see reference 3). 

The coefficient y can be estimated by substi- 
tuting the known values of all parameters in (1) 
and one of the values of x found experimentally. 
In taking into account the numerical values of the 
quantities entering into (1), we make use of the 
approximate formula 


s pao?) y 
Ne V p 6? + 16 m0? (2) 


for comparison of theory with experiment. 

The theoretical curve 2 — 2 corresponding to 
Eq. (2) is shown in the drawing. In the scale 
chosen for the drawing, the lower temperature 
branch of the curve 2 — 2 coincides with the cor- 
responding branch of the experimental curve 1—1. 
The excellent agreement of the Landau theory with 
experiment for T < ® made it possible for us to 


estimate the relaxation time tT = 41€/y ~3.4 x 10 8/ 


(®—T) sec for T<@. 


*We note that misprints occurred in Eq. (1) which was given 
in reference 2 under the number (35), and also in the following 
Eq. (36). 


1 Yakovlev, Velichkina, and Baranskii, JETP 32, 
935 (1957), Soviet Phys. JETP 5, 762 (1957). 

21. A. Yakovlev, and T. S. Velichkina, Usp. Fiz. 
Nauk 638, 411 (1957). 

31. D. Landau and E. M. Lifshitz, 
IAeKTPOAMHAMUKa CIoMHbIX cpen, (Electrodynamics of 
Continuous Media), Gostekhizdat, 1957. 
Translated by R. T. Beyer 
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HYPOTHESIS OF CONSERVED VECTOR 
CURRENT AND GLOBAL SYMMETRY OF 
WEAK INTERACTIONS 
E. M. LIPMANOV 
Stalingrad State Pedagogical Institute 
Submitted to JETP editor December 26, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 980-981 
(March, 1961) 


ibs existence of divergences among the values 
of the vector coupling constants in £ decay (decay 


of O') and p decay, established on the basis of 
new experimental data, has been reported in recent 
papers.!~§ 

In the present communication we call attention 
to the fact that one of the reasons for the differ- 
ence between the indicated coupling constants may 
be the nonconservation of the weak vector current, 
even without allowance for the radiative correc- 
tions for the electromagnetic and the weak? inter- 
actions. 

In reference 7 an analogy was developed between 
the weak interaction and the electromagnetic one, 
based on the assumption of global symmetry of weak 
interactions and on the hypothesis of two forms of 
neutrinos — electron and muon"? (global symmetry 
in weak interactions was considered also by Trei- 
man!*). It was assumed here that the properties of 
Fermi particles in weak interactions can be ob- 
tained from the classification of massless fermions 
with respect to possible values of charges (elec- 
tric, baryon, and lepton) and the chirality y;, and 
the mass degeneracy is removed by strong interac- 
tions. It is easy to verify that since strong inter- 
actions are as a whole not globally symmetrical,'! 
the weak vector current obtained in reference 7 is 
not conserved. We assume that the pion interac- 
tions are globally symmetrical and give rise to a 
mass difference between the leptons and baryons, 
while K-meson interactions lift the mass degener- 
acy of the baryon isotopic multiplets. Then the 
nonconservation of the isovector current will be 
due only to K interactions. Since the renormali- 
zation of even the axial coupling constant is small 
(0.2), we can expect the renormalization of the 
vector constant, in which 7 interactions make no 
contribution, to be even much smaller. An esti- 
mate of this reduction is the ratio of the splitting 
of the masses of the baryons to the mass differ- 
ence between baryons and leptons (only the Z-A 
mass difference is of importance here), equal to 
~0.1. This gives a difference in constants of about 
0.02 in B and w decay, which does not contradict 
the available experimental data.*»* It must be kept 
in mind that strong interactions renormalize the 
constant gg, while weak ones renormalize Sy. An 
account of this fact is essential if information is 
to be obtained on the intermediate heavy vector 
meson from an analysis of the radiative correc- 
tions based on weak interaction (see reference 8). 

It is essential to note that in spite of the theo- 
retical attractiveness of the assumption of the 
global symmetry of the 7 interactions, the esti- 
mate obtained here for the difference of the B- 
and u-decay coupling constants is essentially 
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based on the considerably weaker requirement, 
namely gy aq = 8rEdq- 


1 Fisher, Leontic, Lundby, Meunier, and Stroot, 
Phys. Rev. Lett. 8, 349 (1959). 

? Nordberg, Pov, and Barns, ibid. 4, 23 (1960). 

2D. Kurath, ibid, 4, 180 (1960). 

‘H. A. Weidenmiiller, ibid. 4, 299 (1960). 

°Bardin, Barnes, Fowler, and Seeger, ibid. 5, 
323 (1960). 

®R. Feynman, Report at the Tenth Rochester 
Conference, 1960. 

'E. M. Lipmanov, JETP 38, 1233 (1960), Soviet 
Phys. JETP 11, 891 (1960). 

®B. L. Ioffe, JETP 38, 1608 (1960), Soviet Phys. 
JETP 11, 1158 (1960). 

°B. M. Pontecorvo, JETP 37, 1751 (1959), Soviet 
Phys. JETP 10, 1236 (1960). 

106. M. Lipmanov, JETP 37, 1054 (1959), Soviet 
Phys. JETP 10, 750 (1960). 

11 A Pais, Phys. Rev. 111, 574 (1958) and 110, 
1480 (1958). 

2S. 8B. Treiman, Nuovo cimento 15, 916 (1960). 


Translated by J. G. Adashko 
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FISSION INDUCED BY MUONS 


D. F. ZARETSKII and V. M. NOVIKOV 
Submitted to JETP editor January 11, 1961 


JExptl.;Theoret. Phys. (U.S.S.R.) 40, 982-983 
(March, 1961) 


‘Trere is an observable probability that the en- 
ergy released in the 2p to 1s transition in p- 
mesonic atoms is converted into nuclear excita- 
tion.!»? In uranium and plutonium, the excitation 
energy amounts to ~6.3 Mey. At this energy the 
nucleus can decay into various channels, namely, 
by y emission, neutron emission, and fission. 

Grechukhin (private communication) has stated 
that the fission channel is forbidden. Qualitatively, 
this effect is due to the fact that the meson in the 
1s state near the nucleus hinders the nuclear de- 
formation which would lead to fission. Therefore, 
the fission barrier is higher with meson present 
than without the meson. The closer the fission 
threshold is to the excitation energy, the larger 
the effect of the presence of the 1s meson is on 
the fission probability. 
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Since the rotational energy of the nucleus is 
much less than the energy of the meson in the 
ground state, rotational effects and nuclear fission 
are adiabatic with respect to the mesonic motion. 
Thus, the calculation of the effect of the meson on 
fission can be carried out for a fixed orientation 
of the nuclear axis. 

The binding energy of the meson in the ground 
state decreases when the nucleus is deformed and 
thus the energy threshold for fission is corre- 
spondingly increased, since the potential curve 
for nuclear fission with the meson present is 
Eee Hue + E,, where Eee is the potential 
curve for fission without the meson and Ey is 
the binding energy of the meson which depends on 
the nuclear deformation parameters. To find Eu, 
it is necessary to solve the Schrédinger equation 
for the meson in the Coulomb field of the deformed 
nucleus. We assume for simplicity that up to the 
saddle point the nucleus has the form of an ellip- 
soid of revolution. The Coulomb potential of a 
uniformly charged ellipsoid of revolution with 
semi-axes a and b has the form 


@ (ax, B) = 2{[1 — P, (ch a) Ps (cos B)} In eth 2 


P, (cos) 


=) (oiniato) 
2 chap 


3 sh?a \ sin? B : ahcg 
Z (1 Ta) ee for cha <ch % = —, 
(a, B) = ae — P, (cha) P:(cos8)| Ineth 2 


+3 chaP, (cos 8) for cha >“, (1)* 
where Ze is the nuclear charge, ec? = a*—b?, P,(x) 
is the Legendre polynomial of order two, and a 
and £8 are the degenerate ellipsoidal coordinates. 
The Schrodinger equation for the ground state 
of the mesonic atom with the potential (1) was 
numerically integrated on an electronic computer. 
Below are presented the values of the binding en- 
ergy of the meson in the ground state of the we 
mesonic atom as a function of the ratio of the semi- 
axes of the nucleus 


a/b Sat alg Ae 126) alts) 2 Pe 
E,, (Mev) = 11,89 4 


With the hydrodynamic model for fission, it is 
possible to find the ratio of the nuclear semiaxes 
at the saddle point, (a/b)sgp. This ratio and the 
increase, AE, in the height of the fission barrier 
for several nuclei are given in the table [(a/b) 
is the statistical nuclear deformation,’ Etpr is 
the photofission threshold? J. 
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Nucleus (a/b), | ¢ a/D)sp Etnr Mev AE, Mev 
| 
[238 4.30 | 2.24 Bene) 0.6 
[235 Ae 25 | D2 aS 0,6 
Pu2s9 AR ACHO) 9) Pure 5.48 Oso) 


It is clear from the table that in U?*® the fission 
threshold with the meson present is higher than the 
excitation energy, while in Pu2?* it is approximately 
0.3 Mev below the excitation energy. Nuclear fis- 
sion induced by » mesons via the mechanism dis- 
cussed here has been studied®»’ in U?%8. From this 
calculation it is clear that Pu?®? is more suitable 
for an investigation of this effect. 

In conclusion, the authors express their pro- 
found gratitude to D. P. Grechukhin for his advice 
and counsel, and also to V. K. Saul’ev for program- 
ming and carrying out the calculation on the elec- 
tronic computer. 


*ch = cosh; cth = coth; sh = sinh. 


1D. F. Zaretskii, Soviet Papers of the Second 
Geneva Conference, M. 1959, v. 1, p. 462. 

2D. F. Zaretskii and V. M. Novikov, Nuclear 
Phys. 14, 540 (1960). 

3w. J. Swiatecki, Proceedings of the Second 
United Nations International Conference on the 
Peaceful Uses of Atomic Energy, Geneva 1958, 
v. 15, p. 248. 

4 alder, Bohr, Huus, Mottelson, and Winther, 
Revs. Modern Phys. 28, 432 (1956). 

°>A. Cameron, Proceedings of the Symposium 
on the Physics of Fission, Ontario 1956, p. 189. 

6 Belovitskii, Kashchukeev, Mikhul, Petrashku, 
Romanova, and Tikhomirov, JETP 38, 404 (1960), 
Soviet Phys. JETP 11, 296 (1960). 

"Diaz, Kaplan, MacDonald, and Pyle, Phys. Rev. 
Lett. 3, 234 (1959). 


Translated by M. Bolsterli 
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OBSERVATION OF RESONANCE ABSORP- 
TION OF THE 23.8-kev GAMMA RAYS OF 
Sn149 BY USING THE CONVERSION ELEC- 
TRONS 


K. P. MITROFANOV and V. S. SHPINEL’ 


Nuclear Physics Institute, Moscow State 
University 


Submitted to JETP editor January 24, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 983-985 
(March, 1961) 


‘Tue study of resonance absorption of y rays by 
nuclei bound in crystals (the Méssbauer effect) 

is usually done from the attenuation of the beam 

of y rays by filters containing nuclei which can 

be excited resonantly. Thus the resonance absorp- 
tion effect is observed on a relatively large back- 
ground of y radiation transmitted through the ab- 
sorber. A considerably larger relative effect can 
be obtained by observing resonant scattering.! 

It is also of interest to study the resonance by 
observing the conversion electrons which are 
emitted in the de-excitation of the resonance level. 
Such a method has advantages in those cases where 
the resonance absorption cross section is much 
greater than the cross section for the photoeffect, 
and where the internal conversion coefficient is 
not too small. 

We have used this method to investigate the 
temperature dependence of the resonance absorp- 
tion of the 23.8-kev y rays which occur in the de- 
cay of the isomeric state of Sn!! at an energy of 
89 kev (Ty = 250 days). According to our esti- 
mates, the resonance absorption cross section for 
these y rays is approximately 30 times greater 
than that for the photoeffect, while the internal 
conversion coefficient is 6.3. The recording of 
the conversion electrons emitted in the deexcita- 
tion of the nuclei was done in a double lens 8 
spectrometer whose luminosity with fully open en- 
trance and exit diaphragms was 7%. We used a 
source which was 0.02 mm thick, with an activity 
of 30uC, obtained by irradiation of metallic tin 
enriched to 94% Sn'®8 with thermal neutrons. The 
content of Sn'!* in the source did not exceed 2.3%. 

The absorbers were prepared by depositing a 
thin layer of tin on an aluminum foil by evaporation 
in vacuum, where we used tin enriched to 75% Sn! 
while ordinary tin was used for control measure- 
ments. The absorber thickness was ~ 0.1 mg/cm?, 
Between the source and absorber we placed a 6 mm 
thick plate of beryllium to absorb the 6B radiation 
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from the source, which contains radioactive im- 
purities, and a palladium filter 0.03 mm thick to 
reduce the x ray intensity. The source and ab- 
sorber (together with the filters) were placed in 
an aluminum box which was tied to a cooling rod. 
The measurements were made over the tempera- 
ture range from 83 to 373°K. 

A chromel-aluminum thermocouple was used 
for the temperature measurements, with its junc- 
tion connected directly to the source box. The high 
sensitivity of the thermocouple (0.01°) enabled us 
to maintain the temperature to an accuracy of 
1—2°. The size of the effect for each temperature 
was determined from the counting rate of conver- 
sion electrons in measurements with the enriched 
absorber. Since the effective depth from which 
electrons emerge giving a contribution to the con- 
version line is very small (< 0.1 mg/cm?) the 
counting rate is proportional to the Sn!!* content 
of the absorber. Therefore to determine the back- 
ground we made measurements with an absorber 
of unenriched tin. In this case, at a temperature 
of 373° K the ‘‘resonance’’ electrons constituted 
less than 1% of the total counting rate. 

To find the dependence of the effect on tempera- 
ture, we made several series of measurements, in 
each of which we measured the counting rate of 
conversion electrons for definite values of T. The 
data from one such measurement are shown in 
Fig. 1, where we show the conversion lines meas- 
ured with enriched absorber for temperatures of 


5 


40 60 60° —«*100 
Ho, arb. units. 
FIG. 1 


273, 173, 133, and 83°K (the curves 2, 3nAand 5), 
and, for comparison, we show the curve measured 
at 383°K with an unenriched absorber (curve 1). 
The counting rate at the maximum of curve 5 
reached 60 counts/min, while at the maximum of 
curve 1 it did not exceed 16 counts/min. 

The temperature dependence of the cross sec- 
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tion Ores for resonance absorption is determined 
by the Debye-Waller factor f. For a source of 
crystalline material, characterized by a Debye 
temperature ©, at temperature T this quantity 
is given by the expression 


0/T 
ER oe ye tea 
where R is the recoil energy of the nucleus. If the 
source and absorber are prepared from the same 
material, then o ~ f%. Since our measurements 
did not permit us to determine the absolute value 
of Ores, because of the large uncertainty in the 
determination of the effective thickness of the ab- 
sorber layer which contributes to the conversion 
line, we tried to determine © from the tempera- 
ture dependence of Oreg. 

Curves of f? (@, T)/f* (0, Ty) were computed 
for different values of ©, for T varying over the 
interval 83 —383°K. The points T) corresponded 
to temperatures at which measurements were 
made. After correcting for self-absorption in the 
source, the relative values of the effect Nreg(T)/ 
Nres(Ty) were compared with the theoretical 
curves for the corresponding value of Ty). The 
results of the experiment agreed best with the 
value © = 170°K, but there is a systematic devi- 
ation of the experimental points from the theoret- 
ical curves. This can be seen from Fig. 2, which 


w(T)/w (83) 


373 TK 


Cam ae 


FIG. 2 


gives one of the series of curves, corresponding 

to © = 170, 180, and 190°K, for Ty = 83°K, as well 
as the measured data. The observed deviation 
could be explained by a smooth change of © with 
temperature, with © ~ 180° at temperatures near 
that of liquid nitrogen, and © ~ 165° for T > 200°K. 
The computed value f = 0.6 corresponding to © 


688 LETTERS TO THE EDITOR 


= 180° is in good agreement with the measure- 3 Barit, Bukarev, Elpidinskii, and Shapiro, 
ments of other authors.” Reports of the Second All-Union Conference on 
Nuclear Reactions at Low and Medium Energies, 


1 Barloutaud, Picou, and Tzara, Compt: rend. 1960 (in press). 
250, 2705 (1960). 

2 Delyagin, Shpinel’, Bryukhanov, and Zvenglin- 
skii, Report at the 11th All-Union Conference on Translated by M. Hamermesh 
Nuclear Spectroscopy, Riga, 1961. 162 
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experimental work with emphasis on pure research. 


Vol. 7 comprising four issues, approx. 500 pp. 
$12 domestic, $14 foreign 
(No library discounts.) Single copies, $4 


Translations of the 1961 Originals—Published in English by the American 
Institute of Physics with the cooperation of the National Science Foundation. 


Publication year July, 1961—June, 1962. 


Soviet Physics—DOKLADY 


A translation, beginning with 1956 issues of the physics 

sections of Doklady Akademii Nauk SSSR, the pro- 

ceedings of the USSR Academy of Sciences. All-science 

journal offering four-page reports of recent research in 
physics and borderline subjects. 

Vol. 6 comprising twelve issues, approx. 1500 pp. 

$35 domestic, $38 foreign 

Libraries* $25 domestic, $28 foreign 


Single copies Vols. 1 and 2, $5; 
Vol. 3 and later issues, $7 


Soviet Physics—CRYSTALLOGRAPHY 


A translation, beginning with 1957 issues of the journal 
Kristallografiya of the USSR Academy of Sciences. 
Experimental and theoretical papers on crystal struc- 
ture, lattice theory, diffraction studies, and other topics 
of interest to crystallographers, mineralogists, and 


metallurgists. Vol. 6 comprising six issues, approx. 1000 pp. 


$25 domestic, $27 foreign 
Libraries* $15 domestic, $17 foreign. Single copies, $5 


SOVIET ASTRONOMY—ASJ 


A translation, beginning with 1957 issues of Astro- 
nomicheskii Zhurnal of the USSR Academy of Sciences. 
Covers various problems of interest to astronomers and 
astrophysicists including solar activity, stellar studies, 
spectroscopic investigations of radio astronomy. 


Vol. 5 comprising six issues, approx. 1100 pp. 
$25 domestic, $27 foreign 
Libraries* $15 domestic, $17 foreign. Single copies, $5 


Soviet Physics—USPEKHI 


A translation, beginning with September, 1958, issue of 
Uspekhi Fizicheskikh Nauk of the USSR Academy of 
Sciences. Offers reviews of recent developments com- 
parable in scope and treatment to those carried in Re- 
views of Modern Physics. Also contains reports on 
scientific meetings within the Soviet Union, book re- 
views, and personalia. 

Vol. 4 comprising six issues, approx. 1700 pp. 


(Contents limited to material from Soviet sources) 


' $45 domestic, $48 foreign 
Libraries* $30 domestic, $33 foreign. Single copies, $9 


*For libraries of nonprofit academic institutions. 
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